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Introduction

@ Abstraction and simplification within models
e stochastic, differential, discrete, hybrid frameworks
o abstraction = essence of modelling activity (to grasp the key elements
and their roles)
e pragmatical fact : combinatoric explosion
@ Thomas' modelling frameworks
o If parameters are all known
e Naldi's method for computing reduced networks
o Preservation of dynamical properties
@ Reversing the problem
o Is it possible to infer parameters
e from the parameters of the simplified one?

= define symbolic reductions
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Outline

@ Gene network specifications & dynamics
@ Naldi's reductions of network specifications

© Extended reductions of network specifications

@ Conclusion
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Gene network specifications & dynamics

Gene network specifications

@ bc/ bCro @

Set of Variables
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Gene network specifications & dynamics

Gene network specifications

Set of Variables
Set of multiplexes : each multiplex is equiped with a formula
Regulations : which variable does act on which one?
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Gene network specifications & dynamics

Gene network specifications

Kero Kcro,0

KC/,m1 m Cro,myp
Cro,m3
Cro,mym3

Set of Variables

Set of multiplexes : each multiplex is equiped with a formula
Regulations : which variable does act on which one?
Set of parameters : towards which value is attracted a variable ?
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Gene network specifications & dynamics

Gene network specifications

Keio

KCro,(B
Cl,my m Cro,myp
Cro,m3
KCro,m2m3
Set of Variables

Set of multiplexes : each multiplex is equiped with a formula
Regulations : which variable does act on which one?

Set of parameters : towards which value is attracted a variable? + environment parameters
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Gene network specifications & dynamics

Gene network specifications

Kero Kcro,0
Cl,my m KCro,m2
Cro,m3
Cro,mym3

Set of Variables

Set of multiplexes : each multiplex is equiped with a formula

Regulations : which variable does act on which one?

Set of parameters : towards which value is attracted a variable? + environment parameters
Axioms : memorize the relationships between original model and derived models
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Gene network specifications & dynamics

Giving a value to each parameter : a realization

@ A realization = substitution 0:X = Nsit.
o o(K,w) <b, forall ve Vand we S (v)
o () is satisfied in N for all ¢ € Axioms
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Gene network specifications & dynamics

Gene network dynamics : as usual...

The transition graph (¢, T,) :
@ the nodes are the states : np: V — N
@ the resources p,(v,n) = the set of predecessors whose formulas are
evaluated to true
@ transitions de‘pend on substitutjon o
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Reduction of gene network models
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Gene network specifications & dynamics

Gene network dynamics : 3 useful formulas

@ The set of resources of v is w :

oy = (/\ om) N ( /\ ~Om)

mew meée S—(v)\w
@ The variable v can increase :

of = N () = Ko >v)
wCS—(v)

© The variable v can decrease :

o, = AN (W= Ku<V)
wCS—(v)
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i’ i [y Intuition
Naldi's reductions of network specifications )vtu to_ S

d

o if v is no auto-regulated :
v is supposed to go immediately to its focal value
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Naldi's reductions of network specifications

o if v is no auto-regulated :
v is supposed to go immediately to its focal value
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o
o
o

RS(V) = V < {v}
RVX) = (X~ {Kiwlwc S™(v)}) U {KZ lwc S™(v)}

13 X — R3(X) (renames K, , into KJ )
RUO) = A 1 (P) = ¢lv + Kiwl)
wCS—(V) ’

RS (m) where m is a multiplex : the formula is reduced via R(()).
multiplexes which have as unique target v, are suppressed.

RS(E) : the same except the edges towards v
RV (Ax) = 11 (Ax)

A gene network N = (S, o) being given, the v-reduction of N is the
gene network R3(S,0) = (RS(S), oo (ud)™).

o Transition Graph :  R3(n) is the restriction of i to R$(V)
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5 N A Int
Naldi's reductions of network specifications -

e vork
Some results

Lemma 1 (Preservation of formulas’ evaluation)

Let n,0 s.t. n(v) = (K, p(v.n)), then
(nEa(p) & R E o' (RY(¢)).

o if v ¢ var(p), wehave  (nf=o(p)) <« (RS(n) = o'(RY()))
o if v € var(yp),

RV =0’ (R(¢)) & n o' (RY(¢)) because v ¢ RY()
& k(A (O = elv e Koul)
wCS—(v)
using o' = oo(uy)”t & nE ([ L,y O = ol = Kul)
using U(V)ZU(Kv,p(v,n)) < n ': U(wCS{\—(v) (D“’;’ = 90)
& nkEo(p)
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Intu
Red

Naldi's reductions of network specifications »
Some results

Lemma 2 (Resources Preservation)

Let n,0,v such that n(v) = o(K, y(vy)) and let u a variable s.t. u # v.
po(u,n) = por(u, RG (1))

L nkEa L o R (6n)
! A ! U’ ol (R§(¢2))
|0 ds | L0’ o (RS(43))
L L >
| | v | |
po(u,m) = {my, mp} pl(u,m’y = {m, m}

Marseille 2017 Bernot/Comet/Cornillon = Reduction of gene network models



Naldi's reductions of network specifications

3 network
Some results

Lemma 2 (Resources Preservation)
Let n,0,v such that n(v) = o(K, y(vy)) and let u a variable s.t. u # v.
po(u, 1) = por(u, RS (1))

Lemma 3 (Transition Preservation)

Let n,0,v such that n(v) = o(K, p(v.n) and let n — 1.
if R3 (1) # R3(n'), we have Ry (1) — R3(n).

