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Abstract8

We consider synthesis problems from logical specifications over infinite data domains, expressed in9

the logic constraint LTL (CLTL), which extends LTL with predicates over an infinite set of data10

values. We consider register-bounded synthesis, where the goal is to automatically generate, if it11

exists, a transducer with r registers that realizes a given CLTL formula, where r is also given as12

input. We prove that CLTL register-bounded synthesis is 2ExpTime-c for various data domains13

such as any countable set with equality, (Q, <), and (N, <). For the latter domain, this contrasts14

with known undecidability results of (unbounded) register CLTL synthesis, by Bhaskar and Praveen.15

Lastly, we consider synthesis in a partial observation setting, by extending CLTL with invisible16

variables.17
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1 Introduction21

Boolean reactive synthesis Program synthesis – the automatic generation of programs from22

high-level specifications – has emerged as a promising avenue to improve software reliability,23

by producing programs that are correct by construction.24

A particularly rich and well-studied area within the field of program synthesis is reactive25

synthesis [2], which focuses on the design of algorithmic methods for the automatic con-26

struction of reactive systems, i.e. systems that maintain ongoing interactions with their27

environments. Over the past fifteen years, there has been remarkable progress in the synthesis28

of reactive systems modeled as finite state machines (Mealy machines), from specifications29

expressed in linear-time temporal logic (LTL). These developments have led to the creation30

of powerful tools and solvers, whose performance are continuously evaluated through the31

annual Reactive Synthesis Competition [14].32

Beyond the Booleans Classical reactive synthesis methods focus on complex control33

aspects and typically assume that reactive systems process a finite set of Boolean signals,34

while ignoring data. More recent research have considered extensions of this purely Boolean35

setting to data-aware reactive systems. In particular, there is a line of work on the synthesis36

of infinite-state systems modeled as transducers with registers. In this setting, programs37

targeted by synthesis algorithms are modeled as a Mealy machine extended with registers38

that allow storing and comparing incoming data to produce data. In turn, the synthesis39

problem is parameterized by a data domain, i.e. a countable set of data values and a finite40

set of predicates over those data values.41

A natural candidate for expressing temporal specifications over data domains is constraint42

LTL (CLTL), which extends LTL with constraints over data values [8]. CLTL formulas are43

built over a finite set of variables X, which is extended by considering for any variable x ∈ X,44

k + 1 copies x(0), . . . , x(k) of x. The intended meaning of x(i) is to denote the content of x in45

i steps. The syntax of CLTL formulas is defined as for LTL, except that atomic formulas are46

predicates over the (copied) variables. As an example, the CLTL formula G(x(0) = y(2)) is47
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satisfied if, at any instant t, x holds the same data value as y at instant t + 2. Over a set of48

data values D, models of CLTL formulas are sequences of valuations (X → D)ω. It is worth49

noting that the satisfiability of a CLTL formula depends on the data domain. For instance,50

G(x(0) > x(1)) is satisfiable in Z but not in N. The formula G(x0 < x(1) ≤ y(0) = y(1)) is51

satisfiable in Q but not in Z.52

In an attempt to classify data domains, the completion property has been considered in the53

literature [8]. For a data domain D, it asks that for any satisfiable constraint C (defined as a54

conjunction of predicates over D), any partial valuation satisfying a sub-constraint of C can55

be extended to a (total) valuation satisfying C. For example, the constraint C0 = x < y < z56

is satisfiable in Q, and any valuation of x, z satisfying x < z can be extended to a valuation of57

x, y, z satisfying C0, e.g. by taking y = (x + z)/2. While any domain (D, =) and the domain58

(Q, <) satisfy the completion property, important data domains such as (N, <) and (Z, <)59

do not. As an example, the partial valuation x = 0, z = 1, which satisfies x < z, cannot be60

extended to a valuation that satisfies C0.61

While the satisfiability problem for CLTL (over various data domains) has been quite62

studied in the literature [4, 8] (see also the survey [6] and the references therein), not much63

is known about the synthesis problem. In this context, the set of variables is further divided64

into variables I controlled by the environment (input variables) and variables O controlled65

by the system (output variables). The synthesis problem from specifications expressed in66

CLTL has been studied in [1]. It consists in deciding whether there exists a strategy that, at67

each step, reads data values of I, and outputs data values for O, resulting in an infinite data68

word over I ∪O that satisfies the CLTL formula. It is shown that over data domains with69

the completion property, CLTL synthesis is decidable. However, synthesis is shown to be70

undecidable for (Z, <). To recover decidability, the authors of [1] consider some restriction,71

called single-sidedness, in which the power of the environment is restricted. In this paper,72

we take an orthogonal route to recover decidability.73

Register-bounded reactive synthesis While [1] considers arbitrary strategies, we focus on74

strategies represented by register transducers. A register transducer successively receives as75

input a valuation (I→ D), compares it with the data values stored in its registers, assigns76

some of the input values to its registers (or none), and finally produces some output valuation77

(O→ D) by assigning to each variable in O the content of some register. These strategies78

are more amenable to implementations, as they are close to real programs. We consider the79

register-bounded synthesis problem from CLTL(D), defined as the problem of deciding, given80

as input a CLTL formula Φ over D and some integer r, whether there exists a transducer81

with r registers which realizes Φ (and in that case output it). As we show, bounding the82

number of registers (but not the number of states) allows to recover decidability for CLTL83

synthesis over data domains such as (Z, <). Register-bounded synthesis is also desirable84

for synthesizing systems with a minimal number of registers. As registers represent some85

auxiliary memory, this is particularly relevant in contexts where resources are limited.86

Contributions Our objective is to develop general techniques that allow us to show87

decidability results for families of data domains. To that end, we develop reductions from88

the register-bounded synthesis problem to a realizability problem over a finite alphabet. The89

key in this approach is the analysis of the set SD of infinite constraint sequences over D that90

are satisfiable. Our contributions are as follows.91

1. We first show that if SD is an ω-regular language, then the register-bounded synthesis92

problem from CLTL(D) is decidable (Theorem 10). In addition, we prove that if a data93

domain D meets the completion property, then SD is ω-regular. This allows us to prove94

that the register-bounded synthesis problem from CLTL is 2ExpTime-c over any domain95

(D, =) for a countable set D, and over the domain (Q, <) (Corollary 19).96

2. Yet, S(Z,<) is not ω-regular (see [9]), which reflects the undecidability result mentioned97
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earlier. As a remedy, we show that if SD can be over-approximated by an ω-regular98

language which coincides with SD on lasso words, then the register-bounded synthesis99

problem from CLTL(D) is decidable (Theorem 22). We show that this is the case for100

numerous data domains including (N, <), (Z, <), (Σ∗,⪯pref ) for Σ any finite alphabet and101

⪯pref the prefix relation, as well as (Zk, <k) for any k and <k the partial order on tuples102

(pairwise comparison), using a reduction to [15]. This implies that the register-bounded103

synthesis problem from CLTL is 2ExpTime-c for all these data domains (Corollary 28).104

3. Lastly, we consider a partial-observation generalization in which the CLTL formula has105

private and public input variables, but the system only has access to public ones. We106

show that our approach can be leveraged to this setting, yielding that the problem is107

2ExpTime-c for any domain (D, =), and over the domain (Q, <) (Corollary 32).108

Related work Synthesis problems of register transducers over data domains have already109

been considered in the literature, but mostly when the specification is already given as an110

automaton, and in particular a register automaton, see [10, 11,16,17]. Beyond specifications111

given by deterministic register automata, synthesis quickly turns into undecidability. That112

is the case, for instance, for specifications given by non-deterministic or universal register113

automata [10, 16], which are strictly more expressive than their deterministic restrictions.114

When considering the data domains (Z, <) and (N, <), synthesis is already undecidable for115

specifications given by deterministic register automata [9].116

Register-bounded synthesis has been considered for specifications given as register auto-117

mata [10,15,16]. In particular, for specifications given as universal register automata over118

(Z, =) and (Z, <), register-bounded synthesis has been shown to be decidable [11, 15, 16]. A119

legitimate question is whether register-bounded synthesis from CLTL could be reduced to120

register-bounded synthesis from register automata and directly apply the results of [11,15,16].121

We do not know of any reduction that would preserve the number of registers needed to realize122

the specification. Indeed, even though CLTL formulas can be converted into deterministic123

register automata, this conversion is however modulo some model encoding: CLTL formulas124

are interpreted over (X → D)ω while register automata are executed on words in Dω, and125

so tuples need to be encoded as chunks of d = |X| consecutive data. Having access to d data126

at once allows for register succinctness. This is because register transducers in [11, 15, 16]127

have access to only one data at a time, while the register transducers of this paper receive128

as input a tuple of data, to match the semantics of CLTL formulas. For example, a CLTL129

specification might require to output an input value only if it appears twice in a tuple. To130

check the latter property, a register transducer in [11, 15, 16] would need d−1 additional131

registers.132

On top of the related papers already cited before, we would like to mention the work on133

constraint tree automata over (Z, <), whose emptiness problem is proved to be decidable134

in [7], allowing us to prove the decidability of the branching-time logics constraint CTL and135

CTL∗ over data domain (Z, <). It is, however, not clear how register-bounded synthesis from136

constraint LTL could be reduced to the emptiness problem of such automata.137

2 Constraint LTL and automata over data words138

Finite and infinite words Given an alphabet Σ finite or not, let Σ∗ (resp. Σω) be the set of139

finite (resp. infinite) sequences, called words, over Σ. In this paper, we denote finite words140

as u = u1u2 . . . un where ui ∈ Σ for all i ∈ {1, . . . , n}. We let |u| = n denote its length and141

for 1 ≤ i ≤ j ≤ |u|, we let u[i,j] = uiui+1 . . . uj . Similarly, if u = u1u2 . . . is an infinite word,142

we let u[i,+∞] = uiui+1 . . . be the infinite suffix starting at position i.143

Data We define a data domain D as a tuple (D, P ), where D is an infinite set whose144

elements are called data and P is a finite set of predicates (relations over D of any arity). It145
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is also required that the set of predicates always contains the equality predicate, in order146

to be able to distinguish data values. In this paper, we will mostly use the data domains147

(D, =) (where D is arbitrary), (Q, <) and (N, <). Note that (N, <) does not contain equality,148

but x = y can be expressed as ¬(x < y) ∧ ¬(y < x). In general, data domains are defined as149

interpretations of a set of predicate symbols, however to simplify the presentation, in this150

paper we confuse symbols with their (intuitive) semantics. Lastly we say that a data domain151

is decidable if its existential first-order theory is decidable.152

Constraints Let V be a finite set of variables, and D = (D, P ) be a data domain. A153

valuation from V to D is a (total) mapping from V to D. We denote by V alV,D the set of154

valuations from V to D. Given two valuations ν1, ν2 defined over two distinct subsets A1, A2155

of V , we let ν1 ⊎ ν2 be the valuation defined on A1 ∪A2 by ν1 ⊎ ν2(x) = νi(x) if x ∈ Ai.156

A literal ℓ over V is a term of the form p(x1, . . . , xk) or its negation ¬p(x1, . . . , xk), with157

p ∈ P of arity k and x1, . . . , xk ∈ V . It is satisfied by a valuation w ∈ V alV,D, written w |= ℓ,158

if (w(x1), . . . , w(xk)) ∈ p if ℓ = p(x1, . . . , xk) (and (w(x1), . . . , w(xk)) ̸∈ p for a negative159

literal). A constraint C is a conjunction of literals. We often view C as the set of its conjuncts.160

