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Abstract. Partially ordered multisets (or pomsets) constitute one of
the most basic models of concurrency. We introduce and compare sev-
eral notions of regularity for pomset languages by means of contexts
and residues of different kinds. We establish some interesting closure
properties that allow us to relate this approach to SP-recognizability
in the particular case of series-parallel pomsets. Finally we introduce
the framework of compatible languages which generalizes several classi-
cal formalisms (including message sequence charts and firing pomsets of
Petri nets). In this way, we identify regular sets of pomsets as recogniz-
able subsets in the monoid of multiset sequences.

Partially ordered multisets or partial words constitute one of the most basic
models of concurrency [!]. Process algebras like CCS and TCSP, and system
models like Petri nets, have been given pomset semantics for many years, and
several pomset algebras have been designed. Nevertheless the study of pomset
languages from the point of view of recognizability or regularity still offers many
interesting problems to investigate.

A key difficulty one encounters in the case of pomsets as opposed to words
is the lack of a finite set of operators generating all of them [7]. As an alterna-
tive approach, different accepting finite devices for pomset languages have been
defined such as, e.g., graph acceptors applied to pomsets [/ 5] and asynchronous
automata applied to restricted classes of pomsets without autoconcurrency [!].
In these works the recognizable languages have until now no characterization in
an algebraic framework.

On the other hand, some restricted frameworks have been defined and inves-
tigated with an algebraic approach of recognizable sets of pomsets. In particular,
the trace monoids [3], the concurrency monoids of stably concurrent automata [°]
and more recently the monoid of basic message sequence charts [ 2] have been
studied in details.

To our knowledge, until now little work has been done on languages of pom-
sets with autoconcurrency. The main exception is the algebra of series-parallel
pomsets, for which Kleene-like results [! |] and Biichi-like results [] were estab-
lished recently. In [0], a definition of recognizability by vertex substitution has
been studied. It extends to the class of all pomsets the algebraic definition of [ ]
for SP-pomsets, and fulfills several closure properties.
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Investigating different interpretations of what a pomset language expresses,
we introduce in this paper three candidate extensions to pomset languages of
the definition of context known for word languages. The corresponding context
equivalences <*, <% and <% are shown to give rise to three distinct notions of
regularity: More precisely we show

, <

=~ is of finite index = <~ is of finite index == =<~ is of finite index

for a given pomset language £ — but none of the converses holds in general.
By means of several closure properties, we show also that these notions of regu-
larity are weaker than the algebraic SP-recognizability [! |] when we restrict to
series-parallel pomsets.

In order to relate our three notions of regularity with the algebraic defini-
tion of recognizability in monoids, we introduce the class of compatible languages.
The latter are characterized by their corresponding step sequences. They include

Mazurkiewicz traces [3], local trace languages [10], subsets of message sequence
charts [I, 13], pomset languages of stably concurrent automata [5], CCI sets of
P-traces [?], and firing pomset languages of Place/Transition nets [%, 10] — but

not series-parallel pomsets. Differently from the more general case of weak lan-
guages, we show that regularity of a compatible set of pomsets means exactly
recognizability of the corresponding step extensions in the free monoid of multi-
set sequences. Thus, this wide framework of compatible pomset languages proves
to have some interesting properties, although it generalizes many classical for-
malisms of concurrency theory. For this reason, we believe that these compatible
languages deserve to be further investigated. In particular, realization of regu-
lar languages by labelled Petri nets and correspondence with MSO definability
would lead to nice generalizations of results known in particular frameworks.

1 Basics

In this section, we present our main notations and definitions concerning pom-
sets. We recall the simple relationship between weak languages and basic lan-
guages of pomsets. We introduce the notion of compatible languages and show
that this concept generalizes several classical frameworks of concurrency theory.

Preliminaries. In this paper, we consider a finite alphabet Y. For any words
u,v € X*, we write u < v if u is a prefix of v, i.e. there is z € X* such that
u.z = v. The set of multisets over X' is denoted by M(X) and M(X)* denotes
the set of finite sequences of multisets over X', also called step sequences.

A pomset over X is a triple t = (E,<,{) where (E,<) is a finite partial
order and £ is a mapping from E to Y. A pomset is without autoconcurrency if
&(x) = &(y) implies x K y or y < «x for all ,y € E. A pomset can be seen as an
abstraction of an execution of a concurrent system. In this view, the elements e
of E are events and their label £(e) describes the basic action of the system
that is performed when the event e occurs. Furthermore, the order describes
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Fig. 1. Two pomsets with the same step extensions

the causal dependence between the events. In particular, a pomset is without
autoconcurrency if two occurrences of an action cannot run simultaneously. We
denote by P(X) the class of all pomsets over Y. As usual, we shall identify
isomorphic pomsets as a single object and consider only classes of pomsets closed
under isomorphisms.

