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The Wiener Index and the Szeged Index of Benzenoid Systems in Linear Time
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A linear time algorithm is presented which, for a given benzenoid sy&ecomputes the Wiener index of

G. The algorithm is based on an isometric embeddin@ ofto the Cartesian product of three trees, combined
with the notion of the Wiener index of vertex-weighted graphs. An analogous approach yields also a linear
algorithm for computing the Szeged index of benzenoid systems.

1. INTRODUCTION Here we continue to develop this line of research. Our
main result asserts that the Wiener index of a benzenoid
system withn vertices can be computed D(n) time. In

the next section we present the algorithm and prove its
correctness. We also give an example from which it can be
seen that this linear algorithm for the Wiener index not only

is fast on computers but also is conceptually simple and easy
; . to follow on the paper. In the last section we demonstrate
sevgral new resglts |,n a volufneledicated to the 50th that our approach can also be used to compute the Szeged
anniversary of Wiener's papér. index of a benzenoid system arnvertices inO(n) time.

Many methods and algorithms for computing the Wiener  The Wiener indexor Wiener numbernof a (molecular)
index of a graph were proposed in the chemical literature; graphG = (V,E) is defined as follows:

papers in refs 4,610 present just a sample of these studies.
The fastest general algoritiinfor computing the Wiener 1
index of a graph is of complexit(mr), wheren and m W(G) = —; dg(u,v)
denote the number of vertices and the number of edges, uevoe
respectively, of a considered graph. Linear algorithms were
previously proposed only for treeand for fasciagraphs and
rotagraph$. We wish to add, however, that in the latter case
the linearity is a more theoretical than practical term. This
is due to the fact that the size of the problem is supposed to
be the number of copies of a given gra@hfrom which a
fasciagraph (rotagraph) is build up and not the sizeGof
itself. _ _ B V(G) — V(H)

The Szeged index (Sz) of a (molecular) graph is a recently
proposed12 topological index which has already received such that
considerable attentiof¥.2° Among others, a method for its
computation was giveH, and anO(mn) algorithm for its dy(B(W),B(v)) = dg(u,v)
computation has been proposéd.

A new approach to the study of distance properties of
molecular graphs was proposed by KlayzGutman, and .
Mohar?? It was shown that benzenoid systems provide so- connected graphidy, Hy, ..., Hm is the graph on the vertex
called isometric embeddings into hypercubes, and based onset
this fact a simple formula for the Wiener index of these = - N =
graphs has been obtained. The approach was further VIH) = {u= (U ) 2 4 € V), 1= 1.}
developed in the subsequent pap&fd. In particular,
combinatorial expressions for the Wiener index of compact
pericondensed benzenoid hydrocarbons were comptited.
Along these lines it was obsen/@dhat benzenoid systems
can also be isometrically embedded into the Cartesian
product of three trees. As an application it was demonstrated
how to compute the diameter of a benzenoid system in linear
time.

Distance properties of molecular graphs form an important
topic in chemical graph theofy.To justify this statement
just recall the famous Wiener index which is also known as
the Wiener number. This index is the firstut also one of
the most important topological indices of chemical graphs.
Its research is still very active; see recent revietvand

Here ds(u,v) stands for the usual shortest path distance of
the graphG, i.e., the length of a shortest path connecting
with v in G.

Given two connected graphs and H, we say thatG
admits anisometric embeddindalias distance-preserving
embedding) intdH if there exists a mapping

for all verticesu,v € V(G).
The Cartesian product H= H; x H; x ... x Hy of

Two verticesu = (Ug,Up,...Un) andv = (vy,vy,...um) Of H are
adjacent if and only if the vectons and v coincide in all

but one positiori, whereu; and v are adjacent itHi. The
most important distance property for the Cartesian product
is the following. If X = (X,...Xm) andy = (Yi,...ym) are
vertices ofH then we have

d,(xy) = ZdHi(Xi Yi)
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Figure 1. Steps in computing the Wiener index of the benzenoid
systemG.

