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Genetic code behaves as a 
program

For instance, small changes in code yields big differences



Nature is very  
complicated



However, we might do  
better differently



Fujibayashi et al, 2007

Andersen et al, 2009

~100 nm

T°≥70°C

Context: Biomolecular Engineering



Co-transcriptional 
folding

Geary, Rothemund, Andersen, Science 2014



RNA  
co-transcriptional folding

T° = 37°C

Geary, Rothemund, Andersen, Science 2014

23.6 nm

6 nm

T7 RNA
polymerase
protein

100 nm



RNA  
co-transcriptional folding
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Geary, Rothemund, Andersen, Science 2014



Protocol



RNA Origami in Real Time

T7 RNA polymerase produces RNA directionally from 5’ to 3’, at a rate much 
slower than the RNA folds up (few microseconds). 

The polymerase reads the DNA gene, and becomes an RNA origami production 
factory, synthesizing a new RNA origami roughly every 1 second.

Westhof and Leontis (Science, 2014)Slide by Cody Geary



AFM Imaging
2H-AE (176 nucleotides)

Slide by Cody Geary Geary et al (2014) Science



Design tool: Kissing loops

Geary et al (2014) Science



Strand-path diagram

3’ 5’

4H-AE

Shows the order of synthesis from blue (5’) to green (3’)



With some computer 
& data mining help…

Geary et al (2014) ScienceSlide by Cody Geary - Artwork by Ebbe Anderson



The modular design
AA

XXXXXXX NNNNKNNNNG CN NNNKNNNNN GCA XXXXXX GU NNNNNKNNG CN NNN
******

NNNNKNNNNC GN NNNKNNNNN UG XXXXXX ACG NNNNNKNNC GN NNN XXXXXXX
AA
AA

NUNNNNG CC GNNKNNNNN GCA XXXXXX GU NNNNKNNNG CC GNNNNGC
******

CGNNNNC GG CNNKNNNNN UG XXXXXX ACG NNNNKNNNC GG CNNNNUN
AA
AA

NUNNNNG GC GNNNKNNNN GCA XXXXXX GU NNNNKNNNG GC GNNNNGC
******

CGNNNNC CG CNNNKNNNN UG XXXXXX ACG NNNNKNNNC CG CNNNNUN
AA

XXXXXXX NNNN NG GNNNNNNKNNNNNNNN NNNNNKNNNNNNKNN NG GNNNNKNNNN

NNNN NC CNNNNNNKNNNNNNNN3 5GGAANKNNNNNNKNN NC CNNNNKNNNN XXXXXXX

4H-AE
Helix constraint

180° KL

Dovetail

Tetraloop

120° KL

Secondary structure diagrams shows the base pair and 
sequence constraints used in NUPACK design  

Colored areas indicate conserved tertiary motifs
Geary et al (2014) Science



Completed Secondary 
Structure Diagram

4H-AE-B
╭──AA────╮

╭CGCAAGA─GACUGGGACG──CG──CUUUGCUGG─GCA╮╰GCGAGC─╮╰GU─CGGAGGCAG──CU──GGG────────╮
│ ┊┊┊┊┊┊┊┊┊┊ ┊┊ ┊┊┊┊┊┊┊┊┊ ┊┊ │ ****** │ ┊┊ ┊┊┊┊┊┊┊┊┊ ┊┊ ┊┊┊ │
╰────────CUGAUCCUGC╮╭GC──GAAGCGACC─UG╮╰─CGCUCG╮╰ACG─GCCUCUGUC╮╭GA──CCC─GAGACGU╯

│╰───╮ ╰────AA──╯ │╰───╮
╰───╮│ ╭──AA────╮ ╰───╮│

╭AUCCUAG──CC╯╰GUGGCUCCC─GCA╮╰AGGCUC─╮╰GU─CGUCUCGAG──CC╯╰GGUCGGC╮
│ ┊┊┊┊┊ ┊┊ ┊┊┊┊┊┊┊┊┊ ┊┊ │ ****** │ ┊┊ ┊┊┊┊┊┊┊┊┊ ┊┊ ┊┊┊┊┊ │
╰CGGGAUC╮╭GG──CACUGAGGG─UG╮╰─UCCGAG╮╰ACG─GCAGGGCUC╮╭GG──CCAGCUA╯

│╰───╮ ╰────AA──╯ │╰───╮
╰───╮│ ╭──AA────╮ ╰───╮│

╭AUACAAG──GC╯╰GUCGUUGCC─GCA╮╰GCCUCC─╮╰GU─CGGUGGACG──GC╯╰GAGUGGC╮
│ ┊┊┊┊┊ ┊┊ ┊┊┊┊┊┊┊┊┊ ┊┊ │ ****** │ ┊┊ ┊┊┊┊┊┊┊┊┊ ┊┊ ┊┊┊┊┊ │
╰CGUGUUC╮╭CG──CAGCGACGG─UG╮╰─CGGAGG╮╰ACG─GCCAUCUGC╮╭CG──CUCACUU╯

│╰───╮ ╰────AA──╯ │╰───╮
╰───╮│ ╰───╮│

╭AGCACCA─GCCA──GG╯╰GCAUAACUGUAAAGCG─────CCUUCGCUCAUCGUC──AG╯╰GUGGCGGAUG────────╮
│ ┊┊┊┊ ┊┊ ┊┊┊┊┊┊┊┊┊┊┊┊┊┊┊┊ ┊┊┊┊┊┊┊┊┊┊┊┊┊┊┊ ┊┊ ┊┊┊┊┊┊┊┊┊┊ │
╰────────CGGU──CC──CGUAUUGGCAUUUCGC3 5GGAAGUGAGUAGUAG──UC──CACCGUCUAC─AACCAUC╯