A prefiz of a pomset t = (E, <, &) is the restriction t’ = (E', <X |g/,§|g’) of t to
some downward-closed subset E’ of E. An order extension of a pomset t = (E, <
,€) is a pomset t' = (F, </, ) such that C<x’. We denote by OE(t) the set of
order extensions of t. A linear extension of t is an order extension that is linearly
ordered. Now, words can naturally be considered as linear pomsets. Therefore,
the set LE(¢) of linear extensions of a pomset ¢ over X' may be identified to a
subset of X*: LE(t) = OE(t) N X*.

More generally, any sequence of multisets w € M(X)* written w = p;...pn
can be identified with a pomset over the set of events p; W ... W p,, such that
each event of p; is below each event of p; for 1 < ¢ < j < n. For any pomset t,
the set of step extensions SE(t) consists of the multiset sequences that are order
extensions of t: SE(t) = OE(t)NM(X)*. As the next example shows, two distinct
pomsets may share the same set of step extensions.

ExAMPLE 1.1. Consider the two pomsets t; and t5 of Fig. 1. One easily checks
that SE(tl) = SE(tz)

Note that this phenomenon is typical of pomsets with autoconcurrency: For any
two pomsets t1 and to without autoconcurrency, if LE(t1) = LE(t2) then ¢, and to
are isomorphic. This holds also if SE(t1) = SE(t2) since LE(t) = SE(t) N X™*.

Thus, pomsets with autoconcurrency are in general more expressive than
their step extensions. We want here to study particular classes of pomsets (called
compatible sets) that are faithfully described by the corresponding step exten-
sions. As we shall observe below (Prop. 1.9), this includes the languages of firing
pomsets of Place/Transition nets.

Weak and Basic Sets of Pomsets. The map OE from pomsets to sets of pom-
sets can be extended to languages of pomsets by putting OE(L) = J,. , OE(t).
Obviously, £L C OE(L) = OE(OE(L)) for any language of pomsets £. Now, a
language is weak if it contains all its order extensions.

DEFINITION 1.2. A language of pomsets L is weak if L = OE(L).

Typical examples of weak languages are the sets of firing pomsets of Petri
nets. Consider for instance the example of a Producer-Consumer system illus-
trated by the Petri net of Fig. 2. In this net, p represents a production of one
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Fig. 2. Petri net N |Fig. 3. Firing pomset ¢t with autoconcurrency

item and ¢ a consumption. Some concurrency may occur between p and c or even
between distinct occurrences of ¢ when the middle place contains several tokens.
Usually, concurrent behaviors are described by partial orders. For instance here,
a concurrent execution of the system is depicted in Fig. 3.

More generally, we let a Petri net be a quadruple N = (S, T, W, M,,,) where

— S is a set of places and T is a set of transitions such that SNT = 0;
— Wis amap from (S x T)U (T x S) to IN, called weight function;
— M;, is a map from S to IN, called initial marking.

We let Mary denotes the set of all markings of N that is to say func-
tions M : S — IN; a multiset p of transitions is enabled at M € Mary if
Vs € S, M(s) = > ,crp(t) - W(s,t); in this case, we note M[p) M where
M'(s) = M(s) + > ,cpp(t) - (W(t,s) — W(s,t)) and say that the transitions
of p may be fired concurrently and lead to the marking M’'. A multiset firing
sequence consists of a sequence of markings My,..., M,, and a sequence of multi-
sets of transitions pj,..., p, such that My = M;,, and Vk € [1,n], My_1 [pr) M.
A firing pomset [%, 10] of N is a pomset t = (F, %, &) such that for all prefixes
t'=(F,x,¢) of t, and for all linear extensions a;...a,, € LE(t), the sequence
{a1}...{an}.£(ming (E \ E’)) is a multiset firing sequence of N. For instance, the
pomset ¢ of Fig. 3 is a firing pomset of the Producer-Consumer. Clearly, the
language of firing pomsets of any Petri net is weak.

As far as the description of concurrency is concerned, some redundancy of
information may appear in weak languages. In order to focus on restricted but
representative parts of weak languages, we look at basic sets of pomsets.

DEFINITION 1.3. A language of pomsets L is basic if t1 € OE(t2) implies t; =
to, for all t1,t € L.

We can check easily that two basic sets that have the same order extensions
are equal: OE(L) = OE(L’) implies £ = £’ for all basic sets of pomsets £ and
L. Therefore the map OE from basic sets of pomsets to weak sets of pomsets is
one-to-one. Actually, we shall see that this map is also onto.
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Fig. 4. The weak language OE({t1,t2}) is not compatible

DEFINITION 1.4. Let L be a language of pomsets. The basis of L consists of all
pomsets t € L which are no order extension of some other pomsets of L:

Basis(£) ={te L |t' e LAt OE{')=t=1t}.

