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Abstract. Seely’s paper Locally cartesian closed categories and type the-
ory contains a well-known result in categorical type theory: that the
category of locally cartesian closed categories is equivalent to the cat-
egory of Martin-Lof type theories with IT, Y, and extensional identity
types. However, Seely’s proof relies on the problematic assumption that
substitution in types can be interpreted by pullbacks. Here we prove a
corrected version of Seely’s theorem: that the Bénabou-Hofmann inter-
pretation of Martin-Lof type theory in locally cartesian closed categories
yields a biequivalence of 2-categories. To facilitate the technical devel-
opment we employ categories with families as a substitute for syntactic
Martin-Lof type theories. As a second result we prove that if we remove
II-types the resulting categories with families are biequivalent to left
exact categories.

1 Introduction

It is “well-known” that locally cartesian closed categories (lcces) are equivalent
to Martin-Lof’s intuitionistic type theory [8,9]. But how well-known is it really?
Seely’s original proof [11] contains a flaw, and the papers by Curien [3] and Hof-
mann [5] who address this flaw only show that Martin-Lof type theory can be
interpreted in locally cartesian closed categories, but not that this interpretation
is an equivalence of categories provided the type theory has II, Y, and exten-
sional identity types. Here we complete the work and fully rectify Seely’s result
except that we do not prove an equivalence of categories but a biequivalence
of 2-categories. In fact, a significant part of the endeavour has been to find an
appropriate formulation of the result, and in particular to find a suitable notion
analogous to Seely’s “interpretation of Martin-Lof theories”.

Categories with families and democracy. Seely turns a given Martin-Lof theory
into a category where the objects are closed types and the morphisms from type
A to type B are functions of type A — B. Such categories are the objects of
Seely’s “category of Martin-Lof theories”.

Instead of syntactic Martin-Lof theories we shall employ categories with fam-
ilies (cwfs) [4]. A cwf is a pair (C,T) where C is the category of contexts and
explicit substitutions, and 7' : C°? — Fam is a functor where the T'(I") is the



family of terms indexed by types in context I" and T'(y) performs the substi-
tution of v in types and terms. Cwf is an appropriate substitute for syntax for
dependent types: its definition unfolds to a variable-free calculus of explicit sub-
stitutions [4], which is like Martin-Lof’s [10,12] except that variables are encoded
by projections. One advantage of this approach compared to Seely’s is that we
get a natural definition of morphism of cwfs, which preserves the structure of
cwfs up to isomorphism. In contrast Seely’s notion of “interpretation of Martin-
Lof theories” is defined indirectly via the interpretation of a Martin-Lof theory
in an lcce and basically amounts to a functor preserving structure between the
corresponding lcces, rather than directly as something which preserves all the
“structure” of Martin-Lof theories.

To prove our biequivalences we must require that our cwfs are democratic.
This means that each context is represented by a type. Our results require us
to build local cartesian closed structure in the category of contexts. To this
end we use available constructions on types and terms, and by democracy such
constructions can be moved back and forth to the category of contexts. Since
Seely works with closed types only he has no need for democracy.

The coherence problem. Seely interprets type substitution in Martin-Lo6f theories
as pullbacks in lcccs. However, this is problematic, since type substitution is
already defined by induction on the structure of types, and thus fixed by the
interpretation of the other constructs of type theory. It is not clear that the
pullbacks can be chosen to coincide with this interpretation.

In the paper Substitution up to isomorphism [3] Curien described the funda-
mental nature of this coherence problem. He sets out to

... to solve a difficulty arising from a mismatch between syntax and
semantics: in locally cartesian closed categories, substitution is modelled
by pullbacks (more generally pseudo-functors), that is, only up to iso-
morphism, unless split fibrational hypotheses are imposed. ... but not all
semantics do satisfy them, and in particular not the general description
of the interpretation in an arbitrary locally cartesian closed category. In
the general case, we have to show that the isomorphisms between types
arising from substitution are coherent in a sense familiar to category
theorists.

To solve the problem Curien introduced a calculus with explicit substitutions for
Martin-Lof type theory, with special terms witnessing applications of the type
equality rule. In this calculus type equality can be interpreted as isomorphism
in lcces. The remaining coherence problem is to show that Curien’s calculus is
equivalent to the usual formulation of Martin-Lof type theory, and Curien proves
this result by cut-elimination.

Somewhat later, Hofmann [5] gave an alternative solution based on a con-
struction of Bénabou [1] which was used to prove that each fibration is equivalent
to a split fibration. Hofmann showed how to construct a model of Martin-Lof
type theory (category with attributes in the sense of Cartmell [2]) with IT-types,



Y-types, and (extensional) identity types from a locally cartesian closed cate-
gory. Categories with attributes (cwas) provide a split notion of model, hence
the relevance of Bénabou’s construction.

However, Seely wanted to prove an equivalence of categories. Hofmann con-
jectures [5]:

We have now constructed a cwa over C which can be shown to be
equivalent to C in some suitable 2-categorical sense.

Here we spell out and prove this result, and thus fully rectify Seely’s theorem.
It should be apparent from what follows that this is not a trivial exercise.

While carrying out the proof we noticed that if we remove II-types the re-
sulting 2-category of cwfs is biequivalent to left exact (or finitely complete)
categories. We present this result in parallel with the main result.

Plan of the paper. An equivalence of categories consists of a pair of functors
which are inverses up to natural isomorphism. Biequivalence is the appropriate
notion of equivalence for bicategories [7]. Instead of functors we have pseudofunc-
tors which only preserve identity and composition up to isomorphism. Instead of
natural isomorphisms we have pseudonatural transformations which are inverses
up to invertible modification.

A 2-category is a strict bicategory, and the remainder of the paper consists of
constructing two biequivalences of 2-categories. In Section 2 we introduce cwfs
and show how to turn a cwf into an indexed category. In Section 3 we define the
2-categories CwFffgr;E of democratic cwfs which support extensional identity
types and X-types and CwFffgrf T which also support IT -types. Here we also
define the notions of pseudo cwf-morphism and pseudo cwf-transformation. In
Section 4 we define the 2-categories FL of left exact categories and LCC of
locally cartesian closed categories. We show that there are forgetful 2-functors
U : CWFId";;lE — FL and U : CWF(I;;;E I _, LCC. In section 5 we construct
the pseudofunctors H : FL — CWFéCgr;E and H : LCC — CWF&;;E T pased on
the Bénabou-Hofmann construction. In section 6 we prove that H and U give
rise to the biequivalences of FL and CwF*** and of LCC and CwFlxt*1

dem dem

2 Categories with Families

2.1 Definition

Definition 1. Let Fam be the category of families of sets defined as follows.
An object is a family (B(x))zca, and a morphism with source (B(x))zea and
target (B'(x))zeas 18 a pair consisting of a function f: A — A’ and a family of
functions g(x) : B(z) = B'(f(z)) indezed by x € A.

Definition 2. A category with families (cwf) consists of the following data:

— A base category C. Its objects are called contexts and its morphisms are
called substitutions. The identity map is denoted by id : I' — I' and the



composition of maps v: A — 1T and é: 5 — A: = — I' is denoted by vyo o
or more briefly by v6 : =5 — I.

— A functor T : C°P — Fam. We write T(I") = (I' = A) acrype(r), where I is
an object of C, and call it the family of terms indexed by types A in context
I'. Moreover, if v is a morphism in C, we write Aly] for type substitution,
the application of the first component of T(y) to a type A, and a[y] for term
substitution, the application of the second component on a term a.

— A terminal object [] of C called the empty context with terminal map () :
A — || called the empty substitution.

— A context comprehension which to an object I' in C and a type A € Type(I)
associates an object I'*A of C, a morphism pa : I'-A — I' of C and a term
q € I'A + Alp| such the following universal property holds: for each object
A in C, morphism v : A = I', and term a € A+ Aly|, there is a unique
morphism 6 = {vy,a) : A — I'- A, such that pa o0 =~ and q[f] = a.

The definition of cwf can be presented as a system of axioms and infer-
ence rules for a variable-free generalized algebraic formulation of the most basic
rules of dependent type theory [4]. The correspondence with standard syntax is
discussed by Hofmann [6]. We shall now define what it means that a cwf sup-
ports extra structure corresponding to the rules for the various type formers of
Martin-Lof type theory.

Definition 3. A cwf supports (extensional) identity types iff the following con-
ditions hold:

Form. If A € Type(I') and a,a’ : I' = A, there is 14(a,d’);
Intro. Ifa:I'F A, thereistag: I'F14(a,a);
Elim. Ifc: 't 14(a,a’) thena=a andc=ry,.

Moreover, we have stability under substitution: if § : A — I" then
La(a,a")[0] = Lags) (ald], a'[0])
r4,a[0] = TAL8],a[s]
Definition 4. A cwf supports X-types iff the following conditions hold:

Form. If A € Type(I') and B € Type(I'-A), there is X(A, B) € Type(I'),

Intro. Ifa: '+ A and b: I' b B[(id, a)], there is pair(a,b) : I' = X (A, B),

Elim. Ifa: 't XY (A, B), there are mi(a) : I' - A and mo(a) : I' - B[(id, 71 (a))]
such that!:

71 (pair(a, b)) =
mo(pair(a, b)) =
pair(mi(c), m2(c)) =

o o Q

! Note that in a cwf which supports extensional identity types and Y-types surjective
pairing follows from the other conditions [9].



Moreover, we have stability under substitution:

2(A, B)[6] = 2 (A[d], B[(§ o p,q)])
pair(a, b)[6] = pair(a[], b[d])
m1(e)[0] = m1(c[d])
ma(c)[0] = ma(c[d])

Definition 5. A cwf supports II-types iff the following conditions hold:
Form. If A € Type(I') and B € Type(I'-A), there is II(A, B) € Type(I').
Intro. Ifb: I'AF B, there is A(b) : I' + II(A, B).
Elim. Ifc: I' - II(A,B) and a : I' b A then there is a term ap(c,a) : I' F
B[(id, a)] such that
ap(A(b), a) = b[(id,a)] : I" + B[(id, a)]
= AMap(c[p],q)) : I' b II(A, B)

Moreover, we have stability under substitution.:

II(A, B)[Y] = H(A[], B[(v o p, a)])
AW@)[Y] = Ab[(y o p,a)])
ap(c, a)[y] = ap(c[], a[7])
Definition 6. A cwf (C,T) is democratic iff for each object I' of C there is

T e Type([]) and an isomorphism I" =, [|-I'". Each substitution § : A — I' can
then be represented by a term § = qlyréy,'] : [|-A+F T'lp].