Benzenoid system@r benzenoid graphsare graphs
constructed in the following mannét. Let H be the
hexagonal (graphite) lattice and &be a cricuit on it. Then

a benzenoid system is formed by the vertices and edges of

H, lying on Z and in the interior oZ. Note that the edge

set of a benzenoid system can be partitioned into three classes

of parallel edges.

2. WIENER INDEX OF BENZENOID SYSTEMS IN
LINEAR TIME

In order to obtain a linear algorithm for computing the
Wiener index of benzenoid systems we need to recall the

embedding of a benzenoid system into the Cartesian product

of three treeg?

Let G be a benzenoid system and gt E,, andE; denote
the edges of5 of a given direction. For =1, 2, 3 letG;
be the graph which is obtained fro@® be deleting all the
edges ofE;. Note that the connected components of the
graphG; are paths. Define a graph whose vertices are
the connected components @f and two such components
P" andP'" are adjacent ifi; if and only if there are vertices
u e P andv € P" which are endvertices of an edge from
Ei. (See Figure 1 as well as figures from ref 22 for
examples.) Then every; is a tree and moreover, the

mapping
oa=V(G) = V(T; x T, x Ty)

defined asw(v) = (v1,v2,03), IS an isometric embedding. Here
v; is the vertex ofT; corresponding to the connected
component ofG; containingy. We call the mappingt. the
canonical embeddingf the benzenoid systef@. In fact,
the embedding. can be extended in a certain way such that
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it is an isometric embedding of an (arbitrary) graph into the
Cartesian product of graphs. This general result is due to
Graham and Winkle## We can now state the following
result??

Theorem 1. The canonical embedding : V(G) — V(T
x T, xTg) of a benzenoid system G withuertices is an
isometric embedding Moreaver, the trees 1, T,, and Ts
and the corresponding labels of thertices of G can be
computed in O(n) time

We next invoke a concept of the Wiener index on weighted
graphs®®> A (vertex-weighted graph(G,w) is a graphG
together with a functionv: V(G) — |[N*. The Wiener
numberW(G,w) of a weighted graphG,w) is defined as

W(G,W)=} z w(u)w(v)dg(u,v)

u,veV(G)

Let G be a benzenoid system a [&t, T,, andT; be the
trees from the canonical embedding. Ror 1, 2, 3 we
introduce weighted treedi(w;) as follows: foru € T; let
wi(u) be the number of vertices of G such that theth
component ofo(x) is u. In other wordswi(u) is just the
number of vertices in the connected componer®oirhich
corresponds to the vertax

Proposition 2. Let G be a benzenoid system andddie
the canonical embedding of G intq k T, x Ts. Then

W(G) = W(T,wy) + W(Tp,W,) + W(T5,wy)

Proof. LetV=V(G) and letH=T; x T, x Ts. Foru
€ V let a(u) = (ug,Uz,uz). Then we have

1
WG) = Elg%e dg(u,2)

2

1 3
1
;(E; dTi(uPUi))

3
(gu;_i 2 iWi(u)Wi(U)dTi(uiIUi))

2

iW(Ti W)

1
—Z dyy(o(u),o(2))

By Proposition 2, a linear algorithm for computingG)
will be provided by a linear algorithm for computing the
Wiener index of a weighted tree. For this sake we state the
following.

Lemma 3. Let (T,w) be a weighted treeFor an edge e
of T, let T, and T, be the connected components & and
fori =1, 2set

nE© =y wu)

uelj

Then we hae
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an(e)nz(e)

ec

W(Tw) =

Lemma 3 was previoust¥ proved in a more general
setting and represents a generalization of the classical
Wiener's resuf which asserts the above formula in the case
whenw(u) = 1 for any vertexu of G. Moreover, this result
was used by Mohar and Pisanstd obtain a simple linear
algorithm for computing the Wiener index of a tree. By a
simple modification of their algorithm we can thus also
compute the Wiener index of a weighted tree in linear time.
(This is, in fact, implicit in the papel). Briefly, this
algorithm can be described as follows. We order the vertices
of a given weighted tre€eT(w) so that the next vertexis a
leaf in the subtree induced by the vertices with a larger index.
Let u be the neighbor ot in this subtree. Then add the
factor w(z)(n — w(v)) to the current sum and updatéu)
by letting w(u) := w(u) + w(v). Note finally that using
Theorem 1 it is easy to obtain the weighted trégs linear
time. Combining these observations with Proposition 2 we
have arrived to the main result of this paper:

Theorem 4. The Wiener index of a benzenoid system on
n vertices can be computed in O(n) time

We illustrate the above procedure with the following
example. It should be clear from it that the method proposed
not only is simple and fast for a computer but also efficient
for a “hand” manipulation. The steps of the example are
illustrated in Figure 1.