We denote by CV the set of constraints on variables in V . We say that a constraint C ∈ CV161

is satisfiable if there exists a valuation w ∈ V alV,D such that w |= ℓ for all literals ℓ ∈ C. We162

write w |= C when this holds.163

A constraint C is consistent if it does not contain a literal and its negation. It is maximally164

consistent if it is consistent and for all predicates p of arity k and for all (x1, . . . , xk) ∈ V k,165

either p(x1, . . . , xk) or its negation occurs in C. For example over (N, <), the constraint166

C0 = (x < y) ∧ (y < z) ∧ (x < z) ∧ ¬(y < x) ∧ ¬(z < y) ∧ ¬(z < x) is not maximally167

consistent, but C1 = C0 ∧ ¬(x < x) ∧ ¬(y < y) ∧ ¬(z < z) is. We denote by MCV the set of168

maximally consistent constraints over V .169

Completion property For V ′ ⊆ V , we define the restriction C|V ′ of a constraint C, as the170

subset of literals of C that use only variables in V ′. A satisfiable constraint C is completable171

if for any V ′ ⊆ V , for all w′ ∈ V alV ′,D such that w′ |= C|V ′ , there exists w ∈ V alV,D such172

that w′(x) = w(x) for all x ∈ V ′ and w |= C.173

A data domain has completion property (we also say it is completable) if all satisfiable174

and maximally consistent constraints are completable. For example, (N, <) does not meet175

the completion property, if we take the constraint C1 defined before, it is satisfiable and176

maximally consistent. Then we can build w′ such that w′(x) = 0 and w′(z) = 1, it satisfies177

C1|{x,z}, but we cannot find y ∈ N such that (x < y) ∧ (y < z). However:178

▶ Lemma 1 (Corollary 5.4 in [8]). Data domains (D, =) and (Q, <) are completable.179

Data valuation words Let V be a finite set of variables and D = (D, P ) be a data domain, a180

data valuation word is a sequence w = w1w2 · · · ∈ (V alV,D)ω. Data valuation words are used181

to model the traces of the systems that we want to synthesize. As CLTL allows us to compare182

valuations that occur at different time points, we also introduce another notion of valuation183

word. Let k ∈ N, and define the set of k-future variables as V (k) = {x(i) | x ∈ V, 0 ≤ i ≤ k}.184

A k-extended valuation word is a sequence ν = ν1ν2 · · · ∈ (V alV (k),D)ω. Intuitively, νi(x(j)) is185

intended to be the value of x at time i + j, and therefore it is required that νi(x(j)) = νi+j(x).186

This condition is enforced by the notion of compatible extended valuation words, defined as187

the sequences ν ∈ (V alV (k),D)ω such that188

∀i > 0,∀0 < j ≤ k, ∀x ∈ V, νi(x(j)) = νi+j(x)189

We define a bijection between valuation words and their compatible k-extended form, via190

the function extendk : (V alV,D)ω → (V alV (k),D)ω defined by extendk(w) = ν where for191

all j ≥ 1 and all x(i) ∈ V (k), νj(x(i)) = wj+i(x). One can show that extendk is a bijection192
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between valuation words and compatible k-extended valuation words, and we denote by193

compress its inverse. Last, we lift ⊎ from valuations to valuation words in the obvious way.194

▶ Example 2. Let V = {x, y} and D = (N, <). We consider w ∈ (V alV,D)ω given by195

wi(x) = i and wi(y) = i + 1 for all i ≥ 1. Then ν = extend1(w) is given by νi(x(0)) =196

i, νi(x(1)) = νi(y(0)) = i + 1, νi(y(1)) = i + 1 for all i ≥ 1.197

Constraint words A constraint word is a sequence c = C1C2 · · · ∈ (CV )ω of constraints198

over V . A valuation word w ∈ (V alV,D)ω satisfies c, written w |= c, if ∀i ≥ 1, wi |= Ci. We199

let JcK = {w ∈ (V alV,D)ω | w |= c}. Given c′ ∈ (CV )ω, we write c ⊆ c′ whenever for all i ≥ 1,200

C ′
i ⊆ Ci (seen as sets of literals). In particular, c ⊆ c′ implies Jc′K ⊆ JcK.201

For clarity purposes, we write C(k)
V the set of constraint over V (k) instead of CV (k) , the same202

goes for MC(k)
V . Constraint words in C(k)

V are said to be of rank k. The satisfiability notion203

is extended to constraint words c ∈ (C(k)
V )ω of rank k via the function extendk. Formally,204

w ∈ (V alV,D)ω satisfies c if extendk(w) satisfies c, and JcK = {w ∈ (V alV,D)ω | w |= c}.205

CLTL Fix a data domain D = (D, P ). The logic CLTL(D) is defined as the set of206

formulas of the following form. The atomic formulas of rank k ≥ 0 are terms of the form207

p(x(n1)
1 , . . . , x

(nℓ)
ℓ ), where p ∈ P is a predicate of arity ℓ, and 0 ≤ n1, . . . , nℓ ≤ k are integers.208

We denote this set by Atomk . CLTL(D)-formulas of rank k are inductively defined as:209

Φ ::= Φ1UΦ2 | Φ1 ⇒ Φ2 | ¬Φ | XΦ | a ∈ Atomk.210

A CLTL(D)-formula is a CLTL(D)-formula of rank k for some k. As usual, the Boolean211

connectives ∧ and ∨ can be defined from ⇒ and ¬, and we let ⊤ = a ∨ ¬a (for some atomic212

formula a) and ⊥= ¬⊤. Moreover, as for LTL formulas, we define the temporal operators213

globally (G) and eventually (F ) by FΦ = ⊤UΦ and GΦ = ¬F¬Φ. Finally, we may write x214

instead of x(0), and CLTL instead of CLTL(D) when D is clear from the context.215

The size |Φ| of a formula Φ is defined as the number of symbols in Φ, where any occurrence216

of a variable x(i) is considered to be of size i.217

Semantics We define the semantics of CLTL by induction on formulas. Let ν ∈ (V alV (k),D)ω
218

and Φ a CLTL formula over V (k). We say that ν satisfies Φ, written ν |= Φ, if the following219

holds (inductively):220

if Φ = p(x⃗) then ν1 |= p(x⃗)221

if Φ = ¬Ψ then ν ̸|= Ψ222

if Φ = Ψ1 ⇒ Ψ2 then ν ̸|= Ψ1 or ν |= Ψ2223

if Φ = XΨ then ν[2,+∞] |= Ψ224

if Φ = Ψ1UΨ2 then ∃n ≥ 1 such that ∀1 ≤ i < n, ν[i,+∞] |= Ψ1 and ν[n,+∞] |= Ψ2225

Given a valuation word w ∈ (V alV,D)ω, we say that w satisfies Φ, also written w |= Φ, if226

extendk(w) |= Φ holds. We let L(Φ) = {w ∈ (V alV,D)ω | w |= Φ}.227

▶ Example 3 (Example 2 continued). Consider Φ = G
(
x ≤ y ∧ y ≤ y(1)) ∈ CLTL(D). One228

can easily check that w ∈ JΦK holds.229

▶ Definition 4. A constraint automaton (CA) A over D is a tuple (Q, ∆, I, χ, k) where Q is230

a finite set of states, k ∈ N is the maximal rank for the constraints, ∆ ⊆ Q× C(k)
V ×Q is a231

transition relation, I ⊆ Q is a set of initial states and χ ∈ V alQ,N a coloring of the states.232

A run of a CA over a valuation word w ∈ (V alV,D)ω is a sequence of transitions t ∈ ∆ω
233

such that for all i ≥ 1, ti = (qi−1, Ci, qi), with wi |= Ci and q0 ∈ I. A run is accepting if234

the highest color seen infinitely often along the run is even. Under the non-deterministic235

semantics, the word w is accepted if there exists an accepting run. This yields the model236
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of non-deterministic parity CA. The number of priorities of A is the size of χ(Q). We will237

also consider a universal semantics: in this case, a word w is accepted if all runs on w are238

accepting. An automaton is deterministic if for any two transitions of the form (q, C1, p1) and239

(q, C2, p2) such that p1 ̸= p2, for all valuation w ∈ V alV,D, either w ̸|= C1 or w ̸|= C2. We240

also consider subclasses of CA: we say that an automaton has a Büchi acceptance condition241

(resp co-Büchi) if all its states have color 1 or 2, that is, χ(Q) ⊆ {1, 2} (resp χ(Q) ⊆ {0, 1}).242

It has a reachability (resp safety) acceptance condition if it has a Büchi (resp co-Büchi)243

acceptance condition and there exists no transition from a state colored 2 to a 1 (resp from 1244

to 0). Last, the language of a CA A is the set of accepted words, and is denoted L(A).245

We call syntactic automaton Astx the automaton A seen as a finite automaton over the246

finite alphabet C(k)
V of constraints of rank k and let Lstx(A) = L(Astx) denote its language.247

From CLTL to constraint automata It is well-known any LTL sentence can be converted248

into a Büchi automaton. This result carries over to CLTL and constraint automata.249

▶ Proposition 5. Let Φ be a CLTL formula. One can construct in ExpTime a universal250

co-Büchi CA A such that L(Φ) = L(A) whose size is exponential in the size of Φ.251

Proof. The logic CLTL can be seen as LTL over the finite alphabet C(k)
V . As such we can252

use the classical exponential procedure that converts any LTL formula into an equivalent253

non-deterministic Büchi automaton, to build a non-deterministic Büchi constraint automaton254

equivalent to the CLTL formula (see Section 3.2 in [6]). The result follows by applying the255

latter construction on the negation of the formula and interpreting the resulting automaton256

with a universal co-Büchi condition. ◀257

▶ Example 6 (Example 3 continued). A constraint automaton equivalent to the CLTL formula258

considered above is depicted in Figure 1a.259

0 1

x > y

y > y(1)

Tx ≤ y ∧ y ≤ y(1)

(a) A universal co-Büchi CA. The colors are
indicated in the states.

⊤,
(
x ↓ r

)
,
(
↑ r

)
x > r,

(
x ↓ r

)
,
(
↑ r

)

x ≤ r,
(
∅
)

,
(
↑ r

)
(b) A register transducer

Figure 1 A constraint automaton and a register transducer.