Democracy is needed to prove our results, but does not correspond to a con-
struction of Martin-Lof type theory.

2.2 The Indexed Category of Types in Context

We shall now define the indexed category associated with a cwf. This will play
a crucial role and in particular introduce the notion of isomorphism of types.

Proposition 7 (The Context-Indexed Category of Types). If (C,T) is a
cwf, then we can define a functor T : C°P — Cat as follows:
— The objects of T(I") are types in Type(I'). If A, B € Type(I"), then a mor-
phism in T(I")(A, B) is a morphism 6 : I''A — I'-B in C such that pd = p
— If vy € C(A, I'), then T'(y) : Type(I') — Type(A) maps an object A €
Type(I') to Aly] and a morphism 6 : I'A — I'-B to (p,q[d{y o p,q)]) :
A-Ay] = A-B[y].

We write A =y B if § : A — B is an isomorphism in T(I'). If a € I' + A, we
write {0}(a) = q[0(id,a)] : I' b B for the coercion of a to type B and a =¢ b if
a = {0}(b). Moreover, we get an alternative formulation of democracy.

Proposition 8. (C,T) is democratic iff the functor from T'([]) to C, which maps
a closed type A to the context [|- A, is an equivalence of categories.

Seely’s category ML of Martin-Lof theories [11] is essentially the category of
categories T'([]) of closed types.



Fibres, slices and lcces. Seely’s interpretation of type theory in lcces relies on
the idea that a type A € Type(I) can be interpreted as its display map, that is,
a morphism with codomain I'. For instance, the type list(n) of lists of length
n : nat would be mapped to the function [ : 1list — nat which to each list
associates its length. Hence, types and terms over context I are interpreted in the
slice category C/I', since terms are interpreted as global sections. Syntactic types
are connected with types-as-display-maps by the following result, an analogue
of which was one of the cornerstones of Seely’s paper.

Proposition 9. If (C,T) is democratic and supports extensional identity and
X-types, then T'(I') and C/I" are equivalent categories for all I'.

Proof. To each object (type) A in T'(I") we associate the object ps in C/I". A
morphism from A to B in T'(I") is by definition a morphism from p4 to pp in
C/r.

Conversely, to each object (morphism) § : A — I" of C/I" we associate a
type in Type(I"). This is the inverse image x : I' F Inv(d)(z) which is defined
type-theoretically by

Inv(6)(x) = Sy : ATx(@,3(y)
written in ordinary notation. In cwf combinator notation it becomes

Inv(8) = £(AI)], Iryp (alyrpl, 310 a)]) € Type(D)

These associations yield an equivalence of categories since pryy(5) and § are iso-
morphic in C/I".

It is easy to see that T'(I") has binary products if the cwf supports X-types
and exponentials if it supports IT-types. Simply define A x B = ¥(A, B[p]) and
BA = II(A, B[p]). Hence by Proposition 9 it follows that C/I" has products and
C has finite limits in any democratic cwf which supports extensional identity
types and X-types. If it supports IT-types too, then C/I" is cartesian closed and
C is locally cartesian closed.

3 The 2-Category of Categories with Families

3.1 Pseudo Cwf-Morphisms

A notion of strict cwf-morphism between cwfs (C,T) and (C’,T") was defined by
Dybjer [4]. Tt is a pair (F, ), where F : C — C' is a functor and o : T > T'F is
a natural transformation of family-valued functors, such that terminal objects
and context comprehension are preserved on the nose. Here we need a weak
version where the terminal object, context comprehension, and substitution of
types and terms of a cwf are only preserved up to isomorphism. The pseudo-
natural transformations needed to prove our biequivalences will be families of
cwi-morphisms which do not preserve cwi-structure on the nose.

The definition of pseudo cwf-morphism will be analogous to that of strict cwf-
morphism, but cwf-structure will only be preserved up to coherent isomorphism.



Definition 10. A pseudo cwf-morphism from (C,T) to (C',T") is a pair
(F,0) where:

— F:C — C is a functor,

— For each context I' in C, o is a Fam-morphism from TT to T'FI". We will
write or(A) : Type' (FI) for the type component and oi(a) : FI' & op(A)
for the term component of this morphism.

The following preservation properties must be satisfied:

— Substitution is preserved: For each contextd : A — I' in C and A € Type(I'),
there is an isomorphism of types 045 : op(A)[F0] — oa(A[d]) such that
substitution on terms is also preserved, that is, 02[7] (a[y]) =64, of(a)[Fr].

— The terminal object is preserved: F[] is terminal.

— Context comprehension is preserved: F(I'-A) with the projections F(pa)
and {Gz}p}(oﬁf] (qa)) is a context comprehension of FI' and op(A). Note
that the universal property on context comprehensions provides an unique
isomorphism pr.a : F(I'-A) — FI'-op(A) which preserves projections.

These data must satisfy naturality and coherence laws which amount to the fact
that if we extend or to a functor op : T(I') — T'F(I"), then o is a pseudo
natural transformation from T to T'F. This functor is defined by or(A) =
or(A) on an object A and or(f) = pr.sF(f)pr'y on a morphism f: A — B.

A consequence of this definition is that all cwf structure is preserved.
Proposition 11. Let (F,0) be a pseudo cwf-morphism from (C,T) to (C',T").

(1) Then substitution extension is preserved: for alld : A — I' in C anda: AF
Al8), we have F((6,a)) = pr4(F3,{05 5 Ho3" (@))).
(2) Redundancy terms/sections: for alla € I' = A, o(a) = qlpr,.aF((id, a))].

If (F, O') : ((C(hT‘()) — ((Cl,Tl) and (G,T) : ((Cl,Tl) — (C27T2) are two weak
cwi-morphisms, we define their composition (G, 7)(F, o) as (GF, 7o) where:

(ro)r(A) = trr(or(A))
(o) (a) = 55 (0 (a))

The families ¢ and p&F" are obtained from 6, ¢ and p”" and p© in the obvious
way. The fact that these data satisfy the necessary coherence and naturality
conditions basically amounts to the stability of pseudonatural transformation
under composition. There is of course an identity pseudo cwf-morphisms whose
components are all identities, which is obviously neutral for composition. So,
there is a category of cwfs and pseudo cwf-morphisms.

Since the isomorphism (I"-A)-B = I'"X(A, B) holds in an arbitrary cwf which
supports X-types, it follows that pseudo cwf-morphisms automatically preserve
X-types, since they preserve context comprehension. However, if cwfs support
other structure, we need to define what it means that cwf-morphisms preserve
this extra structure up to isomorphism.



Definition 12. Let (F,0) be a pseudo cwf-morphism between cwfs (C,T) and
(C', T") which support identity types, II-types, and democracy, respectively.

— (F, o) preserves identity types provided or(I1a(a,a’)) = 1, a)(c9(a), 0 (a));
— (F,0) preserves IT-types provided O'F(H(é, B)) ’EE(O'F(A), GF.A(B)[pElA]);
— (F,0) preserves democracy provided opj(I") =4, FI'[()], and the following
diagram commutes:
F _
Fr — F(]-T)
’YFW\L ¢/p[],F

[ FT <" p P[] <2 F[-0y(T)

These preservation properties are all stable under composition and thus yield
several different 2-categories of structure-preserving pseudo cwf-morphisms.

3.2 Pseudo Cwf-Transformations

Definition 13 (Pseudo cwf-transformation). Let (F,o0) and (G,7) be two
cwf-morphisms from (C,T) to (C',T"). A pseudo cwf-transformation from (F, o)
to (G, 7) is a pair (¢,v) where ¢ : F > G is a natural transformation, and for
each I' in C and A € Type(I'), a morphism ¥ra : or(A) — 1r(A)or] in
T'(FT), natural in A and such that the following diagram commutes:

T'(F6)(4r,a)
_—

or(A)[Fd] r(A)[prF(0)]
iem lr'mxeg,é)
o (A[d]) Ta(A[0])[p]

YA, A5

where 0 and 6" are the isomorphisms witnessing preservation of substitution in
types in the definition of pseudo cwf-morphism.

Pseudo cwi-transformations can be composed both vertically (denoted by
(¢',¢") (4, 1)) and horizontally (denoted by (¢',%’) x (¢,1)), and these compo-
sitions are associative and satisfy the interchange law. Note that just as coher-
ence and naturality laws for pseudo cwf-morphisms ensure that they give rise
to pseudonatural transformations (hence morphisms of indexed categories) o to
T, this definition exactly amounts to the fact that pseudo cwf-transformations
between (F, o) and (F,7) correspond to modifications from o to 7.

3.3 2-Categories of Cwfs with Extra Structure

Definition 14. Let CwF}fg&E be the 2-category of small democratic categories
with families which support extensional identity types and X-types. The 1-cells
are cwf-morphisms preserving democracy and extensional identity types (and X-
types automatically) and the 2-cells are pseudo cwf-transformations.

Moreover, let CWFQCE";IZ T be the sub-2-category of CWF};;;IE where also II-
types are supported and preserved.



4 Forgetting Types and Terms

Definition 15. Let FL be the 2-category of small categories with finite limits
(left exact categories). The 1-cells are functors preserving finite limits (up to
isomorphism) and the 2-cells are natural transformations.

Let LCC be the 2-category of small locally cartesian closed categories. The 1-
cells are functors preserving local cartesian closed structure (up to isomorphism),
and the 2-cells are natural transformations.

FL is a sub(2-)category of the 2-category of categories: we do not provide
a choice of finite limits. Similarly, LCC is a sub(2-)category of FL. The first
component of our biequivalences will be forgetful 2-functors.

Proposition 16. The forgetful 2-functors
U:CwFl¥  FL

dem

U:CwF > — LCC

where the effect on 0-, 1-, and 2-cells are as follows:

U(C,T)=C
U(F,0)=F
U, v) = ¢

are well-defined.

Proof. By definition U is a 2-functor from CwF to Cat, it remains to prove
that it sends a cwf in CWF}fé‘I;E to FL and a cwf in CWFffgI;EH to LCC, along
with the corresponding properties for 1-cells and 2-cells.

For 0-cells we already proved as corollaries of Proposition 9 that if (C,T)
supports X-types, identity types and democracy, then C has finite limits; and if
(C,T) also supports IT-types, then C is lccc.

For 1-cells we need to prove that if (F, o) preserves identity types and democ-
racy, then F' preserves finite limits; and if (F, o) also preserves IT-types then F'
preserves local exponentiation. Since finite limits and local exponentiation in C
and C’ can be defined by the inverse image construction, these two statements
boil down to the fact that if (F, o) preserves identity types and democracy then
inverse images are preserved. Indeed we have an isomorphism F(I"-Inv(4)) =
FI'-Inv(F¢), as can be proved by long but mostly direct calculations involving
all components and coherence laws of pseudo cwf-morphisms.