Let G be a benzenoid system from Figure 1. Then the
graphsG;, G, andG; are obtained fronG be deleting all
edges of a given direction, respectively. (Observe that the
connected components of the graghsare paths.) Then
each component dg; is a vertex of the factor graph, for
i =1, 2, 3. The weight of a given vertex in the weighted
tree (T;,w) is simply the number of vertices in the corre-
sponding component d;.

Then by Lemma 3 we have

W(T,Wy) = 3+(7+7) + (3+7)-7 = 112
W(T,W,) = 3-(5+6+3) + (3+5)(6+3) +
(3+5+6)-3= 156
W(T,W,) = 5(5+4+3) + (5+5)-(4+3) +
(5+5+4)-3=172

and from here using Proposition 2 we conclude
W(G) = 112+ 156+ 172= 440

3. SZEGED INDEX OF BENZENOID SYSTEMS IN
LINEAR TIME

The Szeged index is defined in the following way. leet
be an edge of the molecular gra@hconnecting the vertices
uandy. Letny(e|G) be the number of verticesof the graph
G, having the propertgs(x,u) < dg(x,v) and letny(e|G) be
the number of vertices on the graphG with dg(x,u) >
ds(X,v). The Szeged index of the graghis

S4G)= Y m(elG)n,elG)

ecE(G)

Let G be a benzenoid system. Recall that a straight line
segment with end pointg andq is called acut segmernif
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Figure 2. Edge labelings in the process of computing the Szeged
index of the benzenoid syste@® from Figure 1.

c is orthogonal to one of the three edge directions, gach
andq is the center of an edge, and the graph obtained from
G by removing all edges intersected byhas exactly two
connected components. Tloet is the set of edges inter-
sected by a cut segment.

Proposition 5. Let G be a benzenoid system which is
canonically embedded inta, & T, x Tz. Fori=1, 2, and
3let (Ti,w) be weighted trees as in Proposition 2 and let n
be as in Lemma.3For an edge e of Tet f(e) be the number
of edges in the cut of G separating the path corresponding
to its endvertices Then we hae

3

S4C) = Zl f(e)n,(e)ny(e)

Proof. We have

S4G) = z n,(elG)n,(e|G)

ecE(G)
Zf(e)nl(el G)n,(€|G)

231 Z‘.f(e) n,(e)n,(€)

The first equality is the definition of the Szeged index. In
the second equality we sum over all cutgfi.e., in every

cut C we select an arbitrary representative@f That the
equality indeed holds follows from the fatthat if two edges

e and€ belong to the same c@, thenny(e|G) = ny(€|G).
Finally, for the third line of the above computations observe
that every cut corresponds to a unique vertex in one of the
treesT; and thatn,(e€) sums up tan(e|G).

From Proposition 5 and the results of section 2 we
immediately obtain theorem 6.

Theorem 6. The Szeged index of a benzenoid system on
n vertices can be computed in O(n) time

Consider, for instance, the benzenoid from Figure 1. Then
as for the Wiener index we construct the weighted trees
(Tiw). In addition, for all edges of these trees we compute
f(e), i.e., the number of edges in the cut corresponding to
see Figure 2.

Using Proposition 5 we have
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SAG) = 2:3+(7+7) + 4(3+7)-7 + 2:3-(5+6+3) +
3+(3+5)(6+3) + 2:(3+5+6)-3 + 3-5+(5+4+3) +
2+(5+5)-(4+3) + 2:(5+5+4)-3
= 364+ 384+ 404= 1152
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