For any weak language £, OE(Basis(£)) = £ and Basis(£) is a basic set of
pomsets. Thus, we obtain a one-to-one correspondence between weak languages
of pomsets and basic languages of pomsets. However, as already observed in [1(],
this duality may not preserve some regularity properties such as MSO definabil-

ity.

Compatible Sets of Pomsets. We focus now on the step extensions of a lan-
guage L: It consists of step sequences that are order extensions of £. Formally, we
put SE(L) = OE(L) N M(X)*. Equivalently, we also have SE(L) = |, SE(?).
The step compatible closure L of a language L is the set of all pomsets whose step
extensions are step extensions of £: £ = {t € P(X) | SE(t) C SE(L)}. Obviously
L C L and £ = OE(L) because SE(L) = SE(OE(L)). Hence £ C OE(L) C L.
We say that £ is compatible if it is maximal among all languages that share the
same step extensions.

DEFINITION 1.5. A language of pomsets L is compatible if £L = L.

We observe that any compatible set that includes ¢; or ts of Fig. 1 contains
both of them because SE(t1) = SE(t2) (Example 1.1). So neither {¢;} nor {t2}
is a compatible set of pomsets. Actually any compatible language is weak since
L C OE(L) C L. As the next example shows, the converse fails.

EXAMPLE 1.6. Consider the pomsets ty, to and t3 of_Fig. 4. Then the weak
language £ = OE({t1,t2}) is not compatible since t3 € L\ L.

It turns out that several classical formalisms of concurrency theory are in-
cluded in the framework of compatible languages. For instance, the next result

shows that languages of Mazurkiewicz traces [}], subsets of message sequence
charts [, 1], pomset languages of stably concurrent automata [5], and CCI sets
of P-traces [?] are particular cases of basic languages of pomsets whose order

extensions are compatible languages of pomsets (without autoconcurrency).

PROPOSITION 1.7. Let L be a language of pomsets without autoconcurrency
such that for all t1, to € L, if LE(t;) NLE(t2) # 0 then t; = to. Then L is basic
and OE(L) is compatible.
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Fig. 5. A Petri net...| Fig. 6. ... and two of its firing pomsets

Proof. The language L is clearly basic. We take t € OE(L). Since £ = OE(L),
we have t € L. Note also that ¢ is without autoconcurrency. Let u; € LE(t). Since
t € L, there is t; € £ such that u; € LE(t;). Assume now that us is another
linear extension of ¢ that only differs from w; by the order of two adjacent
actions, i.e. u; = aj.a2...a, and uz = aj...ax—1.0f+1.0%.Ak+2...an. Then the step
sequence w = {a1 }...{ax—-1}.{ak.aks+1} {ar+2}...{a,} is also a step extension of ¢.
Therefore there is to € £ such that w € SE(t2). Since t1 and to share u; as a linear
extension, we get t; = to hence uy € LE(;). Since all linear extensions of ¢ can be
obtained from u; by successive permutations of adjacent (independent) actions,
we conclude that LE(t) C LE(t1). Since ¢t and ¢; are without autoconcurrency, t
is actually an order extension of ¢;, hence t € OE(L). O

REMARK 1.8. In Prop. 1.7 above, the assumption that £ is without autoconcur-
rency cannot be removed: The set of order extensions of the basic language which
consists only of the pomset t2 of Fig. 1 is not compatible since SE(t1) = SE(t2)
(Example 1.1).

As claimed above, the framework of compatible languages includes the partial
word semantics of Place/Transition nets.

PROPOSITION 1.9. The set of firing pomsets L of a Petri net N is compatible.

Proof. Let t = (F,<,£) be a pomset of L. Let t' = (E, % |/, & /) be a prefix
of t and u’ € LE(t') be a linear extension of ¢'. We put M = ming(E \ E’) and
p = &(M). We consider a linear extension v’ of the restriction of ¢ to the events of
E\(E'"UM). Then u'.p.v" is a step extension of ¢. Consequently, u’.p.v" € SE(t;)
for some t; € £ and u/.p is a step firing sequence of N. Thus ¢t € £ as well. O

To conclude this section, we consider the Petri net of Fig. 5. The basis
Basis(L) of its firing pomsets contains the pomsets ¢; and to of Fig. 6. Since
abc € LE(t1) N LE(t2), not all compatible languages without autoconcurrency
satisfy the condition of Prop. 1.7. Indeed, firing pomset languages of Petri nets
are often much more involved than this restricted framework.