There is nothing to prove for 2-cells.

5 Rebuilding Types and Terms

Now, we turn to the reverse construction. We use adapt the Bénabou-Hofmann
construction to build a cwf from any finitely complete category, then generalize
this operation to functors and natural transformations, and show that this gives
rise to a pseudofunctor.



Proposition 17. There are pseudofunctors

H:FL — CwFyx”

dem

H :LCC — CwF >

defined by
HC = (C,Tp)
HF = (F,op)
Ho = (¢,v)

on 0-cells, 1-cells, and 2-cells, respectively, and where Tg, o, and 1y are defined
in the following three subsections.

Proof. The remainder of this Section contains the proof. We will in turn show
the action on 0-cells, 1-cells, 2-cells, and then prove pseudo functoriality of H.

5.1 Action on 0-Cells

As explained before, it is usual (going back to Cartmell [2]) to represent a type-
in-context A € Type(I) in a category as a display map [13], that is, as an object
pa in C/T'. A term I' - A is then represented as a section of the display map
for A, that is, a morphism a such that p4 o a = idp. Substitution in types is
then represented by pullback. This is essentially the technique used by Seely for
interpreting Martin-Lof type theory in lcccs. However, as we already mentioned,
it leads to a coherence problem.

To solve this problem Hofmann [5] used a construction due to Bénabou [1],
which from any fibration builds an equivalent split fibration. Hofmann used it
to build a category with attributes (cwa) [2] from a locally cartesian closed
category. He then showed that this cwa supports 11, X, and extensional identity
types. This technique essentially amounts to associating to a type A, not only
a display map, but a whole family of display maps, one for each substitution
instance A[6]. In other words, we choose a pullback square for every possible
substitution and this choice is split, hence solving the coherence problem. As we
shall explain below this family takes the form of a functor, and we refer to it as
a functorial family.

Here we reformulate Hofmann’s construction using cwfs. See Dybjer [4] for
the correspondence between cwfs and cwas.

Lemma 18. Let C be a category with terminal object. Then we can build a
democratic cwf (C, T¢) which supports X -types. If C has finite limits, then (C,T¢)
also supports extensional identity types. If C is locally cartesian closed, then
(C,Tt) also supports IT-types.

Proof. We only show the definition of types and terms in T¢(I"). This construc-
tion is essentially the same as Hofmann’s [5].



A type in Typec(I") is a functorial family, that is, a functor A C/' - C~

such that cod o Z =dom and if - A is a morphism in C/I", then Z(a) is
N ¥
« é
r

A (8,a)
_—

Z(M)i iZ(&)
[0

— A

a pullback square: s

Following Hofmann, we denote the upper arrow of the square by 2(6, Q).
Aterma: I+ is a section of A(idr), that is, a morphism a : I' —

-4 such that Z(idp)a = idy, where we have defined context extension by

rA- dom(X(idp)). Interpreting types as functorial families makes it easy to

define substitution in types. Substitution in terms is obtained by exploiting the
universal property of pullback squares, yielding a functor T¢ : C°? — Fam.

Note that (C, T¢) is a democratic cwf since to any context I” we can associate

—~

a functorial family () : C/[] = C—, where () : I' — [] is the terminal projection.
The isomorphism ~vp : I' — [|-() is just idp.

5.2 Action on 1-Cells

Suppose that C and C’ have finite limits and that F' : C — C’ preserves them.
As described in the previous section, C and C’ give rise to cwfs (C,T¢) and
(C', Tt ). In order to extend F to a pseudo cwif-morphism, we need to define, for
each object I' in C, a Fam-morphism (op)r : Tc(I") — Te F(I'). Unfortunately,
unless F' is full, it does not seem possible to embed faithfully a functorial family

: C/I" — C into a functorial family over F'I" in C’. However, there is such an
embedding for display maps (just apply F') from which we will freely regenerate
a functorial family from the obtained display map.

The “hat” construction. As remarked by Hofmann, any morphism f : A — I
in a category C with a (not necessarily split) choice of finite limits generates a
functorial family f: C/I" — C™. If § : A — I' then f(8) = 6*(f), where 6*(f)
is obtained by taking the pullback of f along § (0* is known as the pullback

functor):
—_—
W(f)l lf

AT>F

~

Note that we can always choose pullbacks such that f(idr) = idp(f) = f.

If 2 —%> Ais a morphism in C/I", we define f(a) as the left square in the
N\ ¥
da é
r



following diagram:

F(5,)

fA(éa)l l?(é) if

A’ T A T> I
This is a pullback, since both the outer square and the right square are pullbacks.

Translation of types. The hat construction can be used to extend F' to types:

or(A) = F(4 (i)

Note that F(I'-4) = F(dom(A (id))) = dom(F(4 (id))) = dom(or(A)(id)) =
FTI'or(A), so context comprehension is preserved on the nose. However, substi-
tution on types is not preserved on the nose. Hence we have to define a coherent
family of isomorphisms 927 P

Completion of cwf-morphisms. Fortunately, whenever F' preserves finite limits
there is a canonical way to generate all the remaining data.

Lemma 19 (Generation of isomorphisms). Let (C,T) and (C',T") be two
cwfs, F : C — C' a functor preserving finite limits, op : Type(I") — Type/ (FI)
a family of functions, and pr.a : F(I"A) — FIor(A) a family of isomorphisms
such that ppr.a = Fp. Then there exists an unique choice of functions 014 on

terms and of isomorphisms 04 5 such that (F,0) is a pseudo cwf-morphism.

Proof. By item (2) of Proposition 11, the unique way to extend o to terms is to
set 072 (a) = q[pr.aF((id, a))]. To generate 6, we use the two squares below:

pr.aF((6p,a))pL’
FA-or(A)FS S pron(A) FA-oa(A5]) 220 prop(A)
pl lp pi lp
FA r Fr FA 7o Fr

The first square is a substitution pullback. The second is a pullback because F
preserves finite limits and pr 4 and pa (5 are isomorphisms. The isomorphism
04,5 is defined as the unique mediating morphism from the first to the second.
It follows from the universal property of pullbacks that the family 0 satisfies the
necessary naturality and coherence conditions. There is no other choice for 0 4 5,
because if (F, o) is a pseudo cwi-morphism with families of isomorphisms 6 and
p, then pr 4 F({dp, q>)p271A[5]9A75 = ((F9)p, q). Hence if F preserves finite limits,
04,5 must coincide with the mediating morphism.



Preservation of additional structure. As a pseudo cwf-morphism, (F,or) au-
tomatically preserves X-types. Since the democratic structure of (C,T¢) and
(C',T¢) is trivial it is clear that it is preserved by (F, or). To prove that it also
preserves type constructors, we use the following proposition.

Proposition 20. Let (F, o) be a pseudo cwf-morphism between (C,T) and (C',T")
supporting X -types and democracy. Then:
— If (C,T) and (C',T") both support identity types, then (F,c) preserves iden-
tity types provided F' preserves finite limits.
— If (C,T) and (C',T") both support II-types, then (F,o) preserves II-types
provided F' preserves local exponentiation.

Proof. For the first part it remains to prove that if F' preserves finite limits, then
(F,o) preserves identity types. Since a,a’ € I' - A, pr,(a,e) : I'"1a(a,a’) = I
is an equalizer of (id,a) and (id,a’) and F preserves equalizers, it follows that
F(p1,(a,ay) is an equalizer of (id, o2 (a)) and (id, o4 (a’)), and by uniqueness of
equalizers it is isomorphic to I, (a)(07}(a), o7 (a’)).

The proof of preservation of IT-types exploits in a similar way the uniqueness
(up to iso) of “IT-objects” of A € Type(I') and B € Type(I'-A).

5.3 Action on 2-Cells

Similarly to the case of 1-cells, under some conditions a natural transformation
¢ : F > G where (F,0) and (G,7) are pseudo cwf-morphisms can be completed
to a pseudo cwi-transformation (¢,1y), as stated below.

Lemma 21 (Completion of pseudo cwi-transformations). Suppose (F, o)
and (G,7) are pseudo cwf-morphisms from (C,T) to (C',T) such that F and
G preserve finite limits and ¢ : F = G is a natural transformation, then there
exists a family of morphisms (V) a @ or(A) — 70 (A)[ér] such that (¢, ve) is
a pseudo cwf-transformation from (F, o) to (G,T).

Proof. We set ¢y 4 = (p,q[p’F!A¢pAp;71A]> :FI'orA — FI''tr(A)[¢r]. To check
the coherence law, we apply the universal property of a well-chosen pullback
square (exploiting the fact that G preserves finite limits).

This completion operation on 2-cells commutes with units and both notions
of composition, as will be crucial to prove pseudofunctoriality of H:

Lemma 22. If¢: F % G and ¢/ : G > H, then
(¢, vg)(,%5) = (&', ¥y )
(0,19) ¥ 1= (¢ * 1,1gu1)
Lx (¢, ¢5) = (1% ¢, 9140)
(8, 1gr) * (0, 09) = (8" * &, Vgrag)
whenever these expressions typecheck.

Proof. Direct calculations.



5.4 Pseudofunctoriality of H

Note that H is not a functor, because for any F : C — D with finite limits and
functorial family A over I' (in C), op(A) forgets all information on A except
its display map A (id), and later extends F(%(ld)) to an independent functo-
rial family. However if F' : C — D and G : D — E preserve finite limits, the
two pseudo cwf-morphisms (G,0%) o (F,o¥) = (GF,0%") and (GF,c%F) are
related by the pseudo cwi-transformation (1gr, 11, ), which is obviously an iso-
morphism. The coherence laws only involve vertical and horizontal compositions
of units and pseudo cwi-transformations obtained by completion, hence they are
easy consequences of Lemma 22.

6 The Biequivalences

Theorem 23. We have the following biequivalences of 2-categories.

" > " Lo ST
FL = CwF LCC == CwF
U U

Proof. Since UH = Id (the identity 2-functor) it suffices to construct pseudo-
natural transformations of pseudofunctors:

U
ld<—=HU

which are inverse up to invertible modifications. Since HU(C,T) = (C,TC),
these pseudonatural transformations are families of equivalences of cwfs:

T, ) c
(C,T)=—=(C,T%)

e, 1)
which satisfy the required conditions for pseudonatural transformations.