Geary et al (2014) Science



The final sequence

Sequence 
Name RNA Sequence 

4H-AE-B  

418 
nucleotides

GGAAGUGAGUAGUAGUCCACCGUCUACAACCAUCGUAGGCGGUGCGCUCACUUCGGUG 
AGGGCCAGCUACGGCUGGGACCCGAGACGUGGGUCGACGGAGGCUGAAGCGAGCACGG 
CCUCUGUCCCGAGCUCUGCUGAAAGGCUCACGGCAGGGCUCCGGCAGGUGGCUGAAGC 
CUCCACGGCCAUCUGCGACUGCUACUCGCUUCCGCGAAAUGUCAAUACGCGCAGCGAC 
GGUGAAGGAGGCACGCCGUUGCUGGGCACUGAGGGUGAAGAGCCUACGCCCUCGGUGG 
CGAAGCGACCUGAAGCUCGCACGGGUCGUUUCGCGCAGGGUCAGAGAACGCCUGAUCC 
UGCCCGAUCCUACGGGAUCCGGAACAUACGUGUUCGGACCGACCACGACGGUCCCGUA 
UUGGCAUUUCGC 

Geary et al (2014) Science



AFM imaging of 4H-AE  
co-transcriptional assembly
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Geary et al (2014) Science

Note that the modeled spacing was 33.5nm



RNA Folding 
(Real time: ~1 second)

Video: Geary
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A computational model for  
co-transcriptional folding



Oritatami
A model for co-transcriptional folding

• The program: a periodic sequence of beads (the 
primary structure) onto the triangular grid 

• The instructions: the rule  a❤b if beads a and b 
attract each other 

• The input: the seed, some beads placed beforehand 
and a starting position

Geary, Meunier, Schabanel, Seki MFCS 2016



Oritatami
A model for co-transcriptional folding

• The dynamics.  

• The sequence is produced bead by bead 

• Only the δ last beads explore the accessible positions  
and settle in the ones maximizing the number of 
bonds  

• All other beads remain in their last location

Geary, Meunier, Schabanel, Seki MFCS 2016



Example of such molecule

C. Geary, P.-É. Meunier, N. Schabanel, S. Seki 314:3

this paper, our goal is twofold: first, explore the engineering possibilities of this mechanism,
in order to make arbitrary shapes and structures. Then, the other aim of our study is to
understand the complexity of sequence operations, to understand the computational processes
which led to the creation of complex molecular networks.

Figure 2 The design of a rectangle, co-transcriptionally folded with RNA, and the corresponding
path on the triangular lattice, where each bead corresponds to two to four nucleotides.

Main contributions. In our model, called Oritatami, we consider a sequence of “beads”,
which are abstract basic components, standing for nucleotides or even sequences of nucleotides
(also called domains). In Oritatami, only the latest produced beads of the molecules are
allowed to move in order to adopt a more favorable configuration. The folding is driven by
the respective attraction between the beads.

Our main construction is a binary counter. Counters are an essential component of many
sophisticated constructions in biological computing, in particular in tile assembly [10, 19].
Counters are also an important benchmark in experiments [11].
§ Theorem 1. There is a fixed periodic sequence 0, 1, . . . , 59, 0, 1, . . . of period 60 whose rule
is given in Fig. 11, which, when started from a seed encoding an integer x in binary with at
most 2k ` 1 bits for some k, folds into a structure encoding x ` 1, x ` 2, . . . , 22k`1

´ 1, on
the successive rows of the triangular grid.

We prove the correctness of this construction by designing an abstract module system to
handle the complexity of the base mechanism of the model, which is about as low-level as
assembly code in more standard computing models.

We then show a generic construction method in this model, which we applied to automate
parts of the design of the counter. Moreover, this result helps understanding the computational
complexity of sequence programming. Precisely, we prove two results in this direction:
§ Theorem 2. Designing a single sequence that folds into di�erent target shapes in a set of
surrounding environments, is NP-complete in the number of environments.

More surprisingly, it turns out that there is an algorithm to solve this problem in time
linear in the length of the sequence. This algorithm is also practical, as we were able to use it
to find sequences for our main construction:
§ Theorem 3. The sequence design problem is FPT with respect to the length ¸ of the
sequence: there is an algorithm linear in ¸ (but exponential in the number of environments)
to design a single sequence that folds into the target shapes in the given environments.

2 Model and Main Results

2.1 Model
Oritatami system. Oritatami is about the folding of finite sequences of beads, each from a fi-
nite set B of bead types, using an attraction rule , on the triangular lattice graph T “ pZ2

, „q

MFCS 2016



Oritatami
A model for co-transcriptional folding

Starts from a seed

The δ last beads explore to adopt the configurations 
maximizing the number of new bonds

A growing molecule to fold given as a periodic sequence 
of beads which attract each other according to the rule ❤

Geary, Meunier, Schabanel, Seki MFCS 2016



Oritatami
A model for co-transcriptional folding

Starts from a seed

Primary structure

Binds according to 
attraction rule ❤

The δ last beads explore to adopt the configurations 
maximizing the number of new bonds

The beads older than δ will keep their positions

A growing molecule to fold given as a periodic sequence 
of beads which attract each other according to the rule ❤

Geary, Meunier, Schabanel, Seki MFCS 2016



Oritatami
A model for co-transcriptional folding

Starts from a seed

Primary structure

Binds according to 
attraction rule ❤

The sequence keeps folding upon itself as it grows

A growing molecule to fold given as a periodic sequence 
of beads which attract each other according to the rule ❤

Geary, Meunier, Schabanel, Seki MFCS 2016



Oritatami
A model for co-transcriptional folding

A growing molecule to fold given as a periodic sequence 
A0-A1-A2-A3-A4-A5-A6-A7-A8-A9-A10…

The Seed

The growing 
molecule

(δ=3)



How does  
computation work?

• Environment is the memory  

• Entry point in an area is the current machine state


• Depending on the entry point, different parts of the 
molecule will «read» the input encoded in the 
environment by binding to it
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How does computation work?