2 Regularity via Contexts and Residues

In this section, we investigate and relate several approaches that extend the usual
notion of regularity from words to pomsets with autoconcurrency. We introduce
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two notions of contexrt and two corresponding equivalence relations w.r.t. a given
language. We compare the indexes of these two approaches (Theorem 2.4) and
present a simplified equivalent definition by means of residues (Theorem 2.9).
With the help of closure properties (Prop. 2.13), we compare this new approach
of regularity to the more algebraic one known in the particular case of series-
parallel pomset languages (Prop. 2.14).

Regularity via Contexts. The most basic operation on pomsets is the strong
concatenation. Given two pomsets t; = (E1,=<1,&1) and ty = (FEag, <2,&2) over
2. the product t; - to is the pomset that puts each event of ¢ after all events
of ty,i.e. t1-ty = (E1WEy, <1 U <9 UEy X o, £ UE). This operation is the basis
of the first notion of context which identifies a language and its order extensions.
In other words, this approach adopts a weak interpretation of causality.

DEFINITION 2.1. Let L be a language of pomsets and u be a pomset over Y. The
weak context of u w.r.t. L is L\wu = {(z,y) € P(X)? | z-u-y € OE(L)}. We
say that u and v are weak context equivalent w.r.t. £ if L\wu = L\wv. In that

case we write u <= v or simply u <, v if L is clear from the context.

In the literature, many other products were designed in different frameworks,
in particular for Mazurkiewicz traces, message sequence charts, or in the more
general framework of stably concurrent automata. Following this trend, we in-
troduce a weak product that somehow does not specify the causalities between
the two components, giving rise to several possible pomsets. This operation is
therefore better defined for languages than for single pomsets. Given two sets
of pomsets £1 and Lo, the weak concatenation L1 ¢ Lo consists of all pomsets
t = (F,<,€) that can be split into a prefix belonging to £; and a remaining
part belonging to Lo, i.e. such that £ = Fy W E5 where F; is downward-closed
w.rt. <, (B, < |, §|E,) belongs to £y and (E2, X |g,,&|k,) belongs to Lo, We
can easily check that this weak concatenation is associative on sets of pomsets.
We can now define our second kind of contexts.

DEFINITION 2.2. Let L be a language of pomsets and u be a pomset over Y. The
context of u w.r.t. £ is L\u = {(z,y) € P(X)? | {z}o{u}o{y})NL #D}. Thenu

and v are context equivalent w.r.t. £, and we write u <* v, if L\u = L\v.

We want now to compare these two equivalence relations. In the following
lemma, we denote by OE(L\v) the set of pairs of pomsets (z,y) such that there
are some pomsets 2’ and 3’ satisfying x € OE(z'), y € OE(y’), and (2/,y") € L\v.

LEMMA 2.3. Let L be a language of pomsets and u be a pomset over Y. Then

L\wu= |J OE(L\v).

v:u€OE(v)

Proof. Consider first (z,y) € L\wu. Then z - u -y is an order extension of
some pomset ¢ € L. Therefore there are three pomsets z’, v/, and 3’ such that
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x € OE(2'), u € OE(u/), y € OE(y/), and t € {2’} o {u'} o {¢'}. Thus (2/,y’) €
L\u' and (z,y) € OE(L\u'). Conversely, assume now that (z,y) € OE(L\v)
for some pomset v which admits v as order extension. Then there are some
pomsets 2’ and y’ satisfying x € OE(2'), y € OE(y’), and (2/,y’) € £\v. Thus
{2’} o {v} o {y'} N L is not empty. Let ¢ belong to this set. Clearly x - u -y is an
order extension of t, i.e. (z,y) € L\wu. O
As an immediate consequence, we observe that the equivalence relation =<*
is more restrictive than <%,
THEOREM 2.4. Let L be a language of pomsets. If <* is of finite index then <%
1s of finite index, too.

Example 2.10 below will show that the converse fails: It may happen that
£ is of finite index while <* has infinitely many equivalence classes. A second
basic relationship between these two kinds of contexts is obtained as follows.

~
—~

LEMMA 2.5. Let L be a language of pomsets and u be a pomset over Y. Then
L\wu = OE(L)\u.

Proof. Assume first that (x,y) € L\wu. Then t =z - u - y is a linear extension
of some pomset of £; it also belongs obviously to {z} ¢ {u} ¢ {y} hence (z,y) €
OE(L)\u. Conversely, if (z,y) € OE(L)\u then there is some pomset v in {z} ¢
{u} o {y} NOE(L); furthermore z - u - y is an order extension of v: It belongs to
OE(L) and consequently (x,y) € L\wu. a

This shows that for any weak language £, < ==~ In particular, for word
languages these two extensions are equivalent and correspond actually to the
usual context equivalence for words. In the sequel, we choose the finer approach
and focus on the weak concatenation.

DEFINITION 2.6. A language of pomsets L is regular if <* is of finite index.