Construction of nic, ). Using Lemma 19, we just need to define a base functor,
which will be Ide, and a family ¢}. which translates types (in the sense of T')
to functorial families. This is easy, since types in the cwf (C,T) come equipped
with a chosen behaviour under substitution. Given A € Type(I"), we define:

0}7“(/1)(5) = PA[s)
ot (A)(6,7) = (vp,q)

For each pseudo cwf-morphism (F, o), the pseudonaturality square relates two
pseudo cwf-morphisms whose base functor is F'. Hence, the necessary invertible
pseudo cwi-transformation is obtained using Lemma 21 from the identity natural
transformation on F. The coherence conditions are straightforward consequences
of Lemma 22.



Construction of €c,r)- As for 7, the base functor for € 1) is Idc. Using Lemma
19 again we need, for each context I', a function of which given a functorial

family A over I will build a syntactic type U}(Z) € Type(I'). In other terms,
we need to find a syntactic representative of an arbitrary display map, that is,
an arbitrary morphism in C. We use the inverse image:

o5(A) = Inv(A (id)) € Type(I")

The family € is pseudonatural for the same reason as 7 above.

Invertible modifications. For each cwf (C,T'), we need to define invertible pseudo
cwf-transformations mc 7y : (en)c,ry — idc,r) and méQT) : (e —
id(c,1)- As pseudo cwi-transformations between pseudo cwf-morphisms with the
same base functor, their first component will be the identity natural transfor-
mation, and the second will be generated by Lemma 21. The coherence law for
modifications is a consequence of Lemma 22.
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A Proofs of Section 2

Lemma 24 (Composition of coercions). If (C,T) is a cwf, I' a context in
Cand 6, : A = B and 03 : B — C are isomorphisms in T'(I"), then for all

a:T'F A,
{023 ({61}(a)) = {0201 }(a)

Proof. Direct calculation, using the definition of coercions and manipulation of
cwf combinators.

{623 ({01} (a)) = alb2(id, q[6: (id, a)])]
q[f2(pt1(id, a), q[02(id, a)])]
= q[02(p, a)01(id, a)]
= q[f26,(id, a)]
= {6261}(a)
Lemma 25. Let (C,T) be a democratic cwf with X-types and identity types,
then for each 6 : A — I there is an isomorphism as in C/I':

as

rInv(e) . _=A

Proof. Recall that Inv(d) = E(Z[(}],Iﬂm(q['ypp],g[((),q)]) € Type(I'). We de-
fine:

as = "}/Zl<<>, Wl(q»
o ' = (8, pair(alyal; 7))

A straightforward calculation proves that this typechecks and that a5a6 =
id . For the other equality, we have a; 'as = (571" ((), 71 (q)), pair(mi (q), rF[<)])>
But by property of extensional 1dent1ty types a[yrp|] and 6[((), m1(q))] are equal
terms in context I'-Inv(d), so v5'((),dlyrpl) = p and 7" ((), 6[{(), mi(a)]) =
674 (), m1(q)) are equal substitutions. Likewise, Ry = m2(q) by uniqueness of

identity proofs, therefore aé_la(s = id f1ny(8)-

Proposition 26. Let (C,T) be a democratic cwf with X-types and identity
types, then for all context I the categories T(I") and C/I" are equivalent.

Proof. For each context I, the functor Fr : T(I') — C/I" defined by Fr(A) =
pa on objects and Fp(f) = f on morphisms in clearly full and faithful, but it
is also essentially surjective. Indeed, for any object 6 : A — I' in C/I", we have
by Lemma 25 an isomorphic Fr(Inv(d)) = prnv(s), hence Fr is an equivalence of
categories.



B Proofs of Section 3

B.1 Properties of pseudo cwf-morphisms

Let us first mention that in the definition of a pseudo cwf-morphism (F, o) from
(C,T) to (C',T"), the fact that o is a pseudonatural transformation from T' to
T’ amounts to the satisfaction of the following coherence and naturality laws.

— Identity. For all A € Type(I"), we have 0454 = idpry,(a),
— Coherence. For all § : = — A and v : A — I, the following diagram
commutes.

0,45

A)[F ()]
m)\ 0aly],s

FZ-0(A))[F(5)

FEZ.-op( FEZ.0=(A[d])

— Naturality. Forall§ : A —» I'in C, A, B € Type(I') and f: A — Bin T(I'),
the following diagram commutes in T”(F A).

0a.s

or(A)[F9]

aa(A[d])
J/T'(F(s)(dr(f)) iO'A(T(fs)(f))

0B.s

or(B)[F] —————0a(B[J])

This can be checked by simply unfolding the definition of a pseudonatural trans-
formation.

Proposition 27. Any pseudo cwf-morphism (F,o) from (C,T) to (C',T") pre-
serves substitution extension, in the following sense: For all § : A — I in C and

a: Ak Ald], we have

F({8,a) = pp14 (FO, {03502 ()

Proof. First note that for each context I' in C and type A € Type(I'), the
isomorphism pr 4 is defined as the unique morphism preserving projections be-
tween the two context comprehensions of FI' and orA, in other terms pr 4 =
(F(pa), {QZ}p}(oﬁg’] (q4))), which implies that the projections are preserved in
the following sense.

F(pa) = porapra

o1 (aa) = (04,0} (o alpr.al)



We now use it to prove the announced property. Clearly, the required equality
boils down to the following two equations.

ppr.aF ({6, a)) = Fo
alpraF((8,a))] = {655} (04(a))

The proof of the first equality is completely straightforward:

ppr.aF((3,a)) = F(p)F((5,a))
=F)

However, the proof of the second is far more subtle and many aspects of pseudo
cwf-morphisms and cwf combinators:

alpr aF((6,a))] =1 {03} d (@) [F (6, a))]
=5 a0, (id, 02§ (@)][F ({0, a))]
al035(F((8,0)), o n ¥ (@)[F ({5, a))])]
=5 A0 (F((6,)), {011 5.0} (02 (al(6, @)]))]
Al (F((6,0)), {031 500 Ho2 7 (@))]
= ql(p, alt 35 (F((0,a))p, )Y id, {01 5.0 HEA (@)
=1 a[T"(F((8,a))) (032 id, {0511 5.0 oA (@)))]
= {T'(F({6,0)))(03 >}<{9z[p],<5,a>}(az[‘”(a»)
=5 {045} (04" (a))

Equality (1) is by preservation of q, equalities (2) by definition of coercions,
equality (3) by preservation of substitution on terms, equality (4) by definition
of T', equality (5) by the coherence requirement on 6 and Lemma 24. All the
other steps are by simple manipulations on cwf combinators.

Lemma 28. If (F,0) is a pseudo cwf-morphism from (C,T) to (C',T"), then
its action on terms and sections is redundant: for alla € '+ A,

op(a) = alpr,aF((id, a))]

Proof. This is a direct consequence of preservation of substitution extension, as
follows:

F((id, a)) = ppla{id, {05407 (@)

but 644 = id by coherence of 6, hence the result is proved.



Lemma 29. If (F,o0) is a pseudo cwf-morphism from (C,T) to (C',T") and
0 : A — B is a morphism in T(I"), then the coercion {8} commutes with o in
the following way, for each a € I'+ A:

of ({0}(a) = {or(0)} (o7 (a)

Proof. Direct calculation.

op ({6}(a)) =1 dlpr,sF((id, {6}(a)))]
=2 dlpr,sF({id, q[0(id, a)]))]
=3 q[pr,pF(6(id, a))]
=4 dlor(0)pr,.aF((id, a))]
=2 {or(0)}(alpr,aF((id, a))])
=1 {or(0)}(07(a))

Where (1) is by Lemma 28, (2) by definition of coercions, (3) by basic manipu-
lation of cwf combinators and (4) by definition of o.

B.2 Composition of pseudo cwf-morphisms

Proposition 30. Pseudo cwf-morphisms are stable under composition.

Proof. Let us first give a bit more details about how pseudo cwf-morphisms are
composed. If (F,o) : (Cp,Tp) — (C1,T1) and (G,7) : (C1,T1) — (Cs,T3) are
two pseudo cwf-morphisms, we define their composition (G, 7)(F, o) as (GF, 7o)
where:

(ro)r(A) = rr(or(A))

(ro)f(a) = g (0 (a))

If the other components of (F, o) are denoted by 0, pf" and those of (G, T) by
0%, p&, we define:

a5 =Tra0h 5)05 . (a) Fs

All the components of (G, 7)(F,0) are now defined, but we still have a number
of conditions to prove.



— Preservation of substitution on terms. Direct calculation, if a : I' - A and
0:A— I'in Cy.

(r0)4 ) als]) = 7521 (041 (alo])
e V{05 5} o (@) [FO)))
=3 Q[PFA oA (A[8]) G(<1d {9,4 6}(0r( )EF)))]
=4 Q[ PFA,0A(A[5]) G(<1d Q[GA o lid, Jr( )IESH]))
=5 Q[ PFA,0A(A[5]) (9A 5(id, UF( )[F'6]))]
=6 AlTFAWOF )PF Ao r (s G, 07 () [FO]))]
=7 q[TFA(eA 5)(id, Q[PFA o'p(A)[F(S]G(<id? 0?(@)[F5}>)]>]
=1 {TPa(08 ) HAl0G a0 ()75 G (i, o (@) [F3))])
=5 {Tra0F )} (o (a)[F0)
= {Tra0h YOS5 (4 ms} (F25 (07 (a)) [GFO)))
=s {0575 (07 (0) [GFI))
=1 {045} ((r0)(a)[GF0))

Equalities annotated by (1) come from the definition of 70, (2) is preservation
of substitution for o or 7, (3) is Lemma 28, (4) is by definition of coercions,
(5) uses p@i’ s = D and basic manipulations with cwf combinators, (6) is by
definition of 7, (7) uses preservation of p by (G, 7) and basic manipulations
with cwf combinators, and (8) is by definition of 6.

— Preservation of the terminal object. Trivial from the preservation of the ter-
minal object by F' and G.

— Preservation of context comprehension. Using preservation of context com-
prehension from (F, o) and (G, 1) we define:

fel
G(pt ) PFropA

GF(I-A) G(FI-orA)

GFTI-(to)r(A)

As a composition of isomorphisms it is an isomorphism so GF(I-A) is also a
context comprehension of GFI" and (7o) (A). We must still check that the
corresponding projections are those required by the definition. It is obvious
for the first projection:

PP?F,GFAG(PIE,A) = G(P)G(P?,A)
= GFp



But more intricate for the second.