3 Register-bounded synthesis problem from CLTL260

3.1 Synthesis problem over finite alphabets261

We first recall the synthesis problem for ω-regular specifications over a finite alphabet. In this262

setting, the goal is to synthesize (if it exists) a finite transducer over a finite input alphabet263

Σin and a finite output alphabet Σout that realizes a specification S ⊆ (ΣinΣout)ω, given,264

for example, as a non-deterministic Büchi automaton. Let us formally define this problem.265

A finite transducer (FT for short) is a tuple T = (Σin, Σout, Q, q0, δ) such that Q is a finite266

set of states with initial state q0 ∈ Q, and δ : Q × Σin → Σout × Q is a (total) transition267

function. The semantics of T is a language, denoted L(T ) ⊆ (ΣinΣout)ω, defined as the set268

of words i1o1i2o2 · · · ∈ (ΣinΣout)ω such that there exists a sequence of states p0p1 · · · ∈ Qω
269

with p0 = q0 and for all j ≥ 1, δ(qj , ij) = (oj , qj+1).270

A specification S ⊆ (ΣinΣout)ω is said to be realizable if there exists a finite transducer271

T such that L(T ) ⊆ S. Büchi-Landweber’s Theorem states that when S is ω-regular, the272

latter problem is decidable [3]. More precisely, this problem can be solved in ExpTime when273
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S is given as a universal co-büchi automaton [19], and is 2ExpTime-c when S is given as an274

LTL formula over some sets of input and output atomic propositions [20].275

3.2 Register transducers over data words276

We now want to extend this to infinite alphabets and specifications given as CLTL formulas.277

We need to adapt the model of implementation, i.e. transducers. To this end, we first extend278

the notion of finite transducer to transducers over infinite alphabets that act over a finite set279

of registers. Let D = (D, P ) be a data domain.280

Action words Let V = I ⊎O be a finite set of variables partitioned into I (input variables)281

and O (output variables). They are also called system and environment variables in the282

context of synthesis. Let R be a finite set of elements called registers. An action over R and283

V is a tuple in TestI,R ×AssignI,R ×OutputO,R where:284

TestI,R =MCI∪R is the set of maximally consistent constraints over I ∪R.285

AssignI,R is the set of partial functions ρass : R ↪→ I from R to I.286

OutputO,R = V alO,R is the set of (total) functions ρout : O→ R from O to R.287

Assignment are to be understood as a way to store data that we receive in input to compare288

them later in tests or output them. We denote by ActI,O,R the set of actions. An action289

word is an infinite word a ∈ (ActI,O,R)ω. We denote by (ActI,O,R)ω the set of action words.290

The semantics of an action word a = (C1, ρass
1 , ρout

1 )(C2, ρass
1 , ρout

1 ) . . . is a language291

JaK ⊆ (V alV,D)ω that we now define. Assume w = (wV
1 = wI1 ⊎wO1 )(wV

2 = wI2 ⊎wO2 ) . . . be a292

sequence of valuations. We "execute" the action word a on w. Registers are used to store293

data from the input valuations in w, and the actions on registers (tests and assignments) are294

dictated by a. Let d0 ∈ D be some data value. Registers in R are all initialized with the295

value d0 (valuation wR
1 ). Then, test C1 is performed on wI1 ∪ wR

1 . If it succeeds, registers296

are updated according to ρass
1 (giving valuation wR

2 ), and the valuation wO1 = wR
2 ◦ ρout

1 is297

output. The execution proceeds with the new action (C2, ρass
2 , ρout

2 ) and register valuation298

wR
2 . This is formally captured by the following compatibility notion.299

We say that a valuation word w = (w1 = wI1 ⊎ wO1 )(w2 = wI2 ⊎ wO2 ) · · · ∈ (V alV,D)ω is300

compatible with an action word a ∈ (ActI,O,R)ω if there exists a register valuation word301

wR = wR
1 wR

2 · · · ∈ (V alR,D)ω such that wR
1 (r) = d0 for all r ∈ R and for all i ∈ N>0:302

wIi ⊎ wR
i |= Ci;303

wR
i+1(r) = wIi ◦ ρass

i (r) if ρass
i (r) is defined, otherwise wR

i+1(r) = wR
i (r);304

wOi = wR
i+1 ◦ ρout

i .305

The language of an action word a is the set JaK ⊆ (V alV,D)ω of valuation words compatible306

with a. We write w |= a whenever w ∈ JaK. It is worth observing that if w ∈ JaK, then the307

associated register valuation word wR is unique and depends on d0.308

In order to remove this dependency regarding d0, which has been arbitrarily chosen, we309

consider the ω-regular language AWω
I,O,R ⊆ (ActI,O,R)ω composed of action words that only310

test or output a register once it has been assigned with some input data value. Formally,311

we relax the definition of action words by also considering tests that are not maximally312

consistent. Then, given a ∈ AWω
I,O,R, the language JaK does not depend on d0.313

▶ Definition 7 (Register transducer). A register transducer (RT for short) over D is a tuple314

T = (Q, q0, R, V, δ) where:315

R is a finite set of registers316

V = I ⊎O is a finite set of variables partitioned into input variables and output variables317

such that V ∩R = ∅318

(TestI,R, AssignI,R ×OutputO,R, Q, q0, δ) is a finite transducer, denoted Tstx.319
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In order to rule out transducers that could test a register before it has been assigned,320

we will only consider well-behaved transducers that satisfy the following property. W.l.o.g.,321

by enriching states, we assume that there exists a mapping χ : Q→ 2R that indicates the322

registers that have been assigned. Then we assume that for every pair of transitions of the323

form (p, C1, (ρass
1 , ρout

1 ), q1), (p, C2, (ρass
2 , ρout

2 ), q2), if C1|I∪χ(p) = C2|I∪χ(p), then ρass
1 = ρass

2 ,324

ρout
1 = ρout

2 and q1 = q2. This states that if two transitions perform the same test on the325

input variables and registers that have been assigned, then the two transitions lead to the326

same state and realize the same assignments and outputs. This way, we can merge transitions,327

resulting in a transducer whose tests are maximally consistent constraints over registers that328

have already been assigned. We can then show that L(Tstx) ⊆ AWω
I,O,R.329

We define two semantics for T . The first is more syntactic and is useful to define330

finite abstractions of languages defined by register transducers, and is simply defined as331

Lstx(T) = L(Tstx). The second one, over valuations of V , is defined as L(T) =
⋃

a∈Lstx(T)JaK.332

3.3 Synthesis problem over data domains333

When moving from a finite alphabet to data words over some data domain D, we lift334

specifications from ω-regular languages over a finite alphabet to languages L ⊆ (V alV,D)ω,335

for some set of variables V . Such a specification can, of course, be described by a constraint336

automaton, as well as by a CLTL formula, which is the purpose of this work. Regarding337

implementations, we consider well-behaved register transducers, leading to the following338

problem:339

Register-bounded Synthesis Problem from CLTL(D)340

Input: A CLTL(D) formula Φ over V = I ⊎O and an integer r341

Output: A well-behaved register transducer T over V and with r registers, if it exists, which342

realizes Φ, i.e. such that L(T ) ⊆ L(Φ).343

The decision problem associated with the synthesis problem is called the realizability344

problem, and only asks whether such a transducer T exists. In this paper, when stating345

hardness results with respect to the complexity of the synthesis problem, they refer to the346

realizability problem. Moreover, when stating upper-bounds, they also include the cost of347

constructing a solution (a register transducer).348

We assume that r is given in unary. This is reasonable as the expected register transducer349

has r registers, which means that the configuration of the registers is already of size r.350

▶ Example 8 (Example 3 continued). We consider again Φ = G
(
x ≤ y ∧ y ≤ y(1)) with351

I = {x} and O = {y}. In our context, since RT can only output data they received before,352

a transducer realizing this specification must output the largest input seen so far. The353

(well-behaved) RT with a single register depicted in Figure 1b realizes this specification. The354

transitions are to be read as follows: x ↓ r corresponds to an assignment (the valuation of x355

in stored in register r) and ↑ r corresponds to an output.356

4 Data domains with ω-regular satisfiability357

Let D be a data domain. For all integer k ≥ 1 and set of variables X, let358

SATk,X = {c′ ∈ (C(k)
X )ω | c′ is a word of maximally consistent constraints and Jc′K ̸= ∅}359

be the set of satisfiable constraint words in D.360

▶ Definition 9. We say that D has effective ω-regular satisfiability if, for every k, X, one361

can construct an automaton recognizing SATk,X .362

In this section, we will show the following theorem.363
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▶ Theorem 10. Let D be a data domain with effective ω-regular satisfiability. Then register-364

bounded synthesis from specifications expressed as universal co-Büchi CA over D is decidable.365

The main idea is to reduce the problem to a synthesis problem for an ω-regular specification366

over a finite alphabet, using some sound and complete finite abstraction stated in Lemma 13.367

Since the goal is to synthesize a register transducer, the finite alphabet is the set of actions368

ActI,O,R of the transducer, which is partitioned into input actions (constraints over I and R)369

and output actions (register assignments and output function). The next two lemmas are370

technical results towards proving Lemma 13. From now on, we fix D some data domain.371

From action words to constraint words First, in order to compare actions of register372

transducers and constraints of constraint automata, sequences of actions are canonically373

mapped to sequences of constraints, via a mapping cstr : (ActI,O,R)ω → (C(1)
V ∪R)ω. Remember374

that an action is a triple (C, ρass, ρout) where C is a constraint over I ∪R, ρass : R ↪→ I is a375

partial function and ρout : O→ R a function. The latter two assignments induce constraints376

between V and R. It is also worth noting that the register valuation at step i is the one used377

for the test, while the one at step i + 1 is the one obtained after the assignment, which is used378

for producing the output. For example, the assignment ρass implies that the next content of379

register r is equal to the value of variable ρass(r). Similarly, any output variable y ∈ O holds380

a value equal to the next content of register ρout(y). Formally, for all a = (C1, ρass
1 , ρout

1 ) . . . ,381

we let cstr(a) = C ′
1C ′

2 . . . where:382

C ′
i = Ci ∧

∧
r ∈ R s.t.

ρass
i

(r) defined

(r(1) = ρass
i (r)) ∧

∧
r ∈ R s.t.

ρass
i

(r) not defined

(r(1) = r) ∧
∧

y∈O
(y = (ρout

i (y))(1))383

The latter transformation is correct in the following sense, which is based on the previous384

observation that states that when a ∈ AWω
I,O,R, the language JaK does not depend on d0:385

▶ Lemma 11. Let a ∈ AWω
I,O,R then JaK = Jcstr(a)K|V .386

Since a specification has constraints over V (k), and a register transducer expresses387

properties of action words, which themselves hold constraints over V = I ⊎O and R, one388

needs a mechanism to synchronize these two types of constraints. This is done via the389

following function called extension, denoted join : (ActI,O,R)ω × (C(k)
V )ω →MC(k)

V ∪R, defined390

for any a ∈ (ActI,O,R)ω and c ∈ (C(k)
V )ω as391

join(a, c) = {c′ ∈MC(k)
V ∪R | cstr(a) ⊆ c′ and c ⊆ c′}392

Valuations satisfying constraint words in join(a, c), when restricted to variables in V ,393

satisfy both a and c. Using Lemma 11, we prove:394

▶ Lemma 12 (Adequation). Let a ∈ AWω
I,O,R, c ∈ (C(k)

V )ω, w ∈ V alV ∪R,D and c′ ∈395

(MC(k)
V ∪R)ω such that w |= c′. Then c′ ∈ join(a, c) iff w|V |= a and w|V |= c.396

The next lemma formalizes the reduction of synthesis from infinite to finite alphabets.397

▶ Lemma 13 (Transfer Lemma). Let A a universal co-Büchi CA and R a set of registers. Let398

WA,R = {a ∈ AWω
I,O,R | ∀c ∈ (C(k)

V )ω, (∃c′ ∈ join(a, c), c′ ∈ SATk,V ∪R)⇒ c ∈ Lstx(A)}399

L(A) is realizable by an RT with |R| registers iff WA,R is realizable by an FT.400

Proof. ⇒ Suppose A is realized by some well-behaved RT T, i.e. L(T) ⊆ L(A). We show401

that Tstx realizes WA,R, i.e., L(Tstx) ⊆WA,R. Let a ∈ L(Tstx). Let c ∈ (C(k)
V )ω such that402
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∃c′ ∈ join(a, c) and c′ ∈ SATk,V ∪R. By definition of SATk,V ∪R, there exists w ∈ (V alV ∪R,D)ω,403

such that w |= c′. By Lemma 12, w|V |= a and w|V |= c. As a ∈ L(Tstx) and w|V |= a, we404

get w|V ∈ L(T), and therefore w|V ∈ L(A). Let ρ be a run of Astx on c. Since w|V |= c, we405

have that ρ is a run of A on w|V . From w|V ∈ L(A) we find that ρ is accepting. Since this406

is true for all runs ρ and A has a universal acceptance condition, we finally get c ∈ L(Astx).407

