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Abstract. The tiling problem is the decision problem to determine if a
given finite collection of Wang tiles admits a valid tiling of the plane. In
this work we give a new proof of this fact based on tiling simulations of
certain piecewise affine transformations. Similar proof is also shown to
work in the hyperbolic plane, thus answering an open problem posed by
R.M.Robinson 1971 [9].

1 Introduction

A Wang tile is a unit square tile with colored edges. Tiles are placed on the plane
edge-to-edge, under the matching constraint that abutting edges must have the
same color. Tiles are used in the given orientation, without rotating. If T is a
finite set of Wang tiles, a tiling of the plane is a covering t : Z2 −→ T of the
plane by copies of the tiles in such a way that the color constraint is satisfied
everywhere.

The tiling problem (also known as the domino problem) is the decision problem
that asks whether a given finite tile set T admits at least one valid tiling t :
Z2 −→ T . This problem was proved undecidable by R.Berger in 1966 [1], see also
R.M.Robinson [9] for another proof. Both proofs rely on an explicit construction
of an aperiodic tile set. Set T is called aperiodic if it admits some valid tiling
of the plane, but it does not admit a valid periodic tiling, i.e. a tiling that is
invariant under some translation. Note that existence of such aperiodic sets is
not obvious, and in fact it was conjectured prior to Berger’s work that they
do not exist. If aperiodic sets did not exist, then the tiling problem would be
decidable as one can simply try tilings of larger and larger rectangles until either
(1) a rectangle is found that can no longer be tiled, or (2) a tiling of a rectangle
is found that can be repeated periodically. Only aperiodic tile sets fail to reach
either (1) or (2).

Note that Wang tiles are an abstraction of geometric tiles. Indeed, by using
suitable ”bumps” and ”dents” on the sides to represent different colors, one
can effectively replace any set of Wang tiles by a set of geometric tiles (all
polygons with rational coordinates) such that the geometric tiles admit a tiling
(a non-overlapping covering of the plane) if and only if the Wang tiles admit a
tiling. Hence undecidability of the tiling problem by geometric tiles follows from
Berger’s result.
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In this work we present a new proof for the undecidability of the tiling prob-
lem. The proof uses plane tilings to simulate dynamical systems that are based
on piecewise affine transformations. The undecidability of the tiling problem
will then be concluded from the undecidability of the mortality problem of such
dynamical systems.

A particularly nice feature of our proof is the fact that it is purely combi-
natorial. As a result of this the method generalizes easily to tilings in other
lattices as well. In particular, we show that the tiling problem is undecidable in
the hyperbolic plane. This resolves an open question asked already by Robinson
in 1971 [9], and discussed by him in more details in 1978 [10]. In particular,
Robinson proved the undecidability of the origin constrained tiling problem in
the hyperbolic plane. This is the easier question where one asks the existence of
a valid tiling that contains a copy of a fixed seed tile. We mention that there
is a concurrent, independent and unpublished approach by M.Margenstern to
the tiling problem in the hyperbolic plane [8]. We have reported our approach
previously in [5].

We first discuss piecewise affine transformations and their mortality problem.
We then outline the construction of corresponding Wang tiles. We then conclude
by providing the analogous construction in the hyperbolic plane.

2 Mortality Problems of Turing Machines and Piecewise
Affine Maps

Our proof is based on a reduction from the mortality problem of Turing machines.
In this question we are given a deterministic Turing machine with a halting state,
and the problem is to determine if there exists a non-halting configuration, that
is, a configuration of the Turing machine that never evolves into the halting state.
Such configuration is called immortal. Note that the Turing machine operates
on an infinite tape, and configurations may contain infinitely many non-blank
symbols.

Mortality problem of Turing machines. Does a given Turing machine have
an immortal configuration ?

The mortality problem was proved undecidable by P.K.Hooper in 1966 [4], the
same year that Berger proved his result. The two results have similar flavor, but
proofs are independent in the sense that they do not rely on each other in either
direction. Note an analogy to aperiodic tile sets: Hooper’s result means that
there must exist aperiodic Turing machines, that is, Turing machines that have
immortal configurations but no immortal configuration repeats itself periodically.
Our present proof establishes another connection between Hooper’s and Berger’s
results since we reduce the mortality problem to the tiling problem.

We first consider dynamical systems determined by piecewise affine transfor-
mations of the plane. There exists a well known technique to simulate Turing
machines by such transformations, see e.g. [2,7]. The idea is to encode Tur-
ing machine configurations as two real numbers (l, r) ∈ R2, representing the
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left and the right halves of the infinite tape, respectively. The integer parts of
l and r uniquely determine the next rule of the Turing machine to be used.
More precisely, suppose the tape and state alphabets of the Turing machine are
A = {0, 1, . . . , a} and Q = {0, 1, . . . , b}. Let M be an even integer such that
M > a + 1 and M > b. Then we let

l =
−∞∑

i=−1

M iti, and

r = Mq +

∞∑

i=0

M−iti,

where q ∈ Q is the current state of the Turing machine and (ti)i∈Z is the content
of the infinite tape. We use a moving tape model of Turing machines: The Turing
machine always reads cell 0 while the tape shifts left or right according to the
rules of the Turing machine. Note that �r� = Mq + t0 determines the next move
of the machine, and that the encoding is one-to-one.