Al0G 10 aGPF )] =1 {054 5) " HPr VR (@) G (o))
=2 {05, 4.0) " HAOS oo )T YRR loF A1)
(6 (i)™ (alof a))
=1 {05 a.rp) " rp(r) P HOR ) T Mo (@)
=5 {(0G a pp) " }({mm<<9A,p>-1>}<fzf;/§?[p”wﬁﬁf]<q>>>>

=6 {051, (7o) 25 (@)

(
(

=3 { orA, Fp) }

Where (1) is preservation of the second projection by p&, (2) is preservation
of substitution on terms, (3) is coherence for #%, (4) is preservation of the
second projection by p%’, (5) is Lemma 29 and (6) is by definition of § and
TO.

Finally note that, as can be checked by unfolding the definitions, we have for all
context I" in C

(to)r =Trroor

Hence the necessary coherence and naturality conditions amounts to the stability
of pseudonatural transformations under composition.

Lemma 31. Any pseudo cwf-morphism (F,o) from (C,T) to (C',T") where both
cwfs support X-types automatically preserves them, in the sense that

or(2(4, B)) = S(or(A),ora(B)lpr.a))

Proof. We exploit the fact that in any cwf (C,T) with X-types we have I"-
Y(A,B) = I'-A-B (obvious). Therefore:

FIop(X(A,B)) = F(I'-2(A, B))
~ [(I'-A-B)
~ [(I'-A)-ora(B)
=~ FIop(A)-ora(B)prYy]
=~ FI'-X(or(A), ora(B)lprll)

It is easy to see that the resulting morphism is a type isomorphism.

Lemma 32. Preservation of democracy, identity types and II-types are all sta-
ble under composition.

Proof. This is trivial for identity types and II-types (just apply the hypothesis
on both pseudo cwf-morphism). For democracy, we must check that the isomor-



phism d% : GF[]- (7o) (I') — GF[]-GFI'[{)] defined by:

GF —= (pilhﬂfrl —.  G@bH .
dr" = GF[-tpy(oy(I) —— F(F[l-oy') ——= G(F[)- FT[()))
G(((),a)) — PIFT _
G([]-FI) d—G> GH'THFF
= G[]-GFT()]

The coherence law can then be checked by a simple diagram chasing.

B.3 Properties and composition of pseudo cwf-transformations

Let us just remark that if (F,o) and (G, 7) are pseudo cwf-morphisms from
(C,T) to (D,T"), pairs (¢,m) where ¢ : F > G is a natural transformation
and m : (T' x ¢) o o 23 7 is a modification (where T” ¢ denotes the vertical
composition of the natural transformations idys and ¢) exactly correspond to
pseudo cwf-transformations from (F, o) to (G, 7) (as can be checked by unfolding
the definition of a modification).

It is folklore that there is a 2-category Ind of indexed categories over arbitrary
bases, which objects are pairs (C,T') (where C is a category and T : C°? — Cat
is a pseudofunctor), 1-cells are pairs (F, o) : (C,T) — (D, T’) (where F : C —» D
is a functor and o : T — T'F is a pseudonatural transformation) and 2-cells are
pairs (¢,m) : (F,o) = (G,7): (C,T) = (D, T’") (where ¢ : F > G is a natural
transformation and m : (T  ¢) o o 23 T is a modification).

Here we rely on Ind to define vertical and horizontal composition of pseudo
cwi-transformations, so we get various 2-categories of cwfs supporting structure,
structure-preserving pseudo cwf-morphisms and pseudo cwf-transformations be-
tween them, which can all be seen as sub-2-categories of Ind. In particular, we
will be interested in the 2-category CwFffgI;lE of cwfs supporting democracy,
Y-types and identity types, pseudo cwf-morphisms preserving democracy and
identity types and pseudo cwi-transformations. We will also be interested in the

2-category CWFéG;‘I;E T where IT -types are additionally supported and preserved.

C Proofs of Section 4

For this section, the main thing to prove is that the inverse image is preserved
(up to isomorphism) by structure-preserving pseudo cwf-morphisms: This relies
mostly on long and intricate calculations involving all the components of pseudo
cwi-morphisms. Let us first prove a few preliminary lemmas.

Lemma 33 (Propagation of isomorphisms). Isomorphisms propagate through
types in several different ways. Suppose that you have A, A’ € Type(I"), B, B’ €
Type(I'-A), then

(1) If B~ B', then £(A, B) = X(A, B')



(2) If A=y A’, then X (A, B) = X(A’, B[0~1])
(8) If A=y A" and a,a’ € I'F A, then 14(a,a’) = 14/ ({0}(a),{0}(a'))

Proof. (1) is obvious, since I'-X(A, B) is isomorphic to I'-A-B. For (2), we give
the following two isomorphisms:

(p, pair(al0(p, m1(a))], m2(q))) : I'- (A, B) — I 2(A', B[07'])
(p, pair(al0~" (p, m1(a))], m2(q))) : I 2(A", B[0™]) — I"-2(A, B)

A simple calculation shows that they typecheck and that they are inverse of one
another. It is obvious that they are isomorphisms of types. (3) is also obvious
since by extensionality, (p,r) typechecks in both directions and is its own inverse.

Lemma 34 (Preservation of inverse image). Let (C,T) and (D, T") be cwfs
supporting democracy, X-types and identity types and let (F, o) be a pseudo cwf-
morphism preserving them. Moreover, suppose that § : A — I' is a morphism in
C, then there is an isomorphism in D:

F(I'Inv(6)) = FI'-Inv(F¥)

Proof. Exploiting Lemma 33 and preservation of substitution on types and
terms, a careful (but rather straightforward) calculation allows to derive the
following type isomorphism:

or(nv(8)) = SFA), Iy (Cloy i @10, @), Clorlel (abvrp)))
where C'(—) is an invertible context given by:
OM) = (T () dr)0=%, Y (A1) pr 05, T (D) (A3

Here, ¢ denotes the inverse of the terminal morphism () : F[] — [] whose existence
is asserted by the definition of a pseudo cwf-morphism. Hence, the goal of the
remaining part of this proof will be to show the following equalities:

o (B10, ) = CHES[((), ) (1)
U?%ﬁ)] (alyrpl) = C~H(alyrrpl) (2)

Let us focus on (1). Using preservation of substitution on terms, coherence
of 6 and the basic computation laws in cwfs, we derive:

7 ity OO0 = o750V L0 0D
= {000} 0 OIEC0.a))
= {67 HAT' (0, ) (071} P @) F (0, )])

(
= {67, H{05! HoT P O)IF((0), a))])



Let us now focus on v Tlp] (8), to see how terms created from substitution using

democracy are transformed by the action of the cwf-morphism. Here, we are only
going to use the coherence of 8, preservation of q and the basic computation laws
in cwfs.

Tlpl 5y _ [

_ TIpllvrovs'l -1
=0z - (abrdra’])

= 0P 10005 }(0 P (@) [F(yrov3"))

= {0 roq5t }({9 pHaloy FDIF (v "))

= {07, }{T"(F (wév O Y05, Haloy 7D IF (vrdyv2 )
= {9f,p}(Q[pH,fF (vrévah)])

Using preservation of democracy and the terminal object, we can now con-
clude:

ol G0, D)) = {07, Haloy 7F (rdvz (0, @)
= {07, }ald: " (w0, ) yer Fovea (0, a) T (e0)(da)5] o)
= {0 T"(c0) (7" )} FS0, DT (:0)(da)og przp)
= 07 (F3[((),)])

We get the required expression. The case of Equation (2) is similar but less
intricate, so we skip the details.

Lemma 35 (Propagation of isomorphisms under II). Suppose that we
have A, A" € Type(I") and B, B’ € Type(I"-A), then

1. If B~y B, then IT(A, B) = II(A, B')
2. If Ay A, then II(A, B) = II(A, B[0~1])

Proof. (1). Using 6 and the combinators of IT-types, it is straightforward to build
an morphism:

(0, \{T ({pp, 0))(8) } (app(alp],q)))) : -II(A, B) — I'-II(A, B')

Its inverse is the corresponding expression with #~1 in place of 6. (2). Likewise,
the following expression provides the required isomorphism:

Aapp(alpp), {T(pp)(0~ ")} () : I-II(A,B) — I'-II(A', B|o~'])

Proposition 36. Let (F,0) be a pseudo cwf-morphism between (C,T) and (C',T")
supporting X-types and democracy. Then:



— If (C,T) and (C',T") both support identity types and (F, o) preserves them,
then F preserves finite limits.

— If (C,T) and (C',T") both support II-types and (F,c) preserves them, then
F preserves local exponentiation.

Proof. Since finite limits and local exponentiation can be defined using o-types,
II-types and the inverse image type, their preservation by F' directly boils down
to the Lemmas 33, 34 and 35.

D Proofs of Section 5

D.1 Action on 0-cells

This section is the exact analogue for cwfs of Hofmann’s work [5] with cwas.
For the sake of self-completeness we will give the full details of the construction.
However, we will skip some of the proofs whenever they are not significantly
different from the case of cwas, for which we refer to [5].

Base cwf structure. We will start by proving that given any category C with
a terminal object, we can equip C of a cwf structure. This means that we have
to define a functor T¢ : C — Fam (in other terms types, terms, and substitution
on both of them), and a context comprehension operation.

Types. A type over I is a functorial family, i.e. a functor Z :C/I' - C~ such
that:

(i) codo A = dom
(i) If 2 —%= A is a morphism in C/T, X(a) is a pullback square, with the
N ¥
S 8
r

naming convention below:
A (8,a)
dom(A (5 0 a)) ——> dom(A (5))

Z(éa)l A )
0 A

[e%

Let Type(I") denote the set of functorial families over I'.

Remark. The functoriality of A means that the assignment of 2(5, «) satisfies
the following equations:

— A(5,ida) =id,
g om(ZA (8))
~ A@5,a8) = 4G, a)ﬁwa,ﬁ)



Terms. Let I' € C, and Ae Type(I"). We define rA-= dom(Z(idp)). (This
will later give us context comprehension.) Then, a term a : I' F A is a morphism
a:T — I A such that (idp)a =idp.

Substitution in types. Let v : A — I' in C and X € Type(I'). We define
X[’y] € Type(A) as follows.
A1) = A(20)
Ap)6.0) = A(6.0)

where 0 : 2 - Aand a : & — §2. We check that X[y] satisfies the two conditions
for types:

(i) codo Z[ﬂ = dom.
cod o X['y]((?) = cod o X(’yé)

= dom(v9)
= dom(9)
(ii) The image of the morphism = —%= 2 in C/A is
(5(1\ A %5
dom (voa)) M dom(X(’yé))
Ape) = ?wsa)l lX(wé)
= 2

This is a pullback square by property (ii) of A

Substitution in terms. Let § : A — I'Jand a : ' F X, e a: I — F~X such
that Z(idp) oa = idp. Then a[d] is defined as the unique mediating arrow in
the following diagram:

A .