So, a ∈WA,R, by definition of WA,R. Finally, we have shown that L(Tstx) ⊆WA,R.408

⇐ Suppose WA,R is realized by a finite transducer Tf = (Q, I, Σi, Σo, δ) where Σi =409

TestI,R, Σo = AssignI,R × OutputO,R and δ : Q × TestI,R → AssignI,R × OutputO,R × Q.410

We have L(Tf ) ⊆ WA,R. The finite transducer Tf can be seen as an R-register transducer T411

over D, i.e. such that Tstx = Tf . In addition, as we have WA,R ⊆ AWω
I,O,R, T is well-behaved.412

We show that T realizes A, i.e. L(T) ⊆ L(A).413

Let w ∈ L(T). The run of T on w induces an action word that we write a, as well as a414

word of valuations w′ ∈ (V alV ∪R,D)ω such that w′|V = w. We have w |= a by semantics of415

register transducer. In particular a ∈ L(Tf ). Remember that we want to show w ∈ L(A).416

Let ρ be a run of A on w. We let c be the constraint word induced by ρ, by semantics of417

constraint word and automata w |= c. Let c′ ∈MC(k)
V ∪R the maximally consistent constraint418

word such that w′ |= c′ (it is obtained by choosing for every literal and its negation the one419

that w satisfies). As both w |= a and w |= c, by Lemma 12 we have c′ ∈ join(a, c). Moreover,420

since w′ |= c′, we have c′ ∈ SATk,V ∪R. As a ∈ L(Tf ), so a ∈ WA,R by hypothesis. By421

definition of WA,R, we have c ∈ L(Astx). By definition of c and since Astx is universal, ρ is422

accepting. As this is true for all runs ρ of A on w, we get w ∈ L(A). ◀423

The next lemma states that WA,R is ω-regular whenever D has regular satisfiability and424

establishes some complexity bounds on the size of the representation of WA,R.425

▶ Lemma 14. Let A be a universal co-Büchi CA with n states. If D has effective ω-regular426

satisfiability, then WA,R is effectively ω-regular: given k ∈ N and registers R, if SATk,V ∪R427

is recognizable by a non-deterministic parity automaton with ns states and cs colors, then428

WA,R is accepted by a universal co-Büchi automaton with O(ns.cs.n.2|R|) states.429

Proof sketch. We first consider the following definitions/equalities:430

A = (ActI,O,R)ω × (C(k)
V )ω × (MC(k)

V ∪R)ω

Ljoin = {(a, c, c′) ∈ A | c′ ∈ join(a, c)}
W′ = {(a, c, c′) ∈ A | (a, c, c′) /∈ Ljoin ∨ c′ /∈ SATk,V ∪R ∨ c ∈ L(Astx)}
WA,R = {a ∈ AWω

I,O,R | ∀c ∈ (C(k)
V )ω,∀c′ ∈ (MC(k)

V ∪R)ω, (a, c, c′) ∈W′}

431

As a consequence, a universal co-Büchi automaton for WA,R can be derived from one for432

W′. Let us explain how we build it. First, ensuring that an action word is in AWω
I,O,R433

can be done by a deterministic automaton with O(2|R|) states. Then, Ljoin is recognizable434

by a deterministic (safety) automaton with two states. Then, the complement of W′
435

roughly corresponds to the intersection of Ljoin with SATk,V ∪R and with the complement of436

L(Astx). The non-deterministic parity automaton for SATk,V ∪R can be translated into a437

non-deterministic Büchi one in polynomial time. In addition, as A is a universal co-Büchi CA,438

the complement of L(Astx) is also recognized by a non-deterministic Büchi automaton. Last,439

the intersection of two non-deterministic Büchi automata is known to be a non-deterministic440

Büchi automaton of polynomial size. ◀441

Proof sketch of Theorem 10 The Transfer Lemma (Lemma 13) reduces the register-442

bounded synthesis problem to a synthesis problem over a finite alphabet, whose specification443

is ω-regular by Lemma 14. This problem is decidable by Büchi-Landweber’s Theorem.444
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Data domains with the completion property Theorem 10 is established for data domains445

with effective ω-regular satisfiability. We prove that any data domain satisfying the completion446

property has ω-regular satisfiability. Intuitively, we build a safety automaton that stores the447

last constraint read and checks that two consecutive constraints are compatible.448

▶ Lemma 15. Let D be a decidable completable data domain (resp. decidable in ExpTime),449

then D has ω-regular satisfiability (resp. a deterministic parity automaton recognizing SATk,X450

can be constructed that has exp(k.|X|) states and 2 priorities.451

▶ Remark 16. In the statement, we require that the existential first-order theory of D452

is decidable. In fact we only require decidability of the satisfiability of conjunctions of453

constraints and not any formula, this problem is generally easier.454

We can now state the main result of this section:455

▶ Theorem 17. Let D be a decidable completable data domain (resp. decidable in ExpTime).456

Then register-bounded synthesis from CLTL(D) is decidable (resp. 2ExpTime-c). It is457

2ExpTime-hard for any fixed number of registers r ≥ 2.458

Proof sketch. To prove the upper bound, we first build from a CLTL formula Φ an equivalent459

CA A, using Proposition 5. Then, using Lemmas 13, 14, 15, realisability of Φ reduces to460

that of WA,R, which can be recognized by a universal co-Büchi automaton whose size is461

exponential in |Φ|, k and |R|. Last, realizability for specifications expressed by universal462

co-Büchi automata can be decided in ExpTime [19].463

For the lower bound, we reduce the problem of LTL synthesis (over finite alphabets),464

which is already 2ExpTime-c [20], to bounded register synthesis with two registers, over465

domain D. Intuitively, we use two distinct data values in order to encode the two boolean466

values, and add constraints in the formula in order to ensure that the register transducer467

uses two registers to store these data values all along the execution. ◀468

▶ Remark 18. In Theorem 17, the lower bound already holds for two registers, and also if D469

has an existential first-order theory decidable in PTime. Moreover, this lower bound holds470

for any data domain, as long as you are able to express the equality.471

We have seen in Lemma 1 that (D, =) and (Q, <) are completable data domains. In472

addition, it is easily seen that the existential first-order theory of (D, =) is decidable in NP,473

as well as for (Q, <). As a consequence of Theorem 17, we obtain:474

▶ Corollary 19. Register-bounded synthesis from CLTL(D, =) and CLTL(Q, <) is 2ExpTime-475

complete.476

5 ω-Regularly approximable data domains477

Another important setting is the data domain (N, <). As said before, it is not completable,478

but worse than that, its set of satisfiable constraint words SATk,X is not regular. Actually,479

when considering only finite words, this set is regular, but it turns out that it is not regular480

when considering infinite words. Here is an example to illustrate this discrepancy. We define481

decrease = (x(1) < x(0) ∧ y(1) = y(0)) and reset = (x(0) = y(0) ∧ y(1) = y(0)). Then we look at482

the family of constraint words reset.decreasei1 .reset.decreasei2 .reset.decreasei3 . . . . Depending483

on the sequence (in)n≥0, the constraint word will or will not be satisfiable: if (in)n≥0 has484

an upper bound then by picking the first value for y big enough we can build a satisfying485

valuation, but otherwise the constraint word is not satisfiable. In this section, we will show486

an extension of the previous framework that allows to capture such data domains.487
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5.1 General approach488

Let X be a set of variables. We let LASSO ⊆ (MC(k)
X )ω denote the set of ultimately periodic489

constraint words (or lasso-shaped word).490

▶ Definition 20. We say that D is effectively ω-regularly approximable if for every k, X, we491

can build an ω-regular language QSATk,X ⊆ (MC(k)
X )ω such that SATk,X ⊆ QSATk,X and492

SATk,X ∩ LASSO = QSATk,X ∩ LASSO.493

▶ Remark 21. QSATk,X can be thought of as an over-approximation of SATk,X which is494

exact on lasso-shaped words.495

▶ Theorem 22. Let D be an effectively ω-regularly approximable data domain. Then register-496

bounded synthesis from specifications expressed as universal co-Büchi CA is decidable.497

Let A be a universal co-Büchi CA over D, an ω-regularly approximable data domain, and498

R be a set of registers. Fix QSATk,V ∪R ⊆ (MC(k)
V ∪R)ω as given in Definition 20. We define499

the following language:500

WQ
A,R = {a ∈ AWω

I,O,R | ∀c ∈ (C(k)
V )ω, (∃c′ ∈ join(a, c), c′ ∈ QSATk,V ∪R)⇒ c ∈ Lstx(A)}501

▶ Lemma 23. WA,R is realizable a FT iff WQ
A,R is realizable by a FT.502

Proof sketch. For the reverse direction, it is easy to verify that the inclusion SATk,V ∪R ⊆503

QSATk,V ∪R entails WA,R ⊇ WQ
A,R. Thus, if there exists a FT T that realizes WQ

A,R, i.e.504

L(T) ⊆WQ
A,R, then it also realizes WA,R.505

To prove the direct implication, we will show that for any FT T, L(T) ̸⊆WQ
A,R entails506

L(T) ̸⊆WA,R. Following the lines of the proof of Lemma 14, and using the same notations,507

we consider the following definitions/equalities:508

W′
Q = {(a, c, c′) ∈ A | (a, c, c′) /∈ Ljoin ∨ c′ /∈ QSATk,V ∪R ∨ c ∈ L(Astx)}

WQ
A,R = {a ∈ AWω

I,O,R | ∀c ∈ (C(k)
V )ω,∀c′ ∈ (MC(k)

V ∪R)ω, (a, c, c′) ∈W′
Q}

509

In addition, as QSATk,V ∪R is ω-regular, we can build a non-deterministic Büchi automaton510

B accepting the complement W′
Q of W′

Q. Observe that by definition of W′ and W′
Q, the equal-511

ity SATk,V ∪R ∩ LASSO = QSATk,V ∪R ∩ LASSO entails W′ ∩ LASSO = W′
Q ∩ LASSO (⋆).512

Let T be an FT such that L(T) ̸⊆ WQ
A,R: there exist a ∈ L(T), c ∈ (C(k)

V )ω, c′ ∈513

(MC(k)
V ∪R)ω such that (a, c, c′) ̸∈ W′

Q, and thus (a, c, c′) ∈ L(B). Considering the product514

T×B, we can exhibit a lasso shaped word (b, d, d′) ∈ L(B) such that b ∈ L(T). Property515

(⋆) entails (b, d, d′) ̸∈W′, hence b ̸∈WA,R, and thus L(T) ̸⊆WA,R. ◀516

▶ Remark 24. Observe that if WQ
A,R is realizable a FT T, WA,R is also realizable by T.517

Proof sketch of Theorem 22518

By Lemmas 13 and 23, we have that L(A) is realizable iff WQ
A,R is realizable by a FT.519

The definition of WQ
A,R is the same as that of WA,R, while substituting SATk,V ∪R with520

QSATk,V ∪R. As a consequence, Lemma 14 can be adapted to prove that WQ
A,R is effectively521

ω-regular, and we conclude using Büchi-Landweber’s Theorem.522
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5.2 Proving ω-regular approximability523