Consider a weak language £. By Lemma 2.5, = Basis(L) _ £ Now if Basis(L) is
regular then Theorem 2.4 asserts that anSlS('C) is of finite index. In that way,

we get the following result.

COROLLARY 2.7. For all weak languages L, if Basis(L) is reqular then L is
regular.

Example 2.11 below will show that the converse fails: We exhibit a non-regular
basic language £ such that OE(L) is regular.

Regularity via Residues. Similarly to properties well-known for words or in
monoids, we introduce now two notions of residue that will turn out to lead to an
alternative definition for both <* and <. This simpler approach will help us to
present our counter-examples for the converses of Theorem 2.4 and Corollary 2.7
and to establish some closure properties of regularity (Prop. 2.13).
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DEFINITION 2.8. Let L be a class of pomsets and u be a pomset over X.

1. The weak residue of u w.r.t. L is L/yu={y e P(X) | u-y € OE(L)}. We
say that u and v are weak residue equivalent w.r.t. £ if L/yu = Ly v. In
that case we write u =<, v.

2. The residue of u w.r.t. L is L/u = {y € P(X) | {u}o{y}) N L #D}. We
say that u and v are residue equivalent w.r.t. £, and we write u =< v, if

L/u=L]v.

Note that if u is not a prefix of £ then the residue £/u is empty. So all pomsets
that are not prefixes of some pomset of L are residue equivalent. Clearly, if <
(resp. <,,) is of finite index then < (resp. <) is of finite index, too. We show
here that the converse holds.

THEOREM 2.9. Let L be a language of pomsets.

1. =< is of finite index if and only if < is of finite index.
2. = s of finite index if and only if <, is of finite index.

w w

Proof. We assume that =< is of finite index. For all u € P(X), we define the
equivalence relation =, as follows: v =, w if for all pomsets z € P(X),

{uo{v}o{z}NL#0 <= {u}o{w}o{z}NL#.
We observe that
{u}o{vo{2}NL# 0 & 3z c {ufo{v} : {z}o{2}NL# D & 2 € Upcpuyoni £/

Thus v =, w iff Upefuyoqu1 £/ = Ugefujo{w} L/ . Since there are only a finite
number of different contexts £/x, there is a finite number of possible unions of
such sets, which shows that =, has finite index for each u € P(X). Furthermore
there is only a finite number of possible different equivalences =,,. Now v < w
iff for all pomsets u € P(X), v =, w. Therefore < is the intersection of a finite
number of equivalences of finite index, and has thus a finite index. The proof for
=, 18 similar. a

As shown in the sequel, this relationship provides us with simpler means
for the study of regularity. It helps us in particular to exhibit some announced
counter-examples (Theorem 2.4 and Cor. 2.7).

ExXAMPLE 2.10. We consider the language £ C M(X)* which consists of all
iterations of the step {a,b} such as pomset t5 of Fig. 7. These pomsets have no
autoconcurrency: The events labelled a (resp. b) are linearly ordered. We let £’
be the language consisting of all pomsets ¢’ build from any pomset t € L by
adding a single causality relation from a 2"-th a-event to the corresponding 2"-
th b-event. Such pomsets are illustrated by ¢4, ¢} and tf on Fig. 7. Then £ has
only 4 distinct residues: ), £/a, £/b, and L/{a,b}. Therefore <* and <% are

of finite index (Th. 2.9 and Th. 2.4). Since OE(L) = OE(L U £'), x5==<LVL" jg
of finite index, too (Lemma 2.5). However we can easily see that £ U L' shows

. . . / . . . .
infinitely many residues, hence <*“%" is of infinite index.
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Fig. 7. Pomsets of Example 2.10 Fig. 8. Pomsets of Ex. 2.11

ExXAMPLE 2.11. We consider the subset £ of all pomsets ¢ that consist of two
rows of a-events and an additional b-event. The language £ C L restricts to
the pomsets such that either the b-event covers the first a of each row, or covers
the k-th a-event of one row and is covered by the 2k-th a-event of the other row.
Examples of such pomsets are depicted in Fig. 8. We claim that £ is basic and not

regular. However, we observe that = OF) has index 5: If  is not a prefix of some
t' € OE(L), then OE(L)/t = 0. Now OE(L)/e = OE(L), OE(L)/a = OE(L/a),
and moreover for all pomsets ¢ that are prefixes of £ different from the empty
pomset ¢ and the singleton pomset a, OE(L)/t depends only on whether b occurs
in t. To be precise, let £ be the language of all pomsets consisting of two rows
of a. Then OE(L)/t equals OE(Ly) if b occurs in t and OE(Ly) otherwise.