! Lk ér ; o0 ol (RS(61))
! e ! Lo’ ol (R§(42))
A n¥en a0 R )
LI |
L L >
| | v | |
po(u,n) ={my, m} ph(u,m’) = {my, my}
Ky, {mq ,mp} > m(u) Ky, {mq ,mp} > m(u)
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Naldi's reductions of network specifications e

Some results

Lemma 4 (Path preservation)

The set of paths “saturating first v" of N = (S o) is in canonical bijection
with the set of paths of N' = (R3(S),0 0 (u3)~1).
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Intuitions
Reduced ne:
Some results

Naldi's reductions of network specifications

Preservation of dynamical properties

Each attractor contains at least a cycle “saturating first v (trivial)

v,

YA .y

complex attractors with cycle saturating first v

Theorem (preservation of dynamical properties)

@ preservation of stable states
@ preservation of stable cycles

@ the reduction of each complex attractor contains at least a cycle

Marseille 2017 Bernot/Comet/Cornillon | Reduction of gene network models



Intuitions

Extended reductions of network specifications
Extended reductions of network specifications Folding formulas

Suppression of a threshold

Extended reductions of network specifications (intuition)

o if v is a self-regulation free variable, v can be viewed as a relay for the
transmission of information. v can be “replaced” by its focal value
(which depends only on the other variables).

o if v is self-regulated at threshold 6, on either side of the threshold, v
can be “replaced” by its focal value (which depends only on the other
variables).

One can merge state s — 1 and s (s # #), making the assumption that
inside these two values, v elvolves immediately.

=F ] [ =] [T eoF
F=F | [F=oF | [ Fef
drd | e | e 4

> . ¢}> > ;—_**}» > D - >

Marseille 2017 Bernot/Comet/Cornillon | Reduction of gene network models



Intuitions
Extended reductions of network specifications

Extended reductions of network specifications 0 ormulas
ssion of a threshold

Original network

Reducted network

Q if n(v) < s —1in the reduced network,
v behaves as v in the initial network
@ if n(v) > s in the reduced network,
v behaves as v + 1 in the initial network
@ if n(v) =s —1, it depends on &} :
o if ® is satisfied, v behaves as v + 1 in the initial network
o if & is not satisfied, v behaves as v in the initial network
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Intuitions

Extended reductions of network specifications
Extended reductions of network specifications Folding formulas

Suppression of a threshold

Folding a formula

@ if n(v) > s (folded) or (n(v) = s — 1 (folded) and & (initial)) :
init,n = ¢ = folded, ' = ¢[v + v + 1]

Q@ if (v) < s —1 (folded) or (n(v) =s — 1 (folded) and —®} (initial) :

init,n = ¢ = folded,n’ = ¢
Definition of foldS () = 1 At where
b= (v2s) v (v=s—1A @SO0) = wSlelv < v+ 1)
e = ((v<s=1) vV (v=s-1A-(®))) = (e

Marseille 2017 Bernot/Comet/Cornillon | Reduction of gene network models



Intuitions

Extended reductions of network specifications
Extended reductions of network specifications Folding formulas

Suppression of a threshold

Suppressing a threshold in specif. S = ( , X,

The reduced network :
o folds (V)=V
(o) foldés(X) =X U {K,lwcS(v)}
@ fold] (M) = {foldv_s(m) | me M}
(%) foldS J(E)=E (the same edges)
o folds J(Ax) = 3 (Ax) U {foldeds(K, o, 113 (Kvw)) | wC S™(v)}

where

foldeds(t',t)=(t<s AN t'=t) V (t=s At/ =t—1)

@ Transition Graph :
fold$ (1) ...
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pecifications
Extended reductions of network specifications

Lemma 6 (Preservation of formulas’ evaluation, b, > 1)

Let ng, 0 be a state and a realization, and let n be defined by
(V 4= 1l Z'an(V):S_]'/\o—(Kv,p(v,n)) >s Jlﬂ -9 :73:

)
n=mno |v<< no(v)—-1 ian(V):S/\U(KV,p(V,n)) <s-1 : & |
770(V) otherwise e §
We have : (nl=o(p)) < fold; (n) = o' (folds ().

o if v ¢ var(p), we have (1 = 0()) & (fold5(n) = o' (fold5s(¢)))
e if v € var(y), two cases...
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eductions of network specifications

Extended reductions of network specifications Folding formulas
Suppression of a threshold

o CaseAandB:| & [=-] @ |
1 is trivially true, then

fold; (1) = o’ (fold3 (¢)) < n k=o' (13(#))