In [15], a similar notion of ω-regular approximability is considered, but their setup is different524

as they do not start from logic but from register automata. As such, their syntactic input525

languages are not over constraint words as we do, but over action words. One of the differences526

is that they only speak of the future one time step ahead and that they receive values one at527

a time. Still, we will show that it is possible to transfer ω-regular approximability results528

from their setting to ours.529

In the setting of [15], there is a single input, hence I should be a singleton (I = {⋆}) and530

there is no output (O = ∅). Last, we let R denote some set of registers. With these choices,531

we denote by FEASR ⊆ (Act{⋆},∅,R)ω the set of action words a such that JaK ̸= ∅. We will532

also denote by LASSOAW the adaptation of LASSO to the set (Act{⋆},∅,R)ω.533

▶ Definition 25. Let D be a data domain. We say that D is effectively AW regularly534

approximable (AW-RA) if, for every R, we can build an ω-regular language QFEASR ⊆535

AWω
I,O,R such that FEASR ⊆ QFEASR and FEASR ∩ LASSOAW = QFEASR ∩ LASSOAW .536

Now we can state the following result:537

▶ Proposition 26 ( [15]). Each of the following data domain is effectively AW regularly538

approximable:539

(N, <): natural numbers with linear order540

(Z, <): integers with linear order541

(Zd, =d, <d): tuples of integers, with pointwise linear order (d ∈ N is fixed)542

(Σ∗,≺): finite words over Σ with the prefix relation543

In addition, for each of these domains, given a set of registers R, the set QFEASR is recognized544

by a non-deterministic parity automaton with exp(|R|) states and poly(|R|) priorities.545

This follows from different results proven in [15]. First, it is shown in Section 3.2 that546

for all R, (N, <) has a witness QFEASR of ω-regular approximability recognized by a non-547

deterministic parity automaton with exp(|R|) states and poly(|R|) priorities. Then, it is548

shown in Sections 4.2 and 4.3 that the other data domains reduce to (N, <). In Remark 18,549

it is explained why these reductions induce a construction for QFEASR that preserves its550

size and number of priorities (only a polynomial blowup occurs).551

The next result allows us to transfer these positive results to our setting:552

▶ Lemma 27. If a data domain D is effectively AW-RA, then it is effectively ω-regularly553

approximable: if QFEASR can be recognized by a non-deterministic parity automaton with554

exp(|R|) states and poly(|R|) priorities, then QSATk,X can be recognized by a non-deterministic555

parity automaton with exp((k + 1).|X|) states and poly((k + 1).|X|) priorities.556

Proof sketch. The intuitive idea of the construction is to translate what happens in the557

setting of constraint sequences into that of action words over inputs of dimension 1. To558

that end, intuitively, we need to trade the higher dimension of input variables (|X|) and the559

possibility to look at horizon k with longer executions. Each step in the setting of constraint560

sequences will be simulated by (k + 1).|X| steps in the action words setting.561

Let D be an effectively AW regularly approximable data domain. Let X = {x1, . . . , x|X|}562

be a set of variables and k ∈ N. We define the following set of registers:563

R = {xi,j | 1 ≤ i ≤ |X|, 0 ≤ j ≤ k}564

In particular, we have |R| = (k + 1).|X|565

Formally, we define a mapping Ψ : (MC(k)
X )ω → (Act{⋆},∅,R)ω from constraint sequences566

over X(k) to action words over R (with the same conditions as above, i.e. singleton input567
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variables, and empty set of output variables). We describe how it works on an example.568

Assume that X = {x, y, z} and k = 1. We thus have access to six data values, which we will569

store in six registers. Each step in the constraint sequence setting is simulated by six steps570

in the action word setting. The way we convert w = c1c2 . . . is depicted on Figure 2.571

x(0) y(0) z(0) x(1) y(1) z(1) x(0) y(0) z(0) x(1) y(1) z(1) x(0) y(0) z(0) x(1) y(1) z(1)

Initialize registers Update registers Update registers

Check consistency Check consistencyCheck c1 Check c2 Check c3

Figure 2 Illustration of the construction of Lemma 27.

During the first six steps, we initialize the registers with the data values that we read.572

At the end of these steps, we are able to check the first constraint c1. Then, the data are573

processed six by six as follows: the first three data should correspond to data seen previously574

(as x(0) corresponds to x(1) one step before), so we have to check consistency. Still, we update575

the registers, and at the end of these six steps, we are able to check the constraint c2.576

We claim that this mapping fulfills the two following properties:577

(i) ∀w ∈ (MC(k)
X )ω, w ∈ SATk,X ⇔ Ψ(w) ∈ FEASR578

(ii) ∀w ∈ (MC(k)
X )ω, w ∈ LASSO⇒ Ψ(w) ∈ LASSOAW579

We let QSATk,X = Ψ−1(QFEASR). Property (i) gives SATk,X = Ψ−1(FEASR). Thus,580

FEASR ⊆ QFEASR entails, by monotonicity of the inverse image, SATk,X ⊆ QSATk,X . In581

addition, Property (ii) easily gives QSATk,X ∩ LASSO ⊆ SATk,X , which implies SATk,X ∩582

LASSO = QSATk,X ∩ LASSO as expected.583

Regarding complexity, one can observe that Ψ is realized by an FT TΨ with two states.584

As QSATk,X = Ψ−1(QFEASR), we can build an automaton accepting QSATk,X by doing a585

wreath product between TΨ and an automaton recognizing QFEASR, yielding the result, as586

we have |R| = (k + 1).|X|. ◀587

▶ Corollary 28. For D ∈ {(N, <), (Z, <), (Zd, <d), (Σ∗,≺)}, register-bounded synthesis from588

CLTL(D) is 2ExpTime-c.589

Proof sketch. Let D be one of these data domains and Φ ∈ CLTL(D). Let A be a universal590

co-Büchi CA built from Φ. By Proposition 26 and Lemma 27, a bound on the size of591

a non-deterministic parity automaton recognizing QSATk,V ∪R can be derived. Then, the592

complexity analysis done in the proof sketch of Theorem 17 can be adapted to show the593

upper bound. The lower bound follows from the one of Theorem 17 as it does not depend on594

the data domain (Remark 18). ◀595

6 CLTL register-bounded synthesis with partial observation596

Partial observation aims to improve the modeling capabilities. While a system may contain597

numerous variables, the controller usually has access to only a few of them [18]. In this598

section, we study an extension of CLTL that features partial observation: we split our set of599

input variables into two subsets, public (visible) inputs Iv and private (hidden) inputs Ih.600

▶ Example 29. To illustrate this setting, consider an environment that, at each turn, outputs601

two public values in1, in2. One of them must be equal to some private (hidden) variable t602

(target), that the controller aims at identifying infinitely often, using some variable g (guess)603
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that it outputs at each turn. Such a setting can be captured as follows. Let Iv = {in1, in2},604

Ih = {t} and O = {g} and consider the following formula:605

Φ = G

 ∨
i∈{1,2}

in(0)
i = t(0)

⇒ GF
(

g(0) = t(0)
)

606

This formula is not realizable, as D is infinite and the way t alternates between in1 and in2 is607

arbitrary. However, if we assume a periodic behavior of the environment, then we obtain the608

following formula (here with period p):609

Φper =

G
(

t(0) = t(p)
)
∧G

 ∨
i∈{1,2}

in(0)
i = t(0)

⇒ GF
(

g(0) = t(0)
)

610

Now, we can show that this formula is realizable by a register transducer with 2 registers,611

which stores the two first inputs to identify which one repeats after p rounds.612

Let V = Iv ⊎ Ih⊎O be a set of variables. We say that a transducer T with input alphabet613

Iv and output alphabet O PO-realizes a specification L ⊆ (V alV,D)ω iff ∀wh ∈ (V alIh,D)ω,614

∀w ∈ L(T), w ⊎ wh ∈ L.615

Register-bounded Partial Observation Synthesis Problem from CLTL(D)616

Input: A CLTL(D) formula Φ over V = Iv ⊎ Ih ⊎O and an integer r617

Output: A register transducer T over (Iv,O) with r registers that PO-realizes Φ, if it exists.618

As the specification deals with input variables Iv ∪ Ih, while the transducer only reads619

inputs in Iv, we need to adapt the transfer lemma. To that end, given an action word a over620

Ih, and an action word a′ over Iv ∪ Ih, we say that a′ is a completion of a if for all i > 0, if621

ai = (Ci, ρass
i , ρout

i ) then a′
i = (C ′

i, ρass
i , ρout

i ), with C ′
i ∈ (MC(k)

V ∪R)ω such that Ci = C ′
i|Iv∪R.622

We let complIh
(a) denote the set of completions of a.623

Then, given a universal co-Büchi CA A, we consider the following set:624

WP O
A,R =

{
a ∈ (ActIv,O,R)ω | ∀a′ ∈ complIh

(a),∀c ∈ (C(k)
V )ω,

(∃c′ ∈ join(a′, c), c′ ∈ SATk,V ∪R)⇒ c ∈ Lstx(A)

}
We can then adapt the transfer lemma and prove:625

▶ Lemma 30 (Partial observation transfer Lemma). Let A be a universal co-Büchi CA. Then626

L(A) is PO-realizable by a RT with |R| registers iff WP O
A,R is realizable by a FT.627

Following the same lines as in Section 4, we prove:628

▶ Theorem 31. Let D be a data domain with effective ω-regular satisfiability. Register-629

bounded partial observation synthesis from CLTL(D) is decidable. If, in addition, D is630

completable and decidable in ExpTime, then it is in 2ExpTime.631

▶ Corollary 32. Register-bounded partial observation synthesis from CLTL(D, =) and632

CLTL(Q, <) is 2ExpTime-c.633

7 Conclusion634

We have shown that when the set of satisfiable constraint sequences over a data domain D is635

ω-regular, or ω-regularly approximable, then the register-bounded synthesis problem from636

CLTL(D) is decidable. In addition, we have provided detailed complexity analysis to obtain637

optimal complexity results for most of the classical data domains studied in the literature.638

Last, we have also proven that our approach can be generalized to partial observation.639
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This work opens several perspectives. First, one could investigate natural extensions of640

this work, for instance by targeting other data domains (e.g. sets of natural numbers with641

inclusion [13]), or other logics over data words (e.g. freeze LTL [5]). Another direction consists642

in trying to lift successful approaches developed for reactive synthesis from the boolean to643

the data-aware setting. For instance, one could investigate compositional approaches, as644

well as heuristics based on antichains, as proposed in [12] to develop more efficient symbolic645

algorithms.646
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A Omitted proofs of Section 4722

Proof of Lemma 11723

▶ Lemma 11. Let a ∈ AWω
I,O,R then JaK = Jcstr(a)K|V .724

Proof. Intuitively, this property follows from the fact that when a ∈ AWω
I,O,R, the language725

JaK does not depend on d0. Let a = (C1, ρass
1 , ρout

1 ) · · · ∈ AWω
I,O,R and cstr(a) = C ′. We726

proceed by double inclusion.727

⊆. Let wV ∈ (V alV,D)ω be such that wV ∈ JaK. First by semantics of JaK, there is a728

valuation of the register wR along the run of a on wV .729

We call w = wV ⊎ wR. We claim that w ∈ Jcstr(a)K which immediately yields the result.730