LES GENS SONT CONFUS ET 
CROIENT QU’ON FAIT 4 PAR 4
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27
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54 59 0 5 6 11 12
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18

45

43
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54 59 0 5 6 11 12
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17
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1) Beads 30-332) Beads 34-373) Beads 38-414) Beads 42-45

B2A0

B0

D2

C00

B2

B0

D2 A1

C10

B2D2 A1

B1C11

B2A0D2

B1C01

￩￩￩

Carry = 1

0 (A0)

0 (A0)

1 (A1)

1 (A1)

Carry = 0

Carry = 1

Carry = 0

Carry = 1

Carry = 0

Carry = 0

Carry = 0

1 (C01)

0 (C00)

1 (C10)

0 (C11)
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28
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18

33

31
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36
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37
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41

39

35
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1) Beads 30-332) Beads 34-373) Beads 38-414) Beads 42-45

B2A0

B0

D2

C00

B2

B0

D2 A1

C10

B2D2 A1

B1C11

B2A0D2

B1C01

￩￩￩

Carry = 1

0 (A0)

0 (A0)

1 (A1)

1 (A1)

Carry = 0

Carry = 1

Carry = 0

Carry = 1

Carry = 0

Carry = 0

Carry = 0

1 (C01)

0 (C00)

1 (C10)

0 (C11)

How does computation work?



How hard is it to design 
a molecule and a rule?