Using Axioms, we deduce K‘iw = Ky w

foldy o(n) = o(foldys(¢)) & 1 o()
oCaseCandD:‘ [ <] . b ‘

s

1o is trivially true, then

foldy(n) = o'(foldj(0)) & | o' (13 (¢lv « v +1]))

Using Axioms, we deduce K‘fw =Kow+1

fold] (1) = o'(fold} 5(¢)) < 1 = o(yp)
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ictions of k specifications
Extended reductions of network specifications 0 mulas
ion of a threshold

Lemma 7 (Resources Preservation, b, > 1)

Let ng, o, v and n defined as previously. Let u a variable.
po(u,1) = por(u, foldg ¢(1))

! ! L nEé ! b o (foldS (1))
| | L omE ¢ ! Lon' o (fold] ((¢2))
| ‘ | on s : | 0’ o (fold; 4 (¢3))

,,,,, b e B -
v |

po(u,n) = {my, m} po(u,n’) = {my, m}
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Intuitions

Extended reductions of network specifications
Extended reductions of network specifications Fold >rmulas

Suppression of a threshold

Lemma 7 (Resources Preservation, b, > 1)
Let ng, o, v and n defined as previously. Let u a variable.
po(u,1) = por(u, foldg (1))

Lemma 8 (Transition Preservation, b, > 1)

Let no, o, v and 1 defined as previously. Let n — 1'.
If folds (1) # foldS (1), we have fold3 (1) — fold$ (7).

! ! L nEé ! b o (foldS (1))

| | | mEd ! I ' k= o (fold ((#2))
,,,,, | | A | nFds A | 0 o (fold ((¢3))

_@ |

,,,,, h ,,,,,,,7,,> == R

| | | v | |

po(u,n) = {my, m} ph(usm’) = {my, my}

Ky, {mq ,mp} > m(u) Ky, {my,mp} > 1(u)
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Intuitions
d reductions of n rk specifications

Extended reductions of network specifications

Suppression of a threshold

Lemma 9 (Paths' preservation, b, > 1)

The set of paths “saturating first v"" of N = (S, o) is in canonical bijection
with the set of paths of N’ = (foldis(S), a’).

-
- ~a
" ~a
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Intuitions
Extended reductions of ne < specifications

Extended reductions of network specifications Folding formulas
Suppression of a threshold

Proof of lemma 9 :
e With each path “saturating first v, one associates a path in N (trivial)

o With each path in N/, one associates the unique path “saturating first

v'in N:Letben—n —n"

o 3a,b,c,d eRS () xRS (i) x RS (1) x RS (")
a—b

s.t. { e d and ¢(v) = b(v) + 1if o(K,, ) > b(v)...

1
o in RS (1), because the resources do not change, there exists a unique
path from b to ¢
-1
o there exists a unique path from a € RS (1) towards d.
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Intuitions

Extended reductions of network specifications
Extended reductions of network specifications Folding formulas

Suppression of a threshold

Preservation of dynamical properties

Each attractor contains at least a cycle “saturating first v" (trivial)

Theorem (preservation of dynamical properties)

@ preservation of stable states
@ preservation of stable cycles

@ the folding of each complex attractor contains at least a cycle

Marseille 2017 Bernot/Comet/Cornillon | Reduction of gene network models



Conclusion

Global approach

initial
network
specification

parameter
identification

admissible
realizations
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Conclusion

Global approach

symbolic reductions

initial omplexificati e multiplex formulas simplified
ne}\jvorlf comp exification ()1 mu ‘llp FX formulas network
specification accumulations of axioms specification

parameter

identification network network
specification specification

first reduced reduced

admissible
realizations
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Conclusion

Global approach

symbolic reductions

initial omplexificati e multiplex formulas simplified
ne}\jvorlf comp exification ()1 mu ‘llp FX formulas network
specification accumulations of axioms specification

parameter first reduced reduced External
identification network network selection
specification specification

of parameters
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Conclusion

Global approach

symbolic reductions

initial omplexificati e multiplex formulas simplified
neﬁwork comp exification ()1 mu ‘llp FX formulas network
specification accumulations of axioms specification

parameter first reduced n*" reduced External

identification network network selection
specification specification

of parameters

admissible
realizations

possible thanks to
- — mutiplex formulas
constraints — axioms

on admissible | <
realizations
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Conclusion

Global approach

symbolic reductions

initial omplexificati e multiplex formulas simplified
neﬁwork comp exification ()1 mu ‘llp FX formulas network
specification accumulations of axioms specification

parameter first reduced n*" reduced External

identification network network selection
specification specification

of parameters

enumeration

of admissible
realizations

f possible thanks to

— mutiplex formulas

constraints co‘:“i*"‘“g? < — axioms
. — G| on admissible

realizations
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Conclusion

Conclusion

o Multiplex formulas code the situations where a regulation takes place
even if the direct regulator has been abstracted

= Non proliferation of parameters

@ Axioms allow the parameterization of the environment
they memorize the different foldings of parameters
during threshold suppression.

@ Use of constraints solver

Reduction of gene network models
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