This follows from the definition of the semantics of JaK and of the constraint word cstr(a), as731

we have simply encoded the semantics of a into cstr(a).732

⊇. Let w ∈ (V alV ∪R,D)ω, we suppose w ∈ Jcstr(a)K. Then we know that for all i > 0,733

wi |= C ′
i that is:734

wi |= Ci.735

∀r ∈ R such that ρass
i (r) is defined, wi |= (r(1) = ρass

i (r)).736

∀r ∈ R such that ρass
i (r) is not defined, wi |= (r(1) = r).737

∀y ∈ O, wi |= (y = (ρout
i (y))(1))738

We want to show w|V ∈ JaK that is, there exists a word wR ∈ (V alR,D) that satisfies the739

semantics of action words.740

Let reg ∈ (V alR,D)ω such that ∀i ≥ 1, ∀r ∈ R:741

regi(r) =
{

wi(r) if ∃j < i, ρass
j (r) is defined

d0 otherwise742

Now we show that w|V ∈ JaK, using this valuation word for registers. Let i > 0:743

reg1(r) = d0 for all r ∈ R as there is no j < 1 such that ρass
j is defined (ρass starts at744

one).745

Then we show, wi|I ⊎ regi |= Ci. by hypothesis we have wi |= Ci, but test in action word746

are defined only on input variables and registers. So wi|I ⊎wi|R |= Ci. Since a ∈ AWω
I,O,R,747

we know that all registers that appear in Ci have been assigned strictly before step i.748

Hence, wi|I ⊎ regi |= Ci.749

We show for all r ∈ R, regi+1(r) = wi|V ◦ ρass
i (r) if ρass

i (r) is defined. Let r ∈ R such750

that ρass
i (r) is defined, by hypothesis wi |= (r(1) = ρass

i (r)), so wi+1(r) = wi(ρass
i (r))751

and by definition of assignment ρass
i (r) ∈ V , hence wi+1(r) = wi|V (ρass

i (r)). Also since752

ρass
i (r) is defined, wi+1(r) = regi+1(r), So finally regi+1(r) = wi|V ◦ ρass

i (r)753

Then we show for all r ∈ R, regi+1(r) = regi(r) if ρass
i (r) is not defined. Let r ∈ R such754

that ρass
i (r) is not defined, by hypothesis wi |= (r(1) = r) so wi+1(r) = wi(r). There are755

two cases:756

if there exists j < i such that ρass
j (r) is defined, then regi(r) = wi(r). In addition, we757

also have j < i + 1, hence regi+1(r) = wi+1(r). Together with wi+1(r) = wi(r), we758

obtain regi+1(r) = regi(r).759

otherwise, there is no j < i such that ρass
j (r) is defined. Then there is also no such760

j < i + 1 and thus both regi(r) = d0 and regi+1(r) = d0. We can conclude regi(r) =761

regi+1(r) as well.762

We show wV
i = regi+1 ◦ ρout

i . Let y ∈ O. As a ∈ AWω
I,O,R, we know that the register763

r = ρout
i (y) has already received an assignment, that is, there exist j ≤ i such that764

ρass
j (r) is defined and thus regi+1(r) = wi+1(r). By hypothesis wi |= (y = (ρout

i (y))(1)),765

so wi(y) = wi+1(ρout
i (y)) = regi+1(ρout

i (y)) = regi+1 ◦ ρout
i (y). So wV

i = regi+1 ◦ ρout
i .766

Finally JaK = Jcstr(a)K|V ◀767
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Proof of Lemma 12768

▶ Lemma 12 (Adequation). Let a ∈ AWω
I,O,R, c ∈ (C(k)

V )ω, w ∈ V alV ∪R,D and c′ ∈769

(MC(k)
V ∪R)ω such that w |= c′. Then c′ ∈ join(a, c) iff w|V |= a and w|V |= c.770

Proof. Let c ∈ (C(k)
V )ω, a ∈ AWω

I,O,R, w ∈ V alV ∪R,D, c′ ∈ (MC(k)
V )ω such that w |= c′.771

⇒772

Suppose that c′ ∈ join(a, c). We first show w|V |= c. As c ⊆ c′, we have for all i ≥ 0773

for all literal p ∈ ci, p ∈ c′
i, but w |= c′, hence w, i |= c′

i and directly w, i |= p, but as p is a774

predicate whose variable are all in V , w|V , i |= p. So w|V |= c.775

Then for a, with the same argument as above we can get w |= cstr(a) and by Lemma 11,776

we have w|V |= a.777

⇐778

We suppose w|V |= a and w|V |= c. We first show Jc′K ⊆ JcK. As w ∈ Jc′K, for all i ≥ 0779

for all literal p ∈ ci, as c′ is maximally consistent and w, i |= p, p ∈ c′
i, hence c ⊆ c′.780

Then for a, by Lemma 11, we have w |= cstr(a) and then with the same argument as781

above cstr(a) ⊆ c′. And by definition of join, c′ ∈ join(a, c). ◀782

Proof of Lemma 14783

▶ Lemma 14. Let A be a universal co-Büchi CA with n states. If D has effective ω-regular784

satisfiability, then WA,R is effectively ω-regular: given k ∈ N and registers R, if SATk,V ∪R785

is recognizable by a non-deterministic parity automaton with ns states and cs colors, then786

WA,R is accepted by a universal co-Büchi automaton with O(ns.cs.n.2|R|) states.787

Proof. Given two alphabets A and B, we say that a set L ⊆ Aω × Bω is recognizable788

by some automaton if the set of words w = (a1, b1)(a2, b2) · · · ∈ (A × B)ω such that789

(a1a2 . . . , b1b2 . . . ) ∈ L, is recognizable by some automaton over alphabet A×B. This notion790

is naturally generalized to sets L ⊆ Aω
1 × · · · ×Aω

n , for A1, . . . , An arbitrary alphabets.791

We define the following objects:

A = (ActI,O,R)ω × (C(k)
V )ω × (MC(k)

V ∪R)ω

Ljoin = {(a, c, c′) ∈ A | c′ ∈ join(a, c)}
W′ = {(a, c, c′) ∈ A | (a, c, c′) /∈ Ljoin ∨ c′ /∈ SATk,V ∪R ∨ c ∈ L(Astx)}
WA,R = {a ∈ AWω

I,O,R | ∀c ∈ (C(k)
V )ω,∀c′ ∈ (MC(k)

V ∪R)ω, (a, c, c′) ∈W′}

First, one can easily verify that an action word belongs to AWω
I,O,R by storing in the792

state the set of registers assigned so far and verifying that the test only considers initialized793

registers. The number of states is exponential in the number of registers.794

Secondly, Ljoin is recognizable by a deterministic (safety) automaton Ajoin with two states,795

one accepting and one rejecting sink. Let us describe its transitions. Remind the construction796

of Lemma 11, which from the constraint of an action a over V , constructs a constraint797

that we denote cstr(a), over V ∪ R. Now, in the accepting state, upon reading a triplet798

(c, a, c′), the automaton stays in the accepting state if c′ is maximally consistent, c ⊆ c′ and799

cstr(a) ⊆ c′. Otherwise it goes to the sink state.800

Now, our goal is to build an automaton for the set W′. Note that WA,R = {a |801

∀c∀c′, (a, c, c′) ∈W′} (⋆).802

Now let us call Asat the non-deterministic parity automaton recognizing {(a, c, c′) ∈
A | c′ ∈ SATk,V ∪R}. Now, any constraint automaton A can be seen as Astx, a finite state
automata over the finite alphabet C(k)

V , that recognizes Lstx(A), which is therefore regular.
Note that Astx is a universal coBüchi automaton, we also extend this automaton to take
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as input triplet of A, that is we define A′
stx the automata recognizing {(a, c, c′) ∈ A | c ∈

Lstx(A)}. Therefore, we define

W′ = L(Ajoin)C ∪ L(Asat)C ∪ L(A′
stx)

We denote U = W′C = L(Ajoin) ∩ L(Asat) ∩ L(A′
stx)C and show how to build an automaton803

recognizing it. As described above, the automaton Ajoin is a Büchi automaton (safety is a804

particular case of Büchi). The automaton Asat can be converted into a non-deterministic805

Büchi automaton with O(ns.cs) states. Finally, interpreting A′
stx as a non-deterministic806

Büchi automaton, we get a non-deterministic Büchi automaton recognizing L(A′
stx)C in807

constant time. The classical intersection operation on non-deterministic Büchi automata808

yields a non-deterministic Büchi automaton AU with O(n.ns.cs) states recognizing U . Let809

AW′ be AU with inverted parity (one become zero and two become one) interpreted as810

a universal coBüchi automaton, it will recognize the complement of AU . We finally have811

L(AW′) = W ′, and AW′ has O(n.ns.cs) states.812

Using the equality (⋆), by projecting the transitions of U on the alphabet ActI,O,R, and813

taking a product with a deterministic automaton with O(2|R|) states recognizing AWω
I,O,R,814

we get a universal coBüchi automaton recognizing W , with O(n.ns.cs.2|R|) states.815

◀816

Proof of Lemma 15817

▶ Lemma 15. Let D be a decidable completable data domain (resp. decidable in ExpTime),818

then D has ω-regular satisfiability (resp. a deterministic parity automaton recognizing SATk,X819

can be constructed that has exp(k.|X|) states and 2 priorities.820

Proof. Given a constraint C, we let future(C) be the constraint which consists of all literals821

ℓ(x(i1−1)
1 , . . . , x

(in−1)
n ) for all literals ℓ(x(i1)

1 , . . . , x
(in)
n ) ∈ C such that i1, . . . , in ̸= 0.822

We show the ω-regularity by exhibiting a safety deterministic automaton S = (Q, i, δ, F )823

recognizing SATk,V ∪R.824

Q = {qinit} ∪ {c ∈MC(k−1)
V | c is satisfiable}825

i = qinit826

δ = {(q, c, p) | q = c|V (k−1) and p = future(c)}827

F = Q828

Now let w ∈ MC(k)
V , as long as the constraints wi and wi+1 are compatible with the829

previous one and are satisfiable, we can take a valuation of the first one and thanks to the830

completion property there exists a completion on the new variable. Our automata do check831

those two property and, as such recognize SATk,V ∪R. The size of MC(k)
V ∪R is exponential in832

V and R and computing the states of the automata consist of enumerating the constraint833

of MC(k)
V ∪R and checking if the constraint are satisfiable which is P then computing the834

states is in EXP , then computing the transition is easy, for any two state p, q, you check835

if future(p) = q|V (k−1) if it is you can add a transition labeled t ∈ MC(k)
V ∪R such that for836

x(i) ∈ (V ∪R)(k) t(x(i)) =
{

p(x(i)), if i∈ J0, k − 1K
q(x(i)), if x= k

.837

◀838

Proof of Theorem 17839

▶ Theorem 17. Let D be a decidable completable data domain (resp. decidable in ExpTime).840

Then register-bounded synthesis from CLTL(D) is decidable (resp. 2ExpTime-c). It is841

2ExpTime-hard for any fixed number of registers r ≥ 2.842
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Proof. Upper bound843

Consider some formula Φ ∈ CLTL(D). By Proposition 5, we can build a universal co-844

Büchi constraint automaton A whose size is expoential in the size of Φ. Let A denote this845

automaton. Thanks to Lemma 13, register bounded synthesis w.r.t. L(A) boils down to846

classical synthesis for the specification WA,R. By Lemma 15, SATk,V ∪R can be constructed847

in exponential time, and thus, by Lemma 14, WA,R is recognized by a universal co-Büchi848

automaton of exponential size. The result follows as synthesis over a finite alphabet from a849

universal co-Büchi automaton can be solved in exponential time [19].850

Lower bound851

For the lower bound, we reduce the problem of LTL synthesis (over finite alphabets), which852

is already 2ExpTime-c [20], to bounded register synthesis with two registers, over domain D853