For each transition rule of the Turing machine one can effectively associate a
rational affine transformation of R2 that simulates that transition. The matrix
of the transformation is(

M 0
0 1

M

)
,

(
1 0
0 1

)
or

(
1
M 0
0 M

)

depending on the direction of the movement associated with the transition. The
translation part of the transformation takes care of the changes in the tape
symbol in cell 0 as well as the change in the state of the Turing machine.

In this fashion any deterministic Turing machine is converted into a system of
finitely many rational affine transformations f1, f2, . . . , fn of R2 and correspond-
ing disjoint unit squares U1, U2, . . . , Un with integer corners. Squares Ui serve as
domains for the affine maps: the affine transformation fi is applied when (l, r)
is in the unit square Ui. Together the transformations define a partial function
f : R2 −→ R2 whose domain is U = U1 ∪ U2 ∪ . . . ∪ Un, and whose operation is

�x �→ fi(�x) for �x ∈ Ui.

Point �x ∈ R2 is called immortal if for every i = 0, 1, 2, . . . the value f i(�x) is
in the domain U . In other words, we can continuously apply the given affine
transformations and the point we obtain always belongs to one of the given unit
squares Ui.

The reduction from Turing machines to piecewise affine transformations pre-
serves immortality: the Turing machine has an immortal configuration if and
only if the corresponding system of affine maps has an immortal starting point.
Hence we conclude from Hooper’s result that the following immortality question
is undecidable:

Mortality problem of piecewise affine maps: Does a given system of ra-
tional affine transformations f1, f2, . . . , fn of the plane and disjoint unit squares
U1, U2, . . . , Un with integer corners have an immortal starting point ?
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3 Reduction into the Euclidean Tiling Problem

Next the mortality question of piecewise affine maps is reduced into the tiling
problem of Wang tiles. The idea is very similar to a construction of an aperiodic
Wang tile set presented in [6]. In [6] a tile set was given such that every valid
tiling is forced to simulate an infinite orbit according to the one-dimensional
piecewise linear function f : [12 , 2] −→ [12 , 2] where

f(x) =

{
2x, if x ≤ 1, and
2
3x, if x > 1.

Function f has no periodic orbits so the corresponding tile set is aperiodic.
The construction needs to be generalized in two ways: (1) instead of linear

maps we need to allow more general affine maps, and (2) instead of R the maps
are now over R2. Fortunately both generalizations are very natural and work
without any complications.

The colors of our Wang tiles are elements of R2. Let f : R2 −→ R2 be an
affine function. We say that tile

n

w

s

e

computes function f if
f(�n) + �w = �s + �e.

(The ”input” �n comes from north, and f(�n) is computed. A ”carry in” �w from
the west is added, and the result is split between the ”output” �s to the south
and the ”carry out” �e to the east.)

Suppose we have a correctly tiled horizontal segment of length n where all
tiles compute the same f .

Average =

e

s

n

w

Average =

It easily follows that

f(�n) +
1

n
�w = �s +

1

n
�e,

where �n and �s are the averages of the top and the bottom labels. As the segment
is made longer, the effect of the carry in and out labels �w and �e vanish. Loosely
speaking then, in the limit if we have an infinite row of tiles, the average of the
input labels is mapped by f to the average of the output labels.
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Consider now a given system of affine maps fi and unit squares Ui. For each
i we construct a set Ti of Wang tiles that compute function fi and whose top
edge labels �n are in Ui. An additional label i on the vertical edges makes sure
that tiles of different sets Ti and Tj cannot be mixed on any horizontal row of
tiles. Let

T =
⋃

i

Ti.

If T admits a valid tiling then the system of affine maps has an immortal point.
Namely, consider any horizontal row in a valid tiling. The top labels belong to
a compact and convex set Ui. Hence there is �x ∈ Ui that is the limit of the top
label averages over a sequence of segments of increasing length. Then fi(�x) is the
limit of the bottom label averages over the same sequence of segments. But the
bottom labels of a row are the same as the top labels of the next row below, so
fi(�x) is the limit of top label averages of the next row. The reasoning is repeated
for the next row, and for all rows below. We see that �x starts an infinite orbit
of the affine maps, so it is an immortal point.

We still have to detail how to choose the tiles so that any immortal orbit of
the affine maps corresponds to a valid tiling. Consider a unit square

U = [n, n + 1] × [m, m + 1]

where n, m ∈ Z. Elements of

Cor(U) = {(n, m), (n, m + 1), (n + 1, m), (n + 1, m + 1)}

are the corners of U . For any �x ∈ R2 and k ∈ Z denote

Ak(�x) = �k�x�

where the floor is taken for each coordinate separately:

�(x, y)� = (�x�, �y�).