N

AGdr,5)
Ao Al6] ra

A15](ida) A(idr)

!

A



It is a term of type X[(S] by commutativity of the left triangle.

Functoriality. Since substitution in types is defined by composition, the cwf-
laws for it follow immediately. It is also immediate that alidr] = a since the
defining pullback must be the identity in C™. It remains to show that if we have
01: A" — Aand §3 : A — I', then a[ds 0 1] = a[do][d1]. Consider the following
diagram for pullback composition:

A/

\aﬂz][&]

id o/

A[62)(ida,51) A (idr,62)
A’.Z[52061]—A>A-Z[52] FZ

A[62061](id /) A62](ida) AGdr)

A e A % r

The external pullback square is obtained by substitution of J; 0 ;. By definition
of substitution in terms, a[d20d;] is the unique mediating arrow. But the external
square is equal (not only up to isomorphism) to the composition of the smaller
squares, because of the functoriality conditions for A, more precisely the fact
that Z(s,a of) = Z(s,a) o Z(s o «, 8). This implies that a[d2][d1] also makes
the two triangles commute. Hence a[ds][01] = ald2 o d2] by uniqueness of the
mediating arrow.

Putting all this together, we now have built a functor T¢ : C°? — Fam. We
still have to define context comprehension.

Context comprehension. Let I' € C, and X € Type(I"). As mentioned above,
we define:

A = dom(AGdr))
The first projection is po = Z(idp) : F~Z — I'. The second projection q— is
defined as the unique mediating arrow of the following pullback diagram:

ra

id r2

Cag

X(idr,pz)

RN
r-A-Afpy] r-A
lz’[p;{](idp_;o l?ﬁidp)

F'X pz F




Suppose now we have 6 : A - I'and a : A F X[é] By definition of terms we
have in fact a : A — A-Z[é]. We define:

(5,a>:X(idp,6)oa:A%F'Z

We must prove that these definitions satisfy the cwf-laws for context compre-
hension.

o{d,a) =p OZ (idp,0)oa def.of (4, a)
fldp 1dr7 d)oa def. of p—

=060 A[0](ida)ca comm. of pullback square

a is a term

Proving the equation q+[(d, a)] = a is a bit more involved. Let us first prove the
following lemma, stating (intuitively) that the action of q— is to duplicate the
last element of the context.

Lemma 37. Let 4 € Type(I'),0: A—T,anda: Ak Z[é] Then q—o(0,a) =
((d,a),a).

Proof. Consider the following pullback diagram:
A

rA

\ Alpz]d ) A idr)

rA = r

It is clear that q—o(d, a) makes (1) and (2) commute, by definition of q— . It is also
easy to see that ({4, a),a) makes (2) commute, because Z [p%](d, %) = PZ (o]

and by the property of the first projection. We prove now that ({4, a),a) also
makes (1) commute:

A(idr,pp) o ((6,a),a) = A(idp, py) o Alp](id,, (5,a)) oa def. of ((5,a),a)
= Z(ldnpx) (p%,(d,a))oa def. of Z[pz]
= X(ldf,})Z ( a)) oa funct. or 2(5,5)
= Z(1dp, d)o property of p—
= (J,a) def. of (4, a)

This concludes the proof.



From this lemma we deduce that q—[(d,a)] = a in the following way. Consider
the pullback diagram:

Alpz](d )

A o p.Z
This diagram is an instance of the pullback used for the definition of substitution
in terms. Hence, both triangles commute for q—[(d,a)]. The left triangle com-

mutes for a since a is term of type A[d]. The right triangle commutes because
of the lemma above, since by definition Z[pz](idpj, (6,a)) = ({d,a),a). Thus,
by uniqueness of the mediating arrow q4[(d,a)] = a. This concludes the cwf
construction, hence the proof of the following proposition.

Proposition 38. Let C be a category with terminal object, then we can extend
C to a cuf (C,Tg).

Democracy. The cwf (C,T¢) is democratic: the idea is that each context I is
represented by any functorial family having its terminal projection () : I' — I as

—~

display map. We can easily build such a functorial family by I = () € Type(I).

We have then I-I" = dom({)(id)) = I', thus the isomorphism between them is
trivial.

Proposition 39. If C is a category with a terminal object, then the cwf (C,T¢)
is democratic.

X -types. For the sake of completeness we recall the definitions, but we refer the
reader to [5] for some of the proofs, in particular when the distinction between
cwas and cwfs does not change anything.

Formation. Let A € Type(I') and B € Type(I'-A). At each s : A — I, the
image of X(A, B) is given by the composition of the images of A and B. More
formally, we define:

X (A, B)(s) = A(s) o B(A(id, s))
Y(A, B)(s,a) = B(A(id, s), A(s, @))



The construction of the corresponding pullback square can be illustrated by
the following diagram. Intuitively, the chosen pullbacks for X'(A, B) are directly
obtained by composition the chosen pullbacks for A and for B.

B(A(id,s),A(s,a)) B(id, A(id,s))

I''A-B
B(A(id,s)) B(id)
A(s,o) A(id,s) A
A(sa) A(s) A(id)
o B s r

It is easy to check that this defines a functor X'(A4,B) : C/I" — C and that
the necessary equations are satisfied so that we get a type X (A, B) € Type(I').

Introduction. If a: ' A and b: I' - B[(id,a)], then a : I' = I'- A is a section
of A(idr) and b : I' — I'-B[(id,a)] is a section of B[(id,a)](idr) = B(a) as
illustrated by following diagram:

B(id,a
r-Bld,a)] 29 L poap

b| | Bla) B(id)

Ir——————>T-A

We define pair(a,b) = B(id,a) o b. It follows that pair(a,b) is a section of
Y(A,B)(idr) =pacps.

Elimination. Let ¢: I' = X (A, B). Thus c is a section of pgopg : I'"A-B = I
We define the first projection 71(¢) = pp o ¢ which is clearly a section of pa.
The second projection s (c) is given by the universal property of the following
pullback:

r——————>TA

It is immediate from the diagram that it is a section of pp[(id,a)]-



Equations. The equality rules for X-types are proved just as in [5].
This concludes the proof of the following proposition.

Proposition 40. If C is a category with a terminal object, then (C,T') supports
X -types.

Extensional identity types. To improve readability, we will now sometimes
omit the subscripts of the projections, when they can be recovered from the
context. To build identity types, we require that the base category has finite
limits.

Formation rule. Let I' € C, A € Type(I'), and a,a’ : ' A. If s : A — T,
we define I4(a,a’)(s) as the equalizer of a[s] and a/[s] (seen as morphisms A —
A-Als]). It A 2o Aisa morphism in C/I'; we define 14(a,a’)(d) as the

A . £,
upper square in the following diagram:

dom(Ix(a,a’)(sd)) T dom(I4(a,a’)(s))

La(a,a’)(sd) La(a,a’)(s)

A A
a[sd] ’ a’[sé] als] / a’[s]

A’ A[s6]

(0p,a)

where 7 is yet to be defined. For this purpose, and to prove that the obtained
square is a pullback, we need the following:

Lemma 41. In the diagram above, if f : dom(f) — A', then f equalizes a[sd]
and a'[s0) iff 6f equalizes als] and a'[s].

Proof. First note that by construction of this cwf, we have the surprising equality
a = (idp, a) for any term a : I' - A. Indeed, (idr, a) = A(idp,idr)oa = a. Thus,
we have that

(dp, q) 0 a[sd] = (dp, q) o (id, a[sd])
(6, a[sd])
(ida, a[s]) 0§

afs] o d



For the same reason, we have (dp,q) o a’[sd] = a'[s] o §. Suppose now that f
equalizes a[sd] and a'[sd]. Then:

als] 060 f = (3p,a) o alsd] o f
— (3p,a) o d/[sd] o f
= dls]odof

Thus as claimed, § f equalizes a[s] and a'[s]. The same equational reasoning gives
the converse implication.

We use this lemma as follows. We know that I4(a,a’)(sd) equalizes a[sd]
and a’[sd], thus § o I4(a,a’)(sd) equalizes a[s] and a'[s]. Thus by the equalizer
property, 6 o I4(a,a’)(sd) factors in a unique way through I4(a,a’)(s), and we
define v to be the unique morphism. Since we already know that the square
commutes, it only remains to prove that it is a pullback square.

Let hy : X — A’ and hy : X — dom(I4(a,a’)(s)) be two morphisms which
make the outer square commute. Necessarily, I4(a,a’)(s) o hy equalizes a[s] and
a'[s]. Since the outer square commutes, dh1 equalizes them as well. By Lemma 41,
h1 equalizes a[sd] and a'[sd]. Thus it factors uniquely through I14(a,a’)(sd). Let h
be the mediating arrow. It makes the left triangle commute by the factorisation
property and the right triangle commute because vh defines another unique
factorisation of dhy through I4(a,a’)(s).

We must check that this construction is functorial. Both conditions (for ids
and &1 o d3) follow immediately by uniqueness of the factorisation through the
equalizer. Thus we have shown that I4(a,a’) € Type(I').

Reflezivity. For each a € I' - A, we define the termry o : I' F14(a, a) as follows:

T TAua

. domaA(a,a)(idF))
idp

Stability under substitution. First we prove
La(a, a")[d] = Tags) (ald], a’[0])

It suffices to note that for any s, the arrows I4(a, a’)[0](s) and I4(5(a[d], a’[0])(s)
both equalize a[sd] and a’[sd]. The image of arrows is determined uniquely by
the factorisation under this equalizer, hence must also be unchanged.



Then we prove
T4,a[0] = T A[8),a[6]
This is because r4 4[d] is a correct factorisation of ida through I4(a,a’)[d] =
Lajs)(ald], a’[0]) and 1 4[5),q[s) is defined as the unique such factorisation.

Extensionality. Here, the judgement I' - a = a’ : A means that a and a’ are
equal morphisms of C. Suppose we have a term ¢ : I' b I4(a,a’). For the first
rule, note that I4(a,a’)(idr) o ¢ = idp, because ¢ is a term. But idy factors
through I4(a,a’)(idr). Thus it equalizes a and o', and it follows that a = a'. For
the second rule, note that the first rule implies that a = a’. Thus id; equalizes
a and a’ and there is a unique factorisation of idy through I4(a,a’)(idr). Since
c and r4 , are both such factorisations ¢ =14 .

Proposition 42. Let C be a finitely complete category, then (C,T¢) supports
identity types.