(remind that we always assume that have the equality predicate). We discuss how to extend854

it to r registers at the end of the proof.855

Intuitively, we will use two distinct data values in order to encode the two boolean values,856

and add constraints in the formula in order to ensure that the register transducer uses two857

registers to store these data values all along the execution.858

Remind that for LTL synthesis, the atomic propositions are partitioned into input atomic859

propositions in some finite set APin controlled by the environment, and output atomic860

propositions in some finite set APout controlled by the system. Let AP = APin ⊎ APout.861

The idea is the following, for each propositional variable a ∈ AP , we associate a variable862

va ∈ I if a ∈ APin, and va ∈ O if a ∈ APout, and four variables vin
⊤ ∈ I, vin

⊥ ∈ I, vout
⊤ ∈ O863

and vout
⊥ ∈ O. So, I = {va | a ∈ APin} ∪ {vin

⊤ , vin
⊥ }, and O = {va | a ∈ APout ∪ {vout

⊤ , vout
⊥ }}.864

Now we define the following formulae Assume and Guarantee which belong to CLTL(D)
over the set of variables I ∪O:

Assume := (vin
⊤ ̸= vin

⊥ ) ∧G
(

vin
⊤ = (vin

⊤ )(1) ∧ vin
⊥ = (vin

⊥ )(1)
)
∧

∧
a∈AP

G(va = vin
⊤ ∨ va = vin

⊥ )

Guarantee := G
(
vin

⊤ = vout
⊤ ∧ vin

⊥ = vout
⊥

)
We now define a reduction Ψ : LTL → CLTL(D) such that Ψ(Φ) = Assume →865

(Guarantee ∧ Φ[a← (va = vin
⊤ ),¬a← (va = vin

⊥ ),∀a ∈ AP ]).866

The part within [.] in the expression above means that any occurrence the literal a is867

replaced by the constraint va = vin
⊤ . Similarly, the negation ¬a is replaced by the constraint868

va = vin
⊥ . Hence, the two values vin

⊤ and vin
⊥ represent the two boolean values.869

We show that Φ is a positive instance of LTL synthesis iff Ψ(Φ) can be realized by a870

register transducer with two registers.871

⇒ Let Φ be a positive instance of LTL synthesis, let T = (Q, q0, δ) be a finite transducer872

that realizes it. We describe how to build a transducer register T′ with two registers that873

realizes Ψ(Φ).:874

T′ = (Q′, qinit, R, V, δ′) with875

Q′ = Q ∪ qinit876

R = {r1, r2}877

V = I ⊎O878

δ′ = {(q, Cα, ρass
0 , ρout

β , p) | (p, α, β, q) ∈ δ} ⊎ {(qinit, Cα, ρass, ρout
β , p) | (q0, α, β, p) ∈ δ}879

Where Cα is
Cα =

∧
a∈APin

va = r2−α(a)
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And the output ρout
β is defined as follows:

∀a ∈ APout, ρout(va) =
{

r1 if β(a) = 1
r2 otherwise

ρ0 is the trivial assignment and ρass is defined as ρass(r1) = vin
⊤ and ρass(r2) = vin

⊥ . Note880

that T′ is not complete, but any completion would satisfy the CLTL formula.881

⇐ For the converse, the key to this construction is that by forcing in Ψ(Φ) the variable882

vout
⊤ and vout

⊤ to be constant and output at each step we can keep track of which register883

contains which one of the two values, thus allowing to recreate the associated Boolean884

valuation.885

Recall that the data domain D comes with a distinguished data value d0, used to initialize886

the registers of the register transducer. Let d⊤, d⊥ ∈ D \ {d0}, with d⊤ ̸= d⊥.887

We define a mapping f : {0, 1}AP → V alI⊎O,D. Let b ∈ {0, 1}AP we define w = f(b) as
follows: ∀a ∈ AP ,

w(va) =
{

d⊥ if b(a) = 0
d⊤ if b(a) = 1

∀x ∈ {in, out}, ∀y ∈ {⊤,⊥},

w(vx
y ) =

{
d⊥ if y =⊥
d⊤ if y = ⊤

We extend this mapping to infinite words as follows. Given b = b1b2 . . . ∈ ({0, 1}AP )ω,888

we define f(b) = w = w1w2 . . . where for each i ≥ 1 we have wi = f(bi).889

With slight abuse of notation, we may also apply mapping f to α ∈ {0, 1}APin .890

Let T = (Q, q0, R = {r0, r1}, V, δ) be a register transducer realizing Ψ(Φ), we build a new891

finite state transducer T′ = (Q′, q′
0, δ′) where Q′ = Q× {0, 1} ∪ {q′

0} with q′
0 a fresh state.892

The transitions are defined as follows:893

1. Starting from q′
0: let α ∈ {0, 1}APin , consider w = f(α). By definition of register trans-

ducers, registers are initialized to d0. So we can find the unique transition (q0, C, ρass, ρout, q)
such that w ∪ {d0}R |= C. As T realizes Ψ(Φ), we know that T outputs d⊥ and d⊤. As
both registers were initialized to the different data value d0, T must store d⊤ and d⊥ in
its registers: ρass is a total mapping. We build a transition t′ = (q′

0, α, β, (q, x)), with β
defined as:

∀a ∈ APout, β(a) = 1 if ρout(va) = ρout(vout
⊤ )

∀a ∈ APout, β(a) = 0 if ρout(va) = ρout(vout
⊥ )

and x =
{

1 if ρass(r1) = vin
⊤ ∈ C

0 otherwise
894

2. Now for each (q, x) ∈ Q × {0, 1}, α ∈ {0, 1}APin . Again we let w = f(α) and we895

consider the register valuation which maps rx to d⊤ and r1−x to d⊥. So we can find896

the unique transition (q, C, ρass, ρout, q′) such that the resulting valuation over I ∪ R897

satisfies C. we build a new transition t′ = ((q, x), α, β, (q′, x′)), with β and x′ defined as898

x′ =
{

1 if ρout(vout
⊤ ) = r1

0 otherwise
. This is correct as T realizes Ψ(Φ), hence it should satisfy899

the formula Guarantee that ensures that vout
⊤ is equal to d⊤.900

δ′ is then the union of the transitions previously defined. First observe that by construction901

T′ is input-deterministic, and thus a transducer.902

We now want to show the correction of this construction. That is, L(T′) ⊆ L(Φ).903

We will first prove that ∀b ∈ ({0, 1}AP )ω, b |= Φ iff f(b) |= Ψ(Φ).904



N. Dauvier, E. Filiot and P.-A. Reynier 23

First, we have f(b) |= Assume and f(b) |= Guarantee by construction. As a consequence
f(b) |= Ψ(Φ) iff f(b) |= Φ[a← (va = vin

⊤ ),¬a← (va = vin
⊥ ),∀a ∈ AP ]. Now we want to show

that the latter is equivalent to b |= Φ. For all i ≥ 1, by definition of f(b), we have:

b, i |= a ⇐⇒ f(b), i |= va = vin
⊤

b, i |= ¬a ⇐⇒ f(b), i |= va = vin
⊥

This entails the expected equivalence.905

Secondly, we can show, by induction on the length of the run, that we can derive from906

the run of T′ on b a run of T on f(b). This follows from the fact that the transitions of T′
907

have been built on the images of elements of {0, 1}APin by f .908

Now we are ready to conclude: let b ∈ L(T′). By the previous property, we deduce909

f(b) ∈ L(T). As T realizes Ψ(Φ), we have f(b) |= Ψ(Φ). Thanks to the property proven910

before, this entails b |= Φ.911

Extension to r registers. If we want to reduce synthesis of r registers transducers, we912

can use the same LTL formula. As the only input data values are d⊤ and dbot, the registers913

can only store three data values: d⊤, dbot, d0. Instead of equipping states with a boolean to914

know which register corresponds to value d⊤, we can enrich states with a partition of the set915

of r registers into three sets corresponding to the three data values. As values d⊤ and d⊥916

must be output at each step, we know that sets corresponding to these two values must be917

non-empty. The rest of the construction can easily be adapted. ◀918

B Omitted proofs of Section 5919

▶ Lemma 33. Let A be a universal co-Büchi CA with n states. If D is effectively ω-regularly920

approximable, then WQ
A,R is effectively ω-regular: given k ∈ N and a set of registers R, if921

QSATk,V ∪R is recognizable by a non-deterministic parity automaton with ns states and cs922

colors, then WQ
A,R is recognizable by a universal co-Büchi automaton with O(ns.cs.n.2|R|)923

states.924

Proof. WQ
A,R is obtained from WA,R by replacing SATk,V ∪R by QSATk,V ∪R. As the proof of925

Lemma 14 is based on automaton constructions, the same reasoning can be used to analyze926

the set WQ
A,R. ◀927

Proof of Theorem 22928

▶ Theorem 22. Let D be an effectively ω-regularly approximable data domain. Then register-929

bounded synthesis from specifications expressed as universal co-Büchi CA is decidable.930

Proof. Consider some universal co-Büchi CA A. Lemmas 13 and 23 reduce realizability of931

L(A) to (finite) realizability of WQ
A,R. Lemma 33 entails that as D is effectively ω-regular,932

then the set WQ
A,R can be effectively recognized by a universal co-Büchi automaton. We933

conclude using Büchi-Landweber’s Theorem. ◀934

Proof of Lemma 27935

▶ Lemma 27. If a data domain D is effectively AW-RA, then it is effectively ω-regularly936

approximable: if QFEASR can be recognized by a non-deterministic parity automaton with937

exp(|R|) states and poly(|R|) priorities, then QSATk,X can be recognized by a non-deterministic938

parity automaton with exp((k + 1).|X|) states and poly((k + 1).|X|) priorities.939
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Proof. The intuitive idea of the construction is to translate what happens in the setting940

of constraint sequences into that of action words over inputs of dimension 1. To that end,941

intuitively, we need to trade the higher dimension of input variables (|X|) and the possibility942

to look at horizon k with longer executions. Each step in the setting of constraint sequences943

will be simulated by (k + 1).|X| steps in the action words setting.944

Let D be an effectively AW regularly approximable data domain. Let X = {x1, . . . , x|X|}
be a set of variables and k ∈ N. We define the following set of registers:

R = {xi,j | 1 ≤ i ≤ |X|, 0 ≤ j ≤ k}

In particular, we have |R| = (k + 1).|X|945

Formally, we define a mapping Ψ : (MC(k)
X )ω → (Act{⋆},∅,R)ω from constraint sequences946

over X(k) to action words over R (with the same conditions as above, i.e. singleton input947

variables, and empty set of output variables). We describe how it works on an example.948

Assume that X = {x, y, z} and k = 1. We thus have access to six data values, which we will949

store in six registers. Each step in the constraint sequence setting is simulated by six steps950

in the action word setting. The way we convert w = c1c2 . . . is depicted on Figure 3.951

x(0) y(0) z(0) x(1) y(1) z(1) x(0) y(0) z(0) x(1) y(1) z(1) x(0) y(0) z(0) x(1) y(1) z(1)

Initialize registers Update registers Update registers

Check consistency Check consistency

Check c1 Check c2 Check c3

Figure 3 Illustration of the construction of Lemma 27.