A0A0
A1A1

A2A2
A3A3

A4A4

A5A5
A6A6

A7A7
A8A8

A9A9

A10A10
A11A11

A12A12
A13A13

A14A14

A15A15
A16A16

A17A17
A18A18

A19A19

A20A20

A21A21

A22A22

A23A23

A24A24

A25A25

A26A26

A27A27

A28A28

A29A29

A30A30

A31A31

A32A32

A33A33

A34A34

A35A35

A36A36

A37A37

A38A38

A39A39

A40A40

A41A41

A42A42

A43A43

A44A44

A45A45

A46A46

A47A47

A48A48

A49A49

A50A50

A51A51

A52A52

A53A53

A54A54

A55A55

A56A56

A57A57

A58A58

A59A59

A60A60

A61A61

A62A62

A63A63

A64A64

A65A65

A66A66

A67A67

A68A68

A69A69

A70A70

A71A71

A72A72

A73A73

A74A74

A75A75

A76A76

A77A77

A78A78

A79A79

A80A80

A81A81

A82A82
B0B0

B1B1

B2B2
B3B3

B4B4
B5B5

B6B6

B7B7
B8B8

B9B9
B10B10

B11B11

B12B12
B13B13

B14B14
B15B15

C0C0

C1C1
C2C2

C3C3
C4C4

C5C5

C6C6
C7C7

C8C8
C9C9

C10C10

C11C11

C12C12

C13C13

C14C14

C15C15

C16C16

C17C17

C18C18

C19C19

C20C20

C21C21

C22C22

C23C23

C24C24

C25C25

C26C26

C27C27

C28C28

C29C29

C30C30

C31C31

C32C32

C33C33

C34C34

C35C35

C36C36

C37C37

C38C38

C39C39

C40C40

C41C41

C42C42

C43C43

C44C44

C45C45

C46C46

C47C47

C48C48

C49C49

C50C50

C51C51

C52C52

C53C53

C54C54

C55C55

C56C56

C57C57

C58C58

C59C59

C60C60

C61C61

C62C62

C63C63

C64C64

C65C65

C66C66

C67C67

C68C68

C69C69

C70C70

C71C71

C72C72

C73C73

C74C74

C75C75

C76C76

C77C77

C78C78

C79C79

C80C80

C81C81

C82C82

C83C83

C84C84

C90C90

C96C96

C97C97

C98C98

C99C99
D0D0

D1D1
D2D2

D3D3
D4D4

D5D5

D6D6
D7D7

D8D8
D9D9

D10D10

D11D11

D12D12

D13D13

D14D14

D15D15

D16D16

D17D17

D18D18

D19D19

D20D20

D21D21

D22D22

D23D23

D24D24

D25D25

D26D26

D27D27

D28D28

D29D29

D30D30

D31D31

D32D32

D33D33

D34D34

D35D35

D36D36

D37D37

D38D38

D39D39

D40D40

D41D41

D42D42

D43D43

D44D44

D45D45

D46D46

D47D47

D48D48

D49D49

D50D50

D51D51

D52D52

D53D53

D54D54

D55D55

D56D56

D57D57

D58D58

D59D59

D60D60

D61D61
E0E0
E1E1

E2E2
E3E3

E4E4
E5E5

E6E6
E7E7

E8E8

E9E9
E10E10

E11E11
E12E12

E13E13

E14E14
E15E15

E16E16
E17E17

E18E18

E19E19

E20E20
E21E21

E22E22

E23E23

E24E24

E25E25

E26E26

E27E27

E28E28

E29E29

E30E30

E31E31

E32E32

E33E33

E34E34

E35E35

E36E36

E37E37

E38E38

E39E39

E40E40

E41E41

E42E42

E43E43

E44E44

E45E45

E46E46

E47E47

E48E48

E49E49

E50E50

E51E51 E
52E52
E53E53
E54E54

E55E55

E56E56
E57E57 E

58E58
E59E59

E60E60

E61E61 E
62E62
E63E63

E64E64
E65E65

E66E66
E67E67
E68E68

E69E69
E70E70

E71E71 E
72E72 E
73E73 E
74E74 E
75E75

E76E76
E77E77 E

78E78
E79E79
E80E80

E81E81 E
82E82
E83E83

E84E84
E85E85

E86E86
E87E87
E88E88

E89E89
E90E90

E91E91 E
92E92
E93E93

E94E94
E95E95

E96E96
E97E97 E

98E98
E99E99

F0F0

F1F1 F2F2
F3F3 F4F4

F5F5

F6F6 F7F7
F8F8 F9F9

F10F10

F11F11 F
12F12 F
13F13 F
14F14 F
15F15

F16F16 F
17F17 F
18F18 F
19F19 F
20F20

F22F22 F
23F23
F25F25 F

26F26
F27F27

F28F28
F29F29
F30F30
F31F31 F

33F33

F34F34
F35F35
F36F36
F37F37 F

38F38

F39F39
F40F40
F41F41 F

42F42
F43F43

F44F44
F45F45
F46F46
F47F47 F

48F48

F49F49
F50F50
F51F51 F

52F52
F53F53

F54F54
F55F55
F56F56
F57F57 F

58F58

F59F59
F60F60
F61F61 F

62F62
F63F63

F64F64
F65F65
F66F66
F67F67 F

68F68

F69F69
F70F70 F

71F71 F
72F72 F
73F73

F74F74 F
75F75 F
76F76 F
77F77 F
78F78

F79F79 F
80F80
F81F81 F

82F82
F83F83

F84F84
F85F85
F86F86
F87F87 F

88F88

F89F89
F90F90
F91F91 F

92F92
F93F93

F94F94
F95F95
F96F96

F97F97 F
98F98

F99F99
G0G0 G

1G1 G
2G2 G
3G3

G4G4 G
5G5 G
6G6 G
7G7 G
8G8

G9G9 G
10G10
G11G11 G

12G12
G13G13

G14G14
G15G15
G16G16

G17G17 G
18G18

G19G19
G20G20

G21G21
G22G22

G23G23

G24G24
G25G25

G26G26
G27G27

G28G28

G29G29
G30G30

G31G31
G32G32

G33G33

G34G34
G35G35

G36G36
G37G37

G38G38

G39G39
G40G40

G41G41
G42G42

G43G43

G44G44
G45G45

G46G46
G47G47

G48G48

G49G49
G50G50

G51G51
G52G52

G53G53

G54G54
G55G55

G56G56
G57G57

G58G58

G59G59
G60G60

G61G61
G62G62

G63G63

G64G64
G65G65

G66G66
G67G67

G68G68

H0H0 H
1H1 H
2H2 H
3H3 H
4H4

H5H5 H
6H6 H
7H7 H
9H9 H
10H10

H11H11 H
12H12
I0I0 I1I1 I2I2

I3I3 I4I4 I5I5
I6I6 I7I7

I8I8 I10I10
I12I12 I1

3I13 I1
4I14

I15I15 I1
6I16 I1
7I17 I1
8I18 I1
9I19

I20I20 I
21I21 I2

2I22 I2
3I23 I
24I24

I25I25 I
26I26 I
27I27 I2

8I28 I
29I29

I30I30 I
31I31 I3

2I32 I
33I33 I
34I34

I35I35 I
36I36 I
37I37 I3

8I38 I
39I39

I40I40 I
41I41 I4

2I42 I
43I43 I
44I44

I45I45 I
46I46 I
47I47 I
48I48 J
0J0

J1J1 J2J2
J3J3 J4J4

K0K0

K1K1 K2K2
K3K3 K

4K4 K
5K5

K6K6 K
7K7 K
8K8 K
9K9 K
10K10

K11K11 K
12K12 K
14K14 K
15K15 K
17K17

K18K18 K
19K19 K
20K20
K21K21 K

22K22

K23K23



The first challenge: 
Designing the bricks

• Design bricks for which a common rule ❤ exists

Read 0

Read 1

Copy 0

Copy 1
Line 
Feed



The first challenge: 
Designing the bricks

• Design bricks for which a common rule ❤ exists

L4

L6

L5

L3

L1

L2

K13

K12

K11

K10

K7

K6

K5

K9

K8

K4 K27

K25

K24

K26

K13

K12

K14

K10 K15

K11 K14

K30

K29

K32

K31

K30

K28

K33

K29

K32

L24

L23

K28

K33

L22

L19

L18

L17

L21

L20

L16

L13

L12

L11

L15

L14

K10 K15

K36

K35

K38

K37

K36

K34

K39

K35

K38

K37

K36

K34

K39

K35

L36

L35

L34

L38

L37

L33

L30

L29

L28

L32

L31

L27

K32

L26

L25

K31

K42

K41

K44

K43

K42

K40

K45

K41

L41

L40

L39

K40

K45

K35

K38

K34

K39

K37

K49

L55

L54

L53

K48

K51

K50

L42

L43

L44

L52

L51

K47

K46

K41

K44

K43

K42

L45

L46

L50

L49

K40

K45

K41

K44

K43

K42

L47

L48

K40

K45

K41

K44

K43

K42

K40

K45

K41

K44

K40

K45

K43

K54

K53

K56

K55

K54

L73

L72

L71

K52

K57

K53

K56

K55

L56

L57

L58

L70

L69

K52

K57

K48

K51

K50

K49

L59

L60

L68

L67

K47

K46

K48

K51

K50

K49

L61

L62

L66

L65

K47

K46

K48

K51

K50

K49

L63

L64

K47

K46

K48

K51

K50

K49

K47

K46

K48

K51

K47

K46

K50

K58

K63

K62

L90

L89

L88

K61

K58

K63

L76

L77

L78

L87

L86

K60

K59

K53

K56

K55

K54

L79

L80

L85

L84

K52

K57

K53

K56

K55

K54

L81

L82

L83

K52

K57

K53

K56

L75

L74

K52

K57

K53

K56

K52

K57

K55

K66

K65

K68

K67

K66

M19

M18

M17

K64

K69

K65

K68

K67

L91

L92

L93

M16

M15

K64

K69

K61

K58

K63

K62

L94

L95

M14

M13

K60

K59