IT-types. If C is a lcce, then the cwf H(C) supports IT-types. Let Z be a
functorial family over I" and ? over F~X. Then the value of the family IT (27 ?)
at substitution ¢ : A — I' is defined by Hz(é)(g(z(id,é))), where IT; is the
right adjoint of f* obtained by the lcc structure. If a: 2 -+ Aand § : A — I,

we have to define a morphism H(Z, g)(é, «) yielding a pullback diagram. For
this purpose, first consider the following chain of isomorphisms in C/f2:

1T 50 B(A(id,80)) = Iy ;. B(A(id, 6) A (6, 0))
= [T 5 (A(6.0))"(B(A(id, 9))
~ o (I, B(A(id, 9)))

The first isomorphism is by uniqueness of the pullback of B(id, d) along X(é, a),
while the second is by the Beck-Chevalley condition applied to the pullback

square of A (4, ). Let us call ¢ this isomorphism. The action of o* also gives a
canonical morphism h : dom(a*(ﬂz(é)ﬁ(Z(id, 5)))) — dom(HX(é)E(Z(id, 8))),
thus we define:

(A, B)(5,0) = hé : dom(I1(A, B)(8)) — dom(I1(A, B)(6a))

As needed this defines a pullback square since it is obtained as an isomorphism
and a pullback, hence the definition of the functorial family I7( ) is now
complete, since the equations come from the universal property of the pullback.
The fact that I7( Z % 4] and II( [5], g[(ép, q)]) coincide on objects (of C/I)
is a stralghtforward calculatlon from which the fact that they coincide on mor-
phisms can be directly deduced.

The combinators A and ap come from natural applications of the adjunction
(Z(ld))* o Hz(i ay and the computation rules follow from the properties of



adjunctions. Behaviour of the combinators A and ap under substitution require
to rework the proof of the Beck-Chevalley conditions for lcces. As in [5], we will
not give the details.

Proposition 43. Let C be a lcce, then (C,T¢) supports IT-types.

D.2 TImage of 1-cells

Lemma 44. Let (F,o0) : (C,T) — (D,T") be a pseudo cwf-morphism with
families of isomorphisms 0 and p. Then for any 6 : A — I' in C and type
A € Type(I"), we have:

F({(dp,q)) = P;,lA<F(5)p’ Q>9.Z,1<SPA,A[6]

Proof. Direct calculation.

F((0p, @) = pra(F(6p), {035, } (A5 (@)
F 5p),{9215p}({9A[5 prialpa,ag))
) AT (Fp)(074.6)}alpa,aps])
)
)
)

(F(
_pF,A< (
= PFA<F(5P
= pra(F(0p),d[T'(F )(92 $)(id, qlpa,ars))])

(F( (p, al0, 5((Fp)p, Q)))(id, qlpa,a15])])

(F(

(F(

[
[
(04 5(Fp,dlpa,a))])
04

= pFA F(dp),
= pr4(F(0p),
= PFA F(op),
= pra(F(6)p, )05 5P, A7)

Using preservation of substitution extension and ¢, then coherence of # and
manipulation of cwf combinators.

q
q
q
q

A 5PA A[é]]>

From any functor F : C — D preserving finite limits, its extension to (F,or) :
(C,Tt) — (D, Tp) relies heavily on the following lemma.

Lemma 45 (Generation of isomorphisms). Let (C,T) and (D,T") be two
cufs, FF : C — D a functor preserving finite limits, a family of functions op :
Type(I') — Type'(FI') and a family of isomorphisms pra : F(I'-A) — FI-
or(A) such that ppr.a = Fp. Then there exists an unique choice of functions

014 on terms and of isomorphisms 04 5 such that (F, o) is a weak cwf-morphism.

Proof. By Lemma 28, the unique way of extending ¢ to terms is by exploiting
the redundancy between terms and sections and set o4 (a) = q[pr,aF((id,a))].
To generate 6, we exploit the two squares below:

s pr,aF((8p,a))pL!
FA-or(A)[F6 Y proop(A) FA-oA(Al5) 20 prop(A)
pl lp pi lp
FA Fr FA Fr

Fé Fé



The first square is a standard substitution pullback. The second is a pullback
because F' preserves finite limits and pr 4 and pa 4[5 are isomorphisms. The
isomorphism 64 s is then defined as the unique mediating morphism from the
first to the second. There is no other possible choice for 64 s : indeed, in an
arbitrary pseudo cwf-morphism 64 s necessarily already commutes with the pro-
jections of these pullback diagrams (easy consequence of Lemma 44), therefore
whenever (F, o) is such that F' preserves finite limits, 64 s must coincide with
this mediating arrow above.

We must now check that 6, defined as above, satisfies the necessary coher-
ence and naturality conditions. Clearly, 6 defined as above commutes with the
projections and satisfies 044 = id. We must now check that 6, defined as
above, satisfies the necessary coherence and naturality conditions, which will
be a consequence of the universal property of the pullback above. For the co-
herence condition, consider now that we have o : 2 - A and § : A — I'. The
morphism 6 4751, T (Fa)(04,5) is an isomorphism between 2-0(A)[F(da)] and
2-00(Alda]), thus we just have to prove that it preserves the projections (of
the pullback corresponding to these expressions, as in the diagram above) to
conclude by uniqueness of such an isomorphism. The two equations to prove are
therefore the following.

PO, T (Fa)(0a,5) =D (3)
praF((6ap, a))pg aisa10416),0 T (Fa)(0a,5) = ((F(6a))p, q) (4)

Equation (3) is clear by property of 6 4151 o and construction of (Fa)*64 5, while
equation (4) is a consequence of Lemma 44.

It remains to prove that 0 satisfies the naturality condition. Let f: A — B
be a morphism in T'(I"). We need to establish the following equality:

aA(T(0)(f))0as = 05T (Fo)(or(f))

It follows from the fact that both sides of this equation make the two trian-
gles commute in the following diagram, which is a pullback diagram because F’
preserves finite limits.

FA-op(A)[F5] (N (Fo)pa)

REEN pr.5F((60.0)P% 53]

“FA-0A(B[6) FI-or(B)

) )

FA 75 Fr

The proof that the two triangles commute only involves the definition of 04 s
and 0p s, along with manipulation of cwf combinators. This ends the proof that
(F,0) is a weak cwf-morphism.



Proposition 46. If F: C — D preserves finite limits, then op preserves democ-
racy.

Proof. The functor F' preserves finite limits, thus it preserves in particular the
terminal object: let us denote by ¢ : [| — F[] the inverse to the terminal pro-
jection. Let us note now that since the two involved cwfs have been built with
Hofmann’s construction, their democratic structure is trivial; we have [|-I' = I’
and vr = id. In particular, we have F([]-T') = F(I') = [|- FI. Thus to get
preservation of the democratic structure, it is natural to choose:

dr = (t,a)p 7+ [-og(T) = [-FT[Q)]
which makes the coherence condition essentially trivial.

Proposition 47. If (F,0) : (C,T) — (D,T") such that (C,T) and (D,T") sup-
ports identity types and F' preserves finite limits, then o preserves identity types.

Proof. Let A € Type(I'), and a,a’ € I' = A, then I'-14(a,a’) along with its
projection to I' is an equalizer of (id,a) and (id,a’). Indeed if § : A — I
such that (id,a)0 = (id,a’)d, it is straightforward to see that the morphism
h = (J,14[s),al5)) typechecks and satisfies ph = J. It is also the unique such
morphism because of the uniqueness of identity proofs. But F' is left exact and
in particular preserves equalizers, hence the pair (F/(I"-14(a,a’)), F(p)) defines
an equalizer of F((id,a)) = p}h(id,aﬁ(a» and F((id,a’)) = ppy(id, o (a’)).
From this it is obvious that the pair (FI'-or(A),p) is an equalizer of (id, o7 (a))
and (id, o4 (a’)). But for the same reason as in the beginning of the proof, the
pair (FI'1,,. (4 (cf(a),of(a’)),p) is already such an equalizer, therefore they
must be isomorphic and (F, o) preserves identity types.

We will now address the corresponding proposition for preservation of II-
types by (F, o), provided F preserves lcc structure. The proof will make use of
thr following notion.

Definition 48. If (C,T) is a cwf (not necessarily supporting II-types), I" a
context in C and A € Type(I") and B € Type(I'-A), let us call a IT-object
of A and B any type II(A, B) such that for all term ¢ : I'-A + B there is
Mc): ' I(A,B), for allc: I' b II(A,B) and a : I' = A there is ap(c,a) :
I' - B[(id, a)] satisfying the computation rules for IT-types (but no requirements
w.r.t. substitution). Then it is straightforward to check that just as exponentials
A = B of A and B are unique up to isomorphism, II-objects of A and B are
unique up to type isomorphism.

This notion extends to categories by relating them to the cwf built with Hof-
mann’s construction: if C is any category with a terminal object, if g : A — B
and f : B — C are morphisms in Will call a IT-object of f and g any mor-

phism II(f,g) : D — C such that II(f,g) is a IT-object off and g in (C,Tg).
Lemma 49. The two notions of IT-objects coincide: if (C,T) is a cwf, ' a

context in C and A € Type(I') and B € Type(I-A), then a type C is a IT-object
of A and B if and only if pc is a Il-object of pa and pp.



Proof. Obvious by the correspondence between terms of type A and sections of
PA.

Lemma 50. If C is any category with a terminal object, if g : A — B and
f: B — C are morphisms in C, then there is only one II-object of f and g up
to isomorphism in C/C.

Proof. The proof exactly mimics the proof of uniqueness of exponential objects.

Lemma 51. If C and C' are lcces and F : C — C' is a functor preserving finite
limits, then if F preserves the lcc structure, then it preserves II-objects.

Proof. Recall that if C is locally cartesian closed andifg: A — Band f: B — C
are morphisms in C, then there is a morphism I7;(g) : — — I', obtained by the
following pullback in C/C:

(g) — (9f)!

L
A(id)

120Dy

this extends to a functor I7; : C/B — C/C, which is right adjoint to the pullback
functor f*. Exploiting this adjunction, it is straightforward to prove that II(f)
is a IT-object of f and g in C. By uniqueness, it is the II-object of f and g, up
to isomorphism. But since F' preserves lcc structure it preserves pullbacks and
local exponentiation, thus it maps (up to isomorphism) this pullback diagram
into the following pullback:

F(I5(g)) — (F(9)F(f))")

l lF(g)FW
A(id)

l———=F("

So F(II;(g)) is as required a IT-object of F(f) and F(g).