During the first six steps, we initialize the registers with the data values that we read.952

At the end of these steps, we are able to check the first constraint c1. Then, the data are953

processed six by six as follows: the first three data should correspond to data seen previously954

(as x(0) corresponds to x(1) one step before), so we have to check consistency. Still, we update955

the registers, and at the end of these six steps, we are able to check the constraint c2.956

We give now the formal definition of mapping Ψ. This mapping is defined from two957

mappings Ψinit and Ψnext that we define now.958

We call Ψinit :MC(k)
X → (Act{⋆},∅,R)∗ the function from MC(k)

X to finite register action
words that for a given constraint c generates the following action word:

Ψinit(c) =
k∏

j=0

|X|∏
i=1

(αi,j(c), xi,j ↓)

where

αi,j(c) =


∧

p(x
(j1)
i1

...x
(jl)
il

)∈c

p(xi1,j1 . . . xil,jl
)[x|X|,k ← ⋆] if i = |X| and j = k

⊤ otherwise.

Similarly, we define Ψnext : MC(k)
X → (Act{⋆},∅,R)∗ the function from MC(k)

X to finite
register action words that for a given constraint c generates the following action word:

Ψnext(c) =

k−1∏
j=0

|X|∏
i=1

(xi,j+1 = ⋆, ↓ xi,j)

 |X|∏
i=1

(αi,k(c), ↓ xi,k)
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where αi,j(c) is defined before for Ψinit.959

We are now ready to define Ψ. Given c = c1c2c3 . . . ∈ (MC(k)
X )ω, we define Ψ(c) ∈

(Act{⋆},∅,R)ω as follows:

Ψ(c) = Ψinit(c1)Ψnext(c2)Ψnext(c3) . . .

We claim that this mapping fulfills the following two properties:960

(i) ∀w ∈ (MC(k)
X )ω, w ∈ SATk,X ⇔ Ψ(w) ∈ FEASR961

(ii) ∀w ∈ (MC(k)
X )ω, w ∈ LASSO⇒ Ψ(w) ∈ LASSOAW962

We explain why this entails the expected result. We let QSATk,X = Ψ−1(QFEASR) and963

we prove that it satisfies the two expected properties:964

FEASR ⊆ QFEASR entails, by monotonicity of the inverse image, Ψ−1(FEASR) ⊆965

Ψ−1(QFEASR). This entails SATk,X ⊆ QSATk,X as SATk,X = Ψ−1(FEASR) by Prop-966

erty (i) and QSATk,X = Ψ−1(QFEASR) by definition.967

To show SATk,X∩LASSO = QSATk,X∩LASSO, we only have to prove QSATk,X∩LASSO ⊆968

SATk,X , the other inclusions being trivial. Consider some w ∈ QSATk,X ∩ LASSO. We969

thus have Ψ(w) ∈ QFEASR and Property (ii) entails Ψ(w) ∈ LASSOAW . This entails970

Ψ(w) ∈ FEASR, and thus w ∈ SATk,X .971

We first prove that Ψ satisfies Property (i). That is SATk,X = Ψ−1(FEASR).972

Let c ∈ SATk,X . Then there exists w ∈ (V alX,D)ω such that w |= c. We first build973

the input sequence for the action word (the sequence of data di) from w = w1w2 . . .. Let974

d =
∞∏

l=1

k∏
j=0

|X|∏
i=1

wl(x(j)
i ), we can now build by induction ν0 : r ∈ R → d0 and νi+1 as the975

content of the registers upon realizing the action Ψ(c)i, i.e. νi
di,Ψ(c)i−−−−−→ νi+1. There are three976

cases:977

when the test is ⊤, it is direct,978

when it is xi,j+1 = ∗, in which case it is enough to observe that wl(x(j+1)
i ) = wl+1(x(j)

i )979

as long as j < k,980

lastly in the case where the test is
∧

p(x
(j1)
i1

...x
(jl)
il

)∈ci

p(xi1,j1 . . . xil,jl
)[x|X|,k ← ∗], the content981

of the register has been fully updated except for x|X|,k but the substitution changes its982

value to the current data.983

Then, each constraint holds in ci if it holds in the test over the registers.984

This gives us the left to right implication. The converse implication comes from the fact985

that any data sequence satisfying Ψ(c) can be folded back to a sequence of valuations from986

(V alX,D)ω, the xi,j+1 = ∗ tests ensure the repetition of each data k time. Once folded, the987

constraint in ci is evaluated on the same data as in the action word hence satisfiability of c988

comes from the satisfiability of Ψ(c).989

We now want to prove that Ψ preserves ultimate periodicity, i.e. Property (ii).990

Let c ∈ (MC(k)
X )ω ultimately periodic. Then it can be rewritten as c1 . . . cu(cu+1 . . . cu+t)ω.

We will suppose u > 1 without loss of generality. Then we have:

Ψ(c) = Ψinit(c1)Ψnext(c2) . . . Ψnext(cu)(Ψnext(cu+1) . . . Ψnext(cu+t))ω

Which is ultimately periodic of period t(k + 1)|X|.991

Regarding complexity, one can observe that Ψ is realized by an FT TΨ with two states.992

As QSATk,X = Ψ−1(QFEASR), we can build an automaton accepting QSATk,X by doing a993

wreath product between TΨ and an automaton recognizing QFEASR, yielding the result, as994

we have |R| = (k + 1).|X|.995

◀996
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C Omitted proofs of Section 6997

▶ Lemma 34. Let a ∈ AWω
I,O,R, ∀a′ ∈ complIh

(a) and ∀w|V |= a′, w|Iv∪O |= a998

Proof. Let a = (C1, ρass
1 , ρout

1 ) · · · ∈ AWω
I,O,R, let a′ ∈ complIh

(a) and let w ∈ V alV,D such999

that w |= a′. By def of complIh
(a), a′ = (C ′

1, ρass
1 , ρout

1 ) . . . . Let wR ∈ V alω
R,D, the valuation1000

word of the register along the execution of a′ on w. We will build by induction xR ∈ V alω
R,D1001

the valuation word of the register along the execution of a on w|Iv∪O.1002

Let i ≥ 1 suppose wR
i = xR

i . First we show that the valuation of this register valuation1003

do satisfy tests of a. By hypothesis w |= a′ so by semantics of action words, wi|I × wR
i |= C ′

i1004

by projection we have wi|Iv
∪ wR

i |= C ′
i|Iv∪R but Ci = C ′

i|Iv∪R so wi|Iv
∪ wR

i |= Ci and by1005

induction hypothesis Ci = C ′
i|Iv∪R so wi|Iv

⊎ xR
i |= Ci.1006

Then we show that wR
i+1 = xR

i+1. Again by hypothesis w |= a′ so by semantics of action1007

words, we have:1008

let r ∈ R if ρass
i (r) is defined we have wR

i+1(r) = wi|I ◦ ρass
i (r) then by definition of1009

complIh
(a), we know that ρass(r) ∈ Iv because it is initially an assignment of a so1010

wR
i+1(r) = wi|Iv ◦ ρass

i (r), and by semantics of a, xR
i+1(r) = wi|Iv ◦ ρass

i (r) so xR
i+1(r) =1011

wR
i+1(r)1012

let r ∈ R if ρass
i (r) is not defined we have wR

i (r) = wR
i+1(r) then xR

i (r) = xR
i+1(r) do1013

respect the semantics of a and as xR
i (r) = wR

i (r), we get xR
i+1(r) = wR

i+1(r)1014

Lastly we need to ensure that the execution on a do output w|O. We have by hypothesis1015

wi|O = wR
i+1 ◦ ρout, and in last point we got xR

i+1(r) = wR
i+1(r) so wi|O = xR

i+1 ◦ ρout. That1016

allows us to conclude by semantics of action word that w|Iv∪O |= a1017

◀1018

▶ Lemma 30 (Partial observation transfer Lemma). Let A be a universal co-Büchi CA. Then1019

L(A) is PO-realizable by a RT with |R| registers iff WP O
A,R is realizable by a FT.1020

Proof. Let D be our data domain, A be a constraint automata, and T be a register transducer.1021

⇒ Suppose A is PO-realized by T. We show that Tstx is the finite state transducer that1022

realizes WP O
A,R, that is, L(Tstx) ⊆WP O

A,R.1023

Let a ∈ L(Tstx). Let a′ ∈ complIh
(a), c ∈ (C(k)

V )ω such that ∃c′ ∈ join(a′, c) and1024

c′ ∈ SATk,V ∪R.1025

By definition, there is w ∈ (V alV ∪R,D)ω, such that w |= c′. We now need to show that1026

c ∈ L(Astx). Let ρ be a run of L(Astx) on w. By Lemma 12 we have, w|V |= a′ and w|V |= c.1027

We have a′ ∈ complIh
(a) and w|V |= a′ so by Lemma 34, w|Iv∪R |= a. By hypothesis we have1028

A is PO-realized by T so for all wh ∈ V alIh,D, w|Iv∪O ×wh ∈ L(Astx). And in particular for1029

wh = w|Ih
, so w|V ∈ L(Astx). Then ρ is an accepting run of Astx, that is c ∈ L(Astx). So1030

a ∈WP O
A,R, hence L(Tstx) ⊆WP O

A,R.1031

⇐ Suppose WA,R is realized by T = (Q, I, Σi, Σo, ∆) a finite transducer on the finite1032

alphabet of action word. So we know that:1033

Σi =MC(k)
Iv∪O∪R1034

Σo = AssignIv,R × V alO,R1035

∆ ⊆ Q× Σi → Σo ×Q1036

We name T the R-register transducer over D generated by T (such that T = Tstx) and show1037

that T PO-realizes A.1038

Let w ∈ L(T) ⊆ (V alIv∪O,D)ω and wh ∈ (V alIh,D)ω a valuation of the hidden variable1039

along the run. We let a be a constraint word generated by the run of T on w. By definition,1040

a ∈ L(Tstx). We can build the register valuation word along that run wr ∈ (V alR,D)ω by1041

following the execution along the action word a. We name c the constraint word generated1042

by a run ρ of A on w × wh. Then we can build a maximally consistent constraint word c′1043
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over V ∪ R such that w ⊎ wh ⊎ wr |= c′ by choosing for every literal and its negation the1044

one that w ⊎ wh ⊎ wr satisfies. Then c′ ∈ SATk,V ∪R, by definition. We just said that c is a1045

word generated by w ⊎ wh, so w ⊎ wh |= c. But a is not of the right type so we will build1046

a a′ ∈ complIh
(a), by conserving the same assignment and output but by expanding the1047

tests from variable Iv ∪R to I ∪R by taking the predicates satisfied by w ⊎ wh ⊎ wr. This1048

a′ is indeed in complIh
(a) and we also have by construction w |= ab′. Then by Lemma 12,1049

c′ = join(a′, c).1050

But we said that a ∈ L(Tstx), so a ∈ WP O
A,R by hypothesis. By definition of WP O

A,R, we1051

have c ∈ L(Astx). So w ⊎ wh ∈ L(A) and finally T PO-realizes A. ◀1052

Proof of Theorem 311053

▶ Theorem 31. Let D be a data domain with effective ω-regular satisfiability. Register-1054

bounded partial observation synthesis from CLTL(D) is decidable. If, in addition, D is1055

completable and decidable in ExpTime, then it is in 2ExpTime.1056

Sketch of proof. The proof is similar to what we did in Section 4. We show that when1057

the domain has effective ω-regular satisfiability, then we can describe the construction of a1058

universal co-Büchi automaton accepting the set WP O
A,R, and control its size. More precisely,1059

the difference between definitions of WA,R and WP O
A,R relies in the universal quantification1060

over a′ ∈ complIh
(a). This universal quantification fits well with the universal coBüchi1061

condition we considered.1062

Then, the decidability follows from Büchi-Landweber’s Theorem. Regarding complexity,1063

the same reasoning applies. ◀1064
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