K61

K58

K63

K62

L96

L97

M12

M11

K60

K59

K61

K58

K63

K62

L98

L99

M10

M9

K60

K59

K61

K58

K63

K62

M0

M1

M8

M7

K60

K59

K61

K58

K63

K62

M2

M3

M6

K60

K59

K61

K58

K63

K62

M4

K60

K59

K61

K58

K63

K60

K59

K61 K60

M5 K62 K59

M29

M24

M23

M22

M30

M28

M25

M21

K68

M27

M26

M20

K69

K67

K0

K3

K2

K1

K0

K23

K22

K25

K24

K23

K27

K26

K22

K19

K18

K17

K21

K20

K16

K13

K12

K11

K15

K14

K10

K13

K12

L10

K15

K14

L9

L7

L8

K2

K1

J49

J48

J51

J52

J49

J48

J26

J25

J24

J41

J40

J39

J48

J51

J50

A7

A7

A8

A6

A12

A9

J18

J19

J17

J20

J16 J12 I19 I19

K3 L0

G - Read Copy Line Feed: Line Feed

K17

K18

K22

K22

K26

K26

K27

K27

K23

K23

K24

K24

K25

K25

K4

K8

K9

K5

K6

K7

K10

K10

K14

K14

K15

K15

K11

K11

K12

K12

K13

K13

K10

L14

L15

L11

L12

L13

L16

L20

L21

L17

L18

L19

L22

K33

K28

L23

L24

K32

K29

K30

L25

L26

K32

L27

L31

L32

L28

L29

L30

L33

L37

L38

L34

L35

L36

K35

K39

K39

K36

K37

K38

K35

K35

K35

K34

K36

K36

K36

K37

K37

K37

K38

K31

K33

K28

K32

K29

K30

K31K31

K39

K34

K34

K34

K38K39

L49

L51

L50

L47

L48

K42

L53

L52

L45

L46

K42

K43

K44

L54

L43

L44

K42

K43

K44

K41

K45

L55

L42

K43

K44

K41

K45

K40

K49

K50

K51

K41

K45

K40

K50

K51

K48

K46

K40

K47

L39

K42

L40

L41

K43

K44

K41

K45

K45

K40

K41 K40

K35

L65

L67

L66

L63

L64

K49

L69

L68

L61

L62

K49

K50

K51

K48

L71

L70

L59

L60

K49

K50

K51

K48

K46

K47

L72

L57

L58

K49

K50

K51

K48

K46

K47

L73

L56

K50

K51

K48

K46

K47
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The second challenge: 
Designing the rule ❤

Theorem. Designing a rule ❤ that folds a given sequence 
of length L into k prescribed conformations when folded 
in k prescribed environments is NP-hard in k.  

From 3-SAT: L=1 bead, k = n+m environments, δ arbitrary

Ensures the bead binds to  
at most one of xi and ¬xi

Ensures the bead binds to  
at least one literal in li∧ lj∧ lk

is therefore to design sequences that can adopt di↵erent conformations, depending on the “input”,
as encoded by surrounding beads.

The rule design problem is a formalization of the problem of finding attraction rules such that
a single sequence can, using these rules, fold into di↵erent conformations depending on the context
(here encoded by “seeds”). This problem is important, as we use an algorithm to solve it in all our
positive results:

Input: a delay time �, a list of n > 0 seeds �1,�2, . . . ,�n, and a list of n confor-
mations c1, c2, . . . , cn of the same length l

Output: an attraction rule ~ such that for all i 2 {1, 2, . . . , n}, Oritatami system
O

i

= (s,�
i

,~, �) deterministically folds into conformation c

i

, where s is
the sequence of length l such that for all i 2 {1, 2, . . . , l}, s

i

= i.

Lemma 1. For any positive delay time, the rule design problem is NP-complete.

Proof. We reduce from 3-SAT with n variables and m clauses to the rule design with 2n + m

di↵erent conformations to be uniquely folded simultaneously. Let x0, x1, . . . , xn�1 be the variables,
and F0, F1, . . . , Fm�1 be the clauses of a 3-SAT formula.

We will encode all 2n possible literals by distinct bead types in seeds for an Oritatami system
of arity 6 and delay time 5. Then, if we are given a rule that folds all conformations obtained by
our (to be defined) reduction correctly, we will set x

i

= true whenever literal x
i

is attracted to
some bead type in the rule, and x

i

= false if ¬x
i

is attracted to a bead type. Since both x

i

and
¬x

i

could appear in an attraction rule, we will need extra target conformations to prevent overlaps
between these two cases.

First, any clause of the form l

i

^ l

j

^ l

k

is encoded into the target seed and conformation pictured
on Figure 1: if exactly this conformation is producible, this means that there is at least one bond
between the orange bead (the first bead produced) and at least one bead of the seed.

l

i

l

j

l

k

Figure 1: Encoding of a clause by a target seed (in blue and orange) and conformation (in purple):
if there is at least one attraction between the orange bead and the seed, exactly this conformation
is produced. Else, other conformations (not in the targets) are producible.

We also need to enforce consistency in the attraction rule: indeed, nothing in the problem
prevents an attraction rule to contain both a literal and its negation, or none of them. We first add
n targets, pictured on Figure 2, to enforce that at least x

i

or ¬x
i

is chosen in the attraction rule:
indeed, if none of them were chosen, there would be no attraction between the first bead produced
and the seed, and therefore more conformations (not in the targets) would be producible.

Finally, we add another n targets to make sure that x
i

and ¬x
i

are not both chosen by the rule:
in the target conformation shown on Figure 3, the first bead produced has two neighboring beads
from the seed. If the first bead were attracted to both x

i

and ¬x
i

, another conformation, not in
the targets, would be producible, with the first bead next to x

i

and ¬x
i

.
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x

i

¬x
i

Figure 2: This set of target seeds (in blue and orange) and conformations (in purple) enforces the
condition that at least one of x

i

or ¬x
i

is in the attraction rule.

x

i

¬x
i

Figure 3: This set of target seed (in blue and orange) and conformation (the purple bead) makes
sure that x

i

and ¬x
i

are not both picked by the rule at the same time.

Finally, extending these results for delay time 1 to larger delay times is easy: at delay time �,
for each of our conformations, we simply add a bead � points away from the first bead produced,
and add a straight line of length � � 1 to that point to the target conformation.

Theorem 2. The rule design problem with n target conformations, each of length l, and delay
time � is NP-complete but fixed-parameter tractable, as it can be solved in time and space complexity
l25n�+6⌃k|�k|.