We turn now our attention to some operations on pomsets languages that
preserve regularity. First, the parallel composition of two pomsets t; = (E1, <1
,€1) and ty = (Fa, <2, &2) executes t1 and to independently: t1]|te = (E1WEs, <1
W <2,& WE). This composition is naturally extended to languages as follows:
L1]|La = {t1||t2 | t1 € L1 Nt2 € L3}. Similarly, the strong concatenation of £
and Lo is L1+ Lo = {t1-ta | t1 € L1 ANt2 € L2}. Now the strong iteration of L is
simply £* = Upen L* where £ consists of the empty pomset and £FT1 = £.£F.

LEMMA 2.12. Let L, L1 and Ly be some pomset languages. Then for all pomsets
u € P(X), we have:

1. (,Cl U,CQ)/U = [q/UUﬁQ/’LL

2. (L1l L2)/w = Uy, jju, (L1/ur][L2/u2)

8. (L1 La)/u=(L1/u)  L2U (Upiwer,.o L2/v)
4. (L) /u = Uien(Uypuegio(L£/0).L7)

Proof. We only sketch the third point. Consider a residue r € (L1 - L2)/u.
For some pomset w = (F, %,£), we have w € (L1 - L2) N ({u} ¢ {r}). Therefore
w=uy-up = (E1WEy, <,&) where u; = (Ei, X |g,,{|E,) belongs to L;. Similarly,
F=F,WE,. and F, is a prefix of w. Recall that x < y for all z € E; and all
y € F5 because w = uq - uz. Consequently, only two cases may occur:
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1. Eu g El. Then E»,« = (El \Eu) %) E2 and r € (ﬁl/U) : £2.
2. £y CE,. Then Ey = (E, \ E1)WE, and r € Lo/v for some pomset v such
that u € L1 - {v}.

Thus (£1-L2)/u C (£1/u) - L2U(Uyeuer, . L2/v). We check now that the opposite
inclusion holds. Assume that r € (£1/u) - Lo. Then r = v - ug with v € Ly /u
and ug € Lo. Moreover {u}o{v}NLy # 0 hence (({u}o{v})-{uz})N(L1-L2) # 0.
Now ({u}o{v})-{us} C {u}o{v-us}. Therefore {u}o{r}n(Ly-L2) # (). Assume
now that » € Lo/v for some pomset v such that u € £y - v, i.e. u = uy - v for
some u; € Ly. Since {v}o{r}nNLy # 0, we have {u1}-({v}o{r}))NLy Ly # 0.
Now {u1 }-({v}e{r}) C {ui-v}e{r} = {u}o{r}. Therefore {u}o{r}n(L1-L2) #
in both cases, i.e. r € (L1 - L2)/u. O

Immediate consequences of these observations, we establish the following
closure properties.

PROPOSITION 2.13. The class of reqular languages is closed under union, strong
concatenation, strong iteration, and parallel composition.

Consequently, the class of weak regular languages is also closed under union,
strong concatenation, and strong iteration. However, the parallel composition
of two non trivial weak languages is never weak. Moreover the class of regular
languages is not closed under intersection nor complementation.

Comparison with SP-recognizability. The algebra of series-parallel pomsets
on the alphabet X, denoted SP(X), is the subset of P(X) generated by the
singleton pomsets, identified with X', and the strong concatenation and parallel
composition on pomsets. Note that the empty pomset does not belong to SP(X).
It is known [7] that SP(X) is isomorphic to the quotient of the free term algebra
T(X,e,||) by the following set of equations :

1. Associativity: te (t' et") =, (tet')et" and t| (¢ ||t")=c (t]| )| ¢’
2. Commutativity: t ||t/ =. t' || ¢

We denote by SPy(X) C SP(X) the set of series-parallel pomsets (SP-
pomsets for short) of width bounded by k, i.e. such that any antichain has at
most k events. In the following, we denote in the same way a term of the initial al-
gebra T'(X, e, ||) and the unique associated pomset in SP(X'). We call SP-algebra
any quotient of SP(XY), i.e. any finitely generated model of T'(X e, ||)/ =..

Let « be a symbol not in X'. We define the set of unary SP-contexts Ctzt(«)
as Ctxt(a) = {C € SP(XU{a}) : |C|a = 1}, i.e. the set of SP-pomsets labelled
on XY U {a} (or SP-terms on X U {a}) such that a single event (a single leaf
of the term) is labelled by a. If C € Ctzrt(a) and u € SP(X), we denote by
C(u) € SP(X) the pomset resulting from the substitution of a by u in C. Let
L C SP(X) and u € SP(X), the set of contexts of u in L is L\qu = {C €
Ctzt(a) : C(u) € L}. The syntactic SP-congruence of L is the equivalence on
SP(X) defined by u ~p v <= L\qu = L\4v.
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1. A subset L C SP(X) is SP-recognizable if there is a SP-homomorphism
o : SP(X) — B on a finite SP-algebra B such that £ = o1 (c(L)).

