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—— Abstract

We consider synthesis problems from logical specifications over infinite data domains, expressed in
the logic constraint LTL (CLTL), which extends LTL with predicates over an infinite set of data
values. We consider register-bounded synthesis, where the goal is to automatically generate, if it
exists, a transducer with r registers that realizes a given CLTL formula, where r is also given as
input. We prove that CLTL register-bounded synthesis is 2EXPTIME-C for various data domains
such as any countable set with equality, (Q, <), and (N, <). For the latter domain, this contrasts
with known undecidability results of (unbounded) register CLTL synthesis, by Bhaskar and Praveen.
Lastly, we consider synthesis in a partial observation setting, by extending CLTL with invisible
variables.

2012 ACM Subject Classification Theory of computation — Automata over infinite objects; Theory
of computation — Modal and temporal logics

Keywords and phrases Synthesis, Data words, Constraint linear time logic, Register transducer

1 Introduction

Boolean reactive synthesis Program synthesis — the automatic generation of programs from
high-level specifications — has emerged as a promising avenue to improve software reliability,
by producing programs that are correct by construction.

A particularly rich and well-studied area within the field of program synthesis is reactive
synthesis [2], which focuses on the design of algorithmic methods for the automatic con-
struction of reactive systems, i.e. systems that maintain ongoing interactions with their
environments. Over the past fifteen years, there has been remarkable progress in the synthesis
of reactive systems modeled as finite state machines (Mealy machines), from specifications
expressed in linear-time temporal logic (LTL). These developments have led to the creation
of powerful tools and solvers, whose performance are continuously evaluated through the