Proof. The NP-completeness comes from Lemma 1.
We first describe an ine�cient version of our algorithm as a depth-first search of all possible

rules: we start with an empty rule, and at each step k � 1 with rule R

k

, compute the list N

k

of all neighbors of bead k in each target conformation. Then, for all possible subsets S ✓ N

k

, if
R

k

[ {(k, n), (n, k)|n 2 N

k

} folds the last � beads correctly in all target conformations, we proceed
to the next step with rule R

k+1 = S [R

k

.
If we reach the end of the sequence, we have a rule R

l+1 that folds each step correctly: therefore,
by the definition of our dynamics, R

l+1 folds each conformation correctly.
One problem with this algorithm is that in the worst case, it might have to explore 2n

2
possible

rules: indeed, our depth-first search amounts to enumerating all rules for all n beads. In order to
avoid this, we first remark that for both dynamics, each step of the folding depends only on the
last � beads produced. Therefore, we can maintain, for each k, a cache of all rules for beads
k, k + 1, . . . , k + � � 1 only, that do not fold step k deterministically in all conformations.

One complication is that the target seeds could contain bead types that are also present in the
sequence. This is actually an important and useful case in our positive construction, and a key
element of iterating a computation on a word with the same encoding.

Therefore, when folding a conformation whose beads are all fixed up to step k � 0, the folding of
both dynamics only depends on the next � beads, or more precisely, on their (at most) 6 neighbors

7



The second challenge: 
Designing the rule ❤

Theorem. There is a FPT algorithm with respect to L 
that designs in linear time in L (but exponential in k and δ) 
a rule ❤ that folds the sequence 1,…,L of length L into k 
prescribed conformations when folded in k prescribed 
environments.  

Proof. • Locality: each bead only sees a bounded number (exponential in δ) 
of other beads when folded.  

• Then, compute all valid local rules for each of these neighborhoods  
• And use dynamic programing to decide whether there is a global rule 
compatible with at least one of the local rule for each environment.



What is the 
computational power of 

Oritatami Systems?

Simulating any  
Turing computation
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Skipping Cyclic Tag Systems
• A finite cyclic sequence of finite binary 

code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.

010
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Skipping Cyclic Tag Systems
• A finite cyclic sequence of finite binary 

code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.
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• A finite cyclic sequence of finite binary 
code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.
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• A finite cyclic sequence of finite binary 
code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 
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delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.
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• A finite cyclic sequence of finite binary 
code words with a pointer p to one of them 
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• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 
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Example.
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      0
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• Dynamics: 
• If the tape word is empty (ε): halt 
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delete the 0 and increment the 
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word the code word at position p+1 
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Skipping Cyclic Tag Systems
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code words with a pointer p to one of them 
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• Dynamics: 
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• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.



100
1
0
ε
100
1
0
ε
100
1
0
ε
100
1
0
ε

Skipping Cyclic Tag Systems

Halt

• A finite cyclic sequence of finite binary 
code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.



Skipping Cyclic Tag Systems
• A finite cyclic sequence of finite binary 

code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

• Theorem [Neary, Woods, 2006] 
Cyclic tag systems simulate any 
Turing machine with only a 
quadratic slow down



The simulation



The block view

READ 0
[0]:!

READ 0
[3]:0

READ 0
[0]:!

READ 0
[1]:100

READ 0
[2]:1

COPY 0
ZIG
[2]:1

COPY 1
ZAG
[3]:0

COPY 0
ZAG
[6]:1

COPY 0
ZAG
[6]:1

COPY 0
ZAG
[0]:!

COPY 0
ZAG
[0]:!

COPY 0
LINE FEED

[3]:0

COPY 1
LINE FEED

[6]:1

THE SEEDWITH INPUTWORD 010

APPEND PRODUCTION [2]:1

APPEND PRODUCTION [7]:0

APPEND PRODUCTION [5]:100

READ 1
[1]:100

READ 1
[4]:!

READ 1
[6]:1

COPY 0
ZIG
[7]:0

COPY 0
ZIG
[7]:0

COPY 0
LINE FEED

[0]:!

HALT

SEED 0

WRITE 1

WRITE 1 WRITE 0 WRITE 0

WRITE 0

SEED 1SEED 0



The shapes & functions  
of the blocks

D0D0 E0

FC

D1

G

D0D0 E0

A FC

D1

B

G

READ COPY
forward → backward ←

LINE FEED
EXPANDED & CARRIAGE RETURN

read 0 read 1

WRITE p
q

APPEND PRODUCTION [q]:p
q

COPY 0
ZIG
[q]:p

q

COPY 1
ZAG
[q]:p

q

READ 0
[q]:p

q

READ 1
[q]:p

q

COPY 0
LINE FEED

[q]:p
q



The modules
• Each code word is encoded into a module

GA

B

C

D1 D0 D0 E0

F

1

Ex: Module for CW=100

A: Initial scaffold F: Terminal scaffold

G: Read-Copy 
Line Feed

E: Padding &  
Carriage return

D: The CW letters

C: End-of-Tape 
detector

B: Empty-tape-word 
detector



The shapes & functions  
of the modules

D0

CA

B
E0

F

D1 D0

G

001

B

AC

D1D0D0E0

FG

D0D0 E0

FC

D1D0D0 E0

A FC

D1

B

G

B

AC

D1D0D0E0

FG

D0D0 E0

FC

D1

G

D0D0 E0

A FC

D1

B

G

G
B

AC

D1D0D0E0

F

GA

B

C

D1 D0 D0 E0

F

0

GA

B

C

D1 D0 D0 E0

F

1

READ COPY
forward → backward ←

LINE FEED
EXPANDED & CARRIAGE RETURN

read 0 read 1

0       1 0       1

GA

B

C

D1 D0 D0 E0

F

0

GA

B

C

D1 D0 D0 E0

F

1

D0

CA

B
E0

F

D1 D0

G

001



How does the tag system 
simulation work?