2. Equivalently £ C SP(X) is SP-recognizable if the syntactic SP-congruence
of L is of finite index.

Note that SP-recognizability coincide for languages of linear pomsets £ C X*
with the standard definition of recognizability /regularity for word languages.
Lodaya and Weil showed in [! 1] that bounded width SP-pomset languages are
SP-recognizable iff they are series-rational, i.e. constructed from singletons by
union, strong concatenation, strong iteration, and parallel composition. Propo-
sition 2.13 asserts that regular languages are closed under these operations.
Therefore series-rational languages are regular, and thus bounded width SP-
recognizable languages are regular. We see now that this inclusion is strict.

PrOPOSITION 2.14. The class of bounded width SP-recognizable SP-pomset lan-
guages is strictly included in the class of reqular languages of SP-pomsets.

Proof. To show that the inclusion is strict, we consider a non-recognizable
word language £ C X* and show that for all £ > 2 the complement language
N = SP,(X)\ L is regular but not SP-recognizable.

First N = SPi(X) \ £ is regular. For all pomsets u € SP(X) \ SPy(X),
we have N/u = ) because Vv € SP(X) {u} o {v} C SP(X)\ SPx(Y). For all
pomsets u € SP;(X), we have N/u = SPy(X) because for all v € SPy(X) either
ullve Noru-veN.

For all u € SP(X) \ X*, there is no SP-context C' € Ctxt(c) such that
C(u) € L. Thus N\yu = Ctzt(a): Al uw € SP(X)\ X* are SP-equivalent
w.ar.t. N. If uw € X* then for all v € X* we have (a-v)(u) € N iff v ¢ L/u
ie. a-v € N\qu iff v ¢ L/u. Since L is not recognisable, there is an infinite
number of sets X* \ L/u, and consequently an infinite number of sets N\,u.
Therefore N is not SP recognisable. O

3 Recognizable Compatible Languages

In this section we compare the properties of a pomset language with those of
its step extensions. We aim at relating the regularity of a language £ to the
usual property of recognizability of its step extensions SE(L) within the monoid
M(X)*. Recall that a subset £ of a monoid M is called recognizable if there
exists a finite monoid M’ and a monoid morphism n : M — M’ such that
L =n~1on(L). Equivalently, £ is recognizable if, and only if, the collection of
all sets L/x ={y e M | -y € L} is finite. In particular the set of recognizable
subsets of any monoid is closed under union, intersection and complement.

Since SE(L) is preserved by order extensions, we shall consider weak lan-
guages only. We will easily observe that any weak regular language £ describes
a recognizable language SE(L) of M(X)*. However two detailed examples will
show that the converse fails. As main result, we prove that regularity corresponds
to recognizability for compatible sets of pomsets (Def. 1.5 and Th. 3.5).
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Fig. 9. Fig. 10. Pomsets of £" in Ex. 3.4 Fig. 11.

Towards an Algebraic Recognizability. Our first stage from regularity to
recognizability of step extensions is the restriction of contexts to step sequences.

DEFINITION 3.1. Let L be a class of pomsets and u be a pomset over X. The
step context of u w.r.t. £ is L\su = {(z,y) € M(2)** | #-u-y € OE(L)}. We
say that uw and v are step equivalent, and we write u <, v, if L\su = L\v.

Clearly if =<, is of finite index then =, is of finite index, too. As the next
example will show, the converse fails even for weak languages. To see this, we
use again an equivalent approach by means of residues: Similarly to the previous
section, the step residue of u wr.t. Lis Liu = {y € M(X)* | u-y € OE(L)}
and two pomsets u and v are called step residue equivalent, written u =<, v, if
L/su = L/sv. Similarly to Theorem 2.9, we can prove that =<

s is of finite index
if and only if = is of finite index.

S

EXAMPLE 3.2. We denote by t,, the pomset which consists of n linearly or-
dered a-events and n linearly ordered b-events such that the k-th event a is
below the (k + 2)-th event b and symmetrically the k-th event b is below the
(k + 2)-th event a, as shown on Fig. 9. For n > 2, we denote by ¢/, the order
extension of ¢,, with a single additional causality relation, from the (n — 1)-th
event a to the n-th event b. Similarly we let ¢/ be the order extension of ¢,, with
a single additional causality relation, from the (n — 1)-th event b to the n-th
event a. Now consider the language £ which consists of all ¢, for n # 2F to-
gether with all t’zk and all t’2’k. We claim first that £ is not regular because there
are infinitely many distinct weak residues L /i t,,. However =< is of finite index.

Note also that this gap appears for OE(L) as well, because xL:xV?E(C) and

—L£_ _OE(L)
==q .