Denote
Bk(�x) = Ak(�x) − Ak−1(�x) = �k�x� − �(k − 1)�x�.

It easily follows that if �x ∈ U then

Bk(�x) ∈ Cor(U).

Vector �x will be represented as the two-way infinite sequence

. . . B−2(�x), B−1(�x), B0(�x), B1(�x), B2(�x), . . .

of corners. It is the balanced representation of �x, or the sturmian representation
of �x. Note that both coordinate sequences are sturmian.

The tile set corresponding to a rational affine map

fi(�x) = M�x +�b

and its domain square Ui consists of all tiles
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fi(Ak−1(�x))
−Ak−1(fi(�x))

+(k − 1)�b

fi(Ak(�x))
−Ak(fi(�x))

+k�b

Bk(fi(�x))

Bk(�x)

where k ∈ Z and �x ∈ Ui. Observe the following facts:

(1) For fixed �x ∈ Ui the tiles for consecutive k ∈ Z match in the vertical edges
so that a horizontal row can be formed whose top and bottom labels read
the balanced representations of �x and fi(�x), respectively.

(2) A direct calculation shows that the tile above computes function fi, that is,

fi(�n) + �w = �s + �e.

(3) Because fi is rational, there are only finitely many tiles constructed, even
though there are infinitely many k ∈ Z and �x ∈ Ui. Moreover, the tiles can
be effectively constructed.

Now it is clear that if the given system of affine maps has an immortal point �x
then a valid tiling exists where the labels of consecutive horizontal rows read the
balanced representations of the consecutive points of the orbit for �x. We conclude
that the tile set we constructed admits a tiling of the plane if and only if the
given system of affine maps is immortal. Undecidability of the tiling problem
follows from the undecidability of the immortality problem that we established
in Section 2

4 Reduction into the Tiling Problem on the Hyperbolic
Plane

The method of the previous section works just as well in the hyperbolic plane.
Instead of Wang tiles we use hyperbolic pentagons that in the half-plane model
of hyperbolic geometry are copies of

(2,2)(0,2)

(0,1) (1,1) (2,1)

Note that all five edges are straight line segments. These tiles admit valid tilings
of the hyperbolic plane in uncountably many different ways
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In these tilings the tiles form infinite ”horizontal rows” in such a way that each
tile has two adjacent tiles in the next row ”below”.

In the following these hyperbolic pentagons are used instead of the Euclidean
square shaped Wang tiles. The five edges will be colored, and in a valid tiling
abutting edges of adjacent tiles must match. This is an abstraction – analogous
to Wang tiles in the Euclidean plane – that can be transformed into hyperbolic
geometric shapes using bumps and dents.

Exactly as in the Euclidean case we color the edges by vectors �x ∈ R2. We
say that pentagon

r

n

ew

l

computes the affine transformation f : R2 −→ R2 if

f(�n) + �w =
�l + �r

2
+ �e.

Note that the difference to Euclidean Wang tiles is the fact that the ”output” is
now divided between �l and �r.

Consider a correctly tiled horizontal segment of length n where all tiles com-
pute the same f .

s

w e

Average = n

Average =

Clearly we have

f(�n) +
1

n
�w = �s +

1

n
�e,

where �n and �s are the averages of the top and the bottom labels on the segment.
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Analogously to the Euclidean case, given a system of affine maps fi and unit
squares Ui, we construct for each i a set Ti of pentagons that compute function
fi and whose top edge labels �n are in Ui. It follows, exactly as in the Euclidean
case, that if a valid tiling of the hyperbolic plane with such pentagons exists then
from the labels of horizontal rows one obtains an infinite orbit in the system of
affine maps.

We still have to detail how to choose the tiles so that the converse is also
true: if an immortal point exists then its orbit provides a valid tiling. The tile
set corresponding to a rational affine map

fi(�x) = M�x +�b

and its domain square Ui consists of all tiles

fi(Ak−1(�x))
− 1

2A2(k−1)(fi(�x))

+(k − 1)�b

fi(Ak(�x))
− 1

2A2k(fi(�x))

+k�b

B2k−1(fi(�x)) B2k(fi(�x))

Bk(�x)

where k ∈ Z and �x ∈ Ui. Now we can reason exactly as in the Euclidean case:

(1) For fixed �x ∈ Ui the tiles for consecutive k ∈ Z match so that a horizontal
row can be formed whose top and bottom labels read the balanced represen-
tations of �x and fi(�x), respectively.

(2) A direct calculation shows that the tile computes function fi:

fi(�n) + �w =
�l + �r

2
+ �e.

(3) There are only finitely many pentagons constructed (because fi is rational),
and they can be formed effectively.

The tiles constructed admit a valid tiling of the hyperbolic plane if and only
if the corresponding system of affine maps has an immortal point. So we have
proved

Theorem. The tiling problem is undecidable in the hyperbolic plane.
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