Code words
CW0 ε
CW1 100
CW2 1
CW3 0

READ 0 READ 1 COPY 0 APPEND 1

COPY 1COPY 0
LINE FEED

CARRIAGE 
RETURN

READ 0 READ 1 APPEND 100

CARRIAGE 
RETURN

COPY 0COPY 0COPY 1
LINE FEED

READ 1 COPY 0COPY 0 APPEND 0

CARRIAGE 
RETURN

COPY 0COPY 0COPY 0
LINE FEED

READ 0 READ 0 READ 0 HALT



The shapes & functions  
of the modules
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The shapes & functions  
of the blocks

D0D0 E0

FC

D1

G

D0D0 E0

A FC

D1

B

G

READ COPY
forward → backward ←

LINE FEED
EXPANDED & CARRIAGE RETURN

read 0 read 1

WRITE p
q

APPEND PRODUCTION [q]:p
q

COPY 0
ZIG
[q]:p

q

COPY 1
ZAG
[q]:p

q

READ 0
[q]:p

q

READ 1
[q]:p

q

COPY 0
LINE FEED

[q]:p
q



The block view

READ 0
[0]:!

READ 0
[3]:0

READ 0
[0]:!

READ 0
[1]:100

READ 0
[2]:1

COPY 0
ZIG
[2]:1

COPY 1
ZAG
[3]:0

COPY 0
ZAG
[6]:1

COPY 0
ZAG
[6]:1

COPY 0
ZAG
[0]:!

COPY 0
ZAG
[0]:!

COPY 0
LINE FEED

[3]:0

COPY 1
LINE FEED

[6]:1

THE SEEDWITH INPUTWORD 010

APPEND PRODUCTION [2]:1

APPEND PRODUCTION [7]:0

APPEND PRODUCTION [5]:100

READ 1
[1]:100

READ 1
[4]:!

READ 1
[6]:1

COPY 0
ZIG
[7]:0

COPY 0
ZIG
[7]:0

COPY 0
LINE FEED

[0]:!

HALT

SEED 0

WRITE 1

WRITE 1 WRITE 0 WRITE 0

WRITE 0

SEED 1SEED 0



HALT
READ 0
[q]:p

q

READ 1
[q]:p

q

APPEND PRODUCTION [q]:p
q
=! & LINE FEED

WRITE p
q

APPEND PRODUCTION [q]:p
q

COPY 0
ZIG
[q]:p

q

COPY 0
ZAG
[q]:p

q

COPY 1
ZAG
[q]:p

q

COPY 0
LINE FEED

[q]:p
q

COPY 1
LINE FEED

[q]:p
q

COPY 1
ZIG
[q]:p

q

APPEND AND CARRIAGE RETURN ZIG-TO-ZAG

no         above

there is a 
red dot 
spike 
above

there is            above 

and

there is         above

no        above

there is a 
red dot 
spike 
above

there is         
above

there is

above 

no         above

there is         
above

there is        
above 

there is a red dot 
spike          above

no         above

there is        
above 

there is a 
red dot 
spike          
above

NOTHING TO APPEND, WORD IS EMPTY,
 CARRIAGE RETURN AND LINE FEEDZIG COPY 0/1

ZIG READ 0/1

ZAG COPY 0/1

LINE
FEED 

ZAG-TO-ZIG

HALT

The block automaton



The module view



How do we implement 
several functions in 

module?



An example

READ 0 

 

READ 1 

LI
NE 

FE
ED

COPY 0

COPY 1

Module G implements 5 functions: 
• 0/1 Copy (forward & backward) 
• 0/1 Read 
• Line Feed





The rule

520 bead types

A0A0A1A1A2A2A3A3A4A4 A5A5A7A7A8A8A9A9A10A10 A11A11A12A12B0B0B1B1B2B2 B3B3B4B4C0C0C1C1C2C2 C3C3C4C4C5C5C6C6C7C7 C8C8C9C9C10C10C11C11C12C12 C13C13C14C14D0D0D1D1D2D2 D3D3D4D4D5D5D6D6D7D7 D8D8D9D9D10D10D11D11D12D12 D13D13D14D14D15D15D16D16D17D17 D18D18D19D19D20D20D21D21D22D22 D23D23D24D24D25D25D26D26D27D27 D28D28D29D29D30D30D31D31D32D32 D33D33D34D34D35D35D36D36D37D37 D38D38D39D39D40D40D41D41D42D42 E0E0E1E1E2E2E3E3E4E4 E5E5E6E6E7E7E8E8E9E9 E10E10E11E11E12E12E13E13E14E14 E15E15E16E16E17E17E18E18E19E19 E20E20E21E21E22E22E23E23E24E24 E25E25E26E26E27E27E28E28E29E29 E30E30E31E31E32E32E33E33E34E34 E35E35E36E36E37E37E38E38E39E39 E40E40E41E41E42E42E43E43E44E44 E45E45E46E46E47E47F0F0F1F1 F2F2F3F3F4F4F5F5F6F6 F7F7F8F8F9F9F10F10F11F11 F12F12F13F13F14F14F15F15F16F16 F17F17F18F18F19F19F20F20F21F21 F22F22F23F23F24F24F25F25F26F26 F27F27F28F28F29F29F30F30F31F31 F32F32F33F33F34F34F35F35F36F36 F37F37F38F38F39F39F40F40F41F41 F42F42F43F43F44F44F45F45F46F46 F47F47F48F48F49F49F50F50F51F51 G0G0G1G1G2G2G3G3G4G4 G5G5G6G6G7G7G8G8G9G9 G10G10G11G11G12G12G13G13G14G14 G15G15G16G16G17G17G18G18G19G19 G20G20G21G21G22G22G23G23G24G24 G25G25G26G26G27G27G28G28G29G29 G30G30G31G31G32G32G33G33G34G34 G35G35G36G36G37G37G38G38G39G39 G40G40G41G41G42G42G43G43G44G44 G45G45G46G46G47G47G48G48H0H0 H1H1H2H2H3H3H4H4H5H5 H6H6H7H7H8H8H9H9H10H10 H11H11H12H12H13H13H14H14H15H15 H16H16H17H17H18H18H19H19H20H20 H21H21H22H22H23H23H24H24I0I0 I1I1I2I2I3I3I4I4I5I5 I6I6I7I7I8I8I9I9I10I10
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Proving the correctness 
of the folding



First, enumerate all the bricks 
inside the modules and blocks

D0

CA

B
E0

F

D1 D0

G

001

B

AC

D1D0D0E0

FG

D0D0 E0

FC

D1D0D0 E0

A FC

D1

B

G

B

AC

D1D0D0E0

FG

D0D0 E0

FC

D1

G

D0D0 E0

A FC

D1

B

G

G
B

AC

D1D0D0E0

F

GA

B

C

D1 D0 D0 E0

F

0

GA

B

C

D1 D0 D0 E0

F

1

READ COPY
forward → backward ←

LINE FEED
EXPANDED & CARRIAGE RETURN

read 0 read 1

0       1 0       1



Second, describe the final conformation



Third, enumerate all the possible environments

HALT
READ 0
[q]:p

q

READ 1
[q]:p

q

APPEND PRODUCTION [q]:p
q
=! & LINE FEED

WRITE p
q

APPEND PRODUCTION [q]:p
q

COPY 0
ZIG
[q]:p

q

COPY 0
ZAG
[q]:p

q

COPY 1
ZAG
[q]:p

q

COPY 0
LINE FEED

[q]:p
q

COPY 1
LINE FEED

[q]:p
q

COPY 1
ZIG
[q]:p

q

APPEND AND CARRIAGE RETURN ZIG-TO-ZAG

no         above

there is a 
red dot 
spike 
above

there is            above 

and

there is         above

no        above

there is a 
red dot 
spike 
above

there is         
above

there is

above 

no         above

there is         
above

there is        
above 

there is a red dot 
spike          above

no         above

there is        
above 

there is a 
red dot 
spike          
above

NOTHING TO APPEND, WORD IS EMPTY,
 CARRIAGE RETURN AND LINE FEEDZIG COPY 0/1

ZIG READ 0/1

ZAG COPY 0/1

LINE
FEED 

ZAG-TO-ZIG

HALT



Finally, prove the folding of  
each brick in each environment

# 0828# 0828
G: RCLFG: RCLF

Bead K31Bead K31

# 0829# 0829
G: RCLFG: RCLF

Bead K32Bead K32

# 0830# 0830
G: RCLFG: RCLF
Bead L25Bead L25

# 0831# 0831
G: RCLFG: RCLF
Bead L26Bead L26

# 0832# 0832
G: RCLFG: RCLF
Bead L27Bead L27

# 0833# 0833
G: RCLFG: RCLF
Bead L28Bead L28

# 0834# 0834
G: RCLFG: RCLF
Bead L29Bead L29

# 0835# 0835
G: RCLFG: RCLF
Bead L30Bead L30

# 0836# 0836
G: RCLFG: RCLF
Bead L31Bead L31

# 0837# 0837
G: RCLFG: RCLF
Bead L32Bead L32

# 0838# 0838
G: RCLFG: RCLF
Bead L33Bead L33

# 0839# 0839
G: RCLFG: RCLF
Bead L34Bead L34

# 0840# 0840
G: RCLFG: RCLF
Bead L35Bead L35

# 0841# 0841
G: RCLFG: RCLF
Bead L36Bead L36

# 0842# 0842
G: RCLFG: RCLF
Bead L37Bead L37

# 0843# 0843
G: RCLFG: RCLF
Bead L38Bead L38

# 0844# 0844
G: RCLFG: RCLF

Bead K35Bead K35

# 0845# 0845
G: RCLFG: RCLF

Bead K36Bead K36

# 0846# 0846
G: RCLFG: RCLF

Bead K37Bead K37

# 0847# 0847
G: RCLFG: RCLF

Bead K38Bead K38

# 0848# 0848
G: RCLFG: RCLF

Bead K39Bead K39

# 0849# 0849
G: RCLFG: RCLF

Bead K34Bead K34

# 0850# 0850
G: RCLFG: RCLF

Bead K35Bead K35

# 0851# 0851
G: RCLFG: RCLF

Bead K36Bead K36

# 0852# 0852
G: RCLFG: RCLF

Bead K37Bead K37

# 0853# 0853
G: RCLFG: RCLF

Bead K38Bead K38

# 0854# 0854
G: RCLFG: RCLF

Bead K39Bead K39

# 0855# 0855
G: RCLFG: RCLF

Bead K34Bead K34

# 0856# 0856
G: RCLFG: RCLF

Bead K35Bead K35

# 0857# 0857
G: RCLFG: RCLF

Bead K36Bead K36

# 0858# 0858
G: RCLFG: RCLF

Bead K37Bead K37

# 0859# 0859
G: RCLFG: RCLF

Bead K38Bead K38

# 0860# 0860
G: RCLFG: RCLF

Bead K39Bead K39

# 0861# 0861
G: RCLFG: RCLF

Bead K34Bead K34

# 0862# 0862
G: RCLFG: RCLF

Bead K35Bead K35

# 0863# 0863
G: RCLFG: RCLF

Bead K36Bead K36

# 0864# 0864
G: RCLFG: RCLF

Bead K37Bead K37

# 0865# 0865
G: RCLFG: RCLF

Bead K38Bead K38

# 0866# 0866
G: RCLFG: RCLF

Bead K39Bead K39

Next: # 0849Next: # 0849

11

J5

J10

J9

J6

J8

J7

I1

I0

J47

J42

J5

J10

J9

J6

J8

J7

K33

K28

J43

J44

J5

J10

J9

J6

K32

K29

K33

K28

J45

J46

J5

J10

K30

K31

K32

K29

L25

J47

J42

K30

K31

K32

00

1717
J45
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• How to handle reconfigurations? 

• Universal folding system? (i.e. programming language)
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