Proposition 52. If (F,o0) : (C,T) — (C',T") such that (C,T) and (C',T")
supports Il-types and F preserves lcce structure, then o preserves II-types.

Proof. Let I" be a context of C, A € Type(I') and B € Type(I'-A), obviously
II(A, B) is a IT-object of A and B. Hence, pry(a,p) is a II-object of p4 and pp
by Lemma 49. But F' preserves II-objects by Lemma 51, so F(pra,p)) is a 11-
object of F(pa) and F'(pp). But F(pa) is isomorphic to p,,.(4) (the isomorphism
being pr,.4) and F(pp) is isomorphic t0 Py ., (B)[py4] (the isomorphism being
(p;’lAp, q)p;}l’B), therefore F'(prr(a,p)) is a I1-object of py .4y and Do s (B)[pr. 4]
hence it must be isomorphic t0 Prr(sr(A),0ra(B)[pr.a]) PY Lemma 50, so we have
the required isomorphism F(I'-II(A, B)) — FI'-II(or(A),ora(B)[pr,a])-



D.3 Image of 2-cells

Lemma 53 (Completion of pseudo cwi-transformations). Suppose (F, o)
and (G, 1) are pseudo cwf-morphisms from (C,T) to (C',T) such that F and
G preserve finite limits and ¢ : F = G is a natural transformation, then there
exists a family of morphisms (V) a : or(A) — 70 (A)[ér] such that (¢,ve) is
a pseudo cwf-transformation from (F, o) to (G,T).

Proof. We set Yy 4 = <p,q[p}’A¢p.Ap;7;]> :FI'opA — FI''tp(A)[¢r]. To check
the coherence law, consider the following composition of pullback squares.

o AG((0.0)(Pa ag) "

FA7a(A)[64] 2220 o GA7p(Als)) LI G (A)
| P P
FA — GA — Gr

The two paths T'(¢a)(0'y 5)T'(F0)(¢r,a) and Y4 ai5)fa,s of the coherence dia-
gram behave in the same way with respect to this pullback. Here is the calcula-
tion for the first path of the coherence diagram:

pr,aG((dp, >)(pAA6]) Hpap, )T (¢4)(04,6)T' (FO)(¥r,a)
= ((GO)p, )y 5 (dap, QT (¢a)(04,5)T' (FO)(Yr,a)

Go)p, a)(dap, a)(p, a[tbr,a((F6)p, q)])
G8)pap, dlpr abrapr 4 ((FO)p, q)])

= ((G8)p, )0y 5~ (GaD, A} (D, al0ly 5(daD, )T’ (FO)(vr,0)

= ((GO)p, )0y 5~ (Gap, a0 5 (62D, Q) T" (F8)(¥r.a)

= ((Gd)p 7Q>9 <p914,6<¢AP7Q> 04 5{d 2D, ) T' (F0)(Yr.a)
= ((GO)p, a){(dap, Q)T (FO)(tor 4)

(

(

= (¢r(Fo)p, dlpr adrapr 4 (FO)p,q)])
= (orp, Al a¢rapral)(F8)p, q)
= prabrapr 4 (F8)p,q)



where we use Lemma 44, then only the definition of 11 4, naturality of ¢ and
manipulation of cwf combinators. The calculation for the other path follows:

-1

Pr,aGU0D, A)pa as)  (PaPs AP, a1504,6
= Plp,AG((0p, >>p'AA[5 T 62D @) (P, AlPa a5 D 241517 2 a9 0.5
= P AG (0D, A))pla a5 (AP Aloa 42416104 415005
_PFAG(<5 ,A))Pa LA[S] 1<DP’A,A[5]¢A~A[5]PZ,1A[5]»Q[P/A,A[a]¢A.A[5]PZ,1A[5]]>9A,5
= praG(0p, a)PA s pA,A[é]¢A-A[5]pZ}A[5]9A,5
= Pr.aG((0p, 4)Paals1Palars 040

= PradraF (00, a)p 4 45040
= Prabraprapr,aF (00, a))p 4 5046
= pradrapr s (F8)p,q)

We have used naturality of ¢, preservation of the first projection by (F,o) and
(G, 7) and manipulations on cwf combinators.

Lemma 54. Completion of pseudo cwf-transformations commutes with both no-
tions of composition, i.e. if $ : F > G and ¢/ : G > H, then
(¢, ¥ ) (D ¥0) = (&', Yere)
(¢, 0g) x L= (@ % 1,ps1)
1w (¢, %9) = (1% &, Y14p)
(¢'s0gr) % (9,04) = (¢ % b, grag)

whenever these expressions typecheck.

Proof. The first equality is just a straightforward verification, and the second and
third are trivial given the definition of ;. The fourth though, requires a more
involved calculation with arguments really similar to those used to prove Lemma
53. We only detail the third case. Imagine we have the following situation:

(F,0) (F',0")
(C,T) —_ (., T — (", 1"
@n (@)

Let us call § and p the components of (F,c), 8’ and p’ the components of (F’, o’),
t and r the components of (G,7) and ¢’ and 7’ the components of (G', 7). Let

us also consider natural transformations ¢ : F = G and ¢’ : F' > G'. Let us
recall that the vertical composition of pseudo cwi-transformations follow those of

2-cells in the 2-category of indexed categories over arbitrary bases, which means
(6, 0) * (¢, 10g) = (¢ * ¢',m), where mp 4 is obtained by:

rrAer T/ (F/$r) (Y )pr,

ot (o0 K DB (o M) L o1 (e AN B TN 0 (1)



which the following calculation relates to (¥p«g')r,a

mra =T (F'or)((o)armma)loaon 0 rr((Ws)ra)
—1

)
= (p, Al ) al(F' S0P DO 6r Pirmr aipr F (o) ra)dirora
= (0, (Ve armr al(F'6r)D, DO a g Porrp ator F (06)1a)Prrora )
= (p,dl(Vg)Grirr APGrrraF (DD ) PFrrpalor] p/FF,TpA[d)p]F/((w¢)F,A)p/FF,UpA71]>
= (0, dl(Vg)arrraPar e al ((Grp, ) F ((Vs) ra)Perora )
= (p,q[(p, Q[TGF,TFAéf’/GDrpAPGF,TFA pGF,TpAF/(<¢Fpa q>)F/((w¢)F,A)p/FF,apA71]>}>
= (0, [ 7y 4B 1 aF ((DrD, VF (Y6) 1) Porora )
= (0, dlrerra®crraF ((Orp, q>rF,A¢F'Ap]_—'7{4)plFF7O'FA_1]>
= (0, d[rGrr abGreaF (rr, A¢F~AP1:1A)P}“F JFA_1]>
= (0, AlrirrraG (rr.a) by F (S04) F (07 ) Perora )
— (b, alpE§ (6% &) rapk s )

= (Ygxe' ) 1,4

We have first unfolded the action of T”” and o, then applied Lemma 44, unfolded
the definition of ¢4 and ¥, then used naturality of ¢’ and ¢. Of course there
are a lot of simplification steps, involving the preservation of the first projection
by all the present pseudo cwf-morphisms and manipulation of cwf combinators.

Proposition 55. There are pseudofunctors H : FL — CWFIdegI;E and H :
LCC — CwF > defined by:

HC = (C,T¢)
HF = (F,op)
Hep = (¢,v4)

Proof. First, note that as proved in Lemma 54, H is functorial on 2-cells.

For each C we need an invertible 2-cell Hc : Idc,1.) — H(Idc), this will
be the identity 2-cell since we have in fact H(Idc) = (Idc,o014.) = ide,m. by
construction of oyq;..

For each two functors F': C — D and G : D — E we need an isomorphism
Hrg : HGo HF — H(G o F), natural in F and G. It is given by Hpg =
(1gF, Y14, ). The naturality condition amounts to the fact that the following
square commutes:

(lerigp)
_—

(G7UG)(F70F) (GF7UGF)
J{(&%)*(rb”%f) J/(d)l*d)’%'*"’)
(lerigp)
(G/a O-G/)(F/7 UF') —— (G/F/, O'G/F/)



which is a direct consequence of Lemma 54. The coherence laws w.r.t. associa-
tivity of composition and identities also stems from Lemma 54. In fact, Lemma
54 implies that to check the validity of any equation involving vertical and hor-
izontal compositions of pseudo cwf-transformations built with Lemma 53 and
identity pseudo cwf-transformations, it suffices to check the equality of the cor-
responding base natural transformation, ignoring the modifications.

E Proofs of Section 6

Definition 56 (The pseudo cwf-morphism 7 1y). For each cuwf (C,T),
context I' of C and type A € Type(I"). Consider:

— The identity functor Idc : C — C,

— For each context I' and type A € Type(I'), the functorial family or(A)
defined by:

or(A)(0) = paj
or(A)(6,7) = (vp,q)

— The isomorphism pr 4 =idpra.

Then by Lemma 45, it completes in an unique way to a pseudo cwf-morphism
N, * ((CaT) — (C7T(C) = HU((C7T))

Lemma 57 (The pseudonatural transformation n). The family 1 1) :
(C,T) — HU((C,T)) is pseudonatural in (C,T).

Proof. For each pseudo cwf-morphism (F, o), the pseudonaturality square re-
lates two pseudo cwf-morphisms whose base functor is F. Hence, the necessary
invertible pseudo cwif-transformation is obtained using Lemma 53 from the iden-
tity natural transformation on F. The coherence conditions are straightforward
consequences of Lemma 54.

Definition 58 (The pseudo cwf-morphism ¢ r)). For each cuf (C,T),
context I' of C and type A € Type(I"). Consider:

— The identity functor Idc : C — C,
— For each context I' and functorial family A C/I" — C7, the type TF<X)
defined by:
(A) = v(A (dr))

— The isomorphism pr.a : dom(Z) — F~Inv(2(idr)) is the isomorphism
between Z(id) and Pty Gdpy) C/T.

Then by Lemma 45, it completes in an unique way to a pseudo cwf-morphism
G(C,T) : HU((C,T) = ((C,T(c) — ((C,T).



Lemma 59 (The pseudonatural transformation €). The family e¢c 1) :
HU(C,T) — (C,T) is pseudonatural in (C,T).

Proof. Exactly the same reasoning as for 7.

Theorem 60. We have the following biequivalences of 2-categories.

H H
FL == CwF;” LCC =—= CwF™"
Proof. We need to define invertible modifications m : ne — 1 and m/ : en — 1.
Taken at each cwf (C,T'), m(c 1y and m’((C 7 are both generated from the identity
natural transformation using Lemma 53. It is obvious by Lemma 54 that they
satisfy the required coherence law.