—~g

We can also use these step residues to prove easily that any regular language
is recognizable.

LEMMA 3.3. If =, is of finite index then SE(L) is recognizable in the monoid
M(X)*.
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Proof. We observe that SE(L)/u = L/sunN M(X)* for all u e M(X)*. O
As the next example shows, the converse fails even for weak languages.

ExAMPLE 3.4. We consider again the pomsets t,, of Example 3.2 and Figure 9.
We let £’ be the language consisting of all pomsets ¢ that are order extensions
of some t,, with a single additional causality, either from a 2¥-th a-event to the
corresponding (2% 4 1)-th b-event, or from a 2*-th b-event to the corresponding
(2% +1)-th a-event. Examples of such pomsets are depicted on Fig. 10. Consider
the language L of all ¢,,. For all prefixes ¢ of t,, —2 < |t|, — [t|p < 2 and this
number determines £/t. Consequently £ has 6 residues (including §)) and <* and
=% are of finite index (Th. 2.9 and Th. 2.4). Therefore SE(L) is recognizable
in the monoid M(X)* (Lemma 3.3). We observe also that SE(L) = SE(L').
However we claim that =<£ is of infinite index. Thus SE(L’) is recognizable in the

monoid M(X)* but <£" is of infinite index. Furthermore £” = OE(L’) is a weak

S

language such that <" =<~ is also of infinite index while SE(£") = SE(L') is

S

a recognizable language of M (X)*.

Characterization of Regular Compatible Languages. Let £ be a weak
language of pomsets. We have observed that the following implications hold:
L is regular = <~ is of finite index = SE(L) is recognizable in M (X)*

but none of the converses holds (Examples 3.2 and 3.4). We show now that this
gap between regularity and recognizability vanishes for compatible languages.

THEOREM 3.5. Let £ be a compatible language of pomsets. The following are
equivalent:

(i) L is regular.
(i) <~ is of finite index.
(iii) SE(L) is recognizable in the monoid M(X)*.

Proof. Since £ is weak, <*==%. By Lemma 3.3, we need just to show that
(iii) implies (i). Since L is compatible, for all pomsets u and r,

u-r € L <= SE(u-r) CSE(L) < SE(u) - SE(r) C SE(L)

It follows that £/u = £, where £, = Mvesu(w) SE(L)/v. Consequently, if SE(L)
is recognizable then there are only finitely many residues L /u. O
This result shows that the duality between compatible languages and their
corresponding step extensions identifies our notion of regularity with the alge-
braic recognizability in M(X)*. As a consequence, we notice that our notion of
regularity corresponds to the one considered for local trace languages [ ()].

Other Comparisons with Related Works. Recall first that LE(L) is regular
as soon as L is regular because LE(L)/u = (SE(L)/u)NX™* for all words u € X*.
As the next example shows, the converse fails even for compatible sets of pomsets.
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ExAMPLE 3.6. Consider the compatible set £ of all firing pomsets of the Petri
net depicted in Fig. 11. Since each place always contains at least one token, each
transition is permanently enabled. Therefore LE(L) = {p, c}* is regular. Now,
transition p produces a new token at each occurrence. Therefore the step ¢ =
{c,...,c} is enabled after a firing sequence s only if s contains at least n — 1
occurrences of p. Consequently SE(L) and £ are not regular.

In practice however, it is often the case that regularity of LE(L) is equivalent
to regularity of £, as the next result shows.

PROPOSITION 3.7. Let L be a language of pomsets. We assume that for all pom-
sets t1 and to such that t1 is a prefix of some pomset of L and ts is a postfix of
some pomset of L, the following requirement is satisfied:

(Vu1 € LE(tl),\V/UQ < LE(tQ), U1. U € LE(ﬁ)) — ({tl} & {tg}) NL 7& @

If LE(L) is recognizable in the free monoid X* then L is regular.

This result applies to several frameworks of compatible languages: It shows
in particular that for Mazurkiewicz traces and messages sequence charts, our
notion of regularity corresponds precisely to the notion of regularity defined in
these frameworks. As a consequence, for the particular case of message sequence
charts, the notion regularity studied in this paper is stronger than the algebraic
recognizability studied in [!2].

Conclusion

In this paper we introduced a new general notion of regularity for pomset lan-
guages with autoconcurrency. We showed how this approach extends similar
notions in classical frameworks of concurrency theory, such as Mazurkiewicz
traces and message sequence charts. However a mismatch between regularity
and algebraic recognizability appears in some particular cases such as series-
parallel pomsets and message sequence charts. We showed that the particular
class of compatible languages enjoys several nice properties and includes many
formalisms from the literature. We believe that these languages are a good candi-
date for further generalizations, in particular for a connection between regularity
and MSO-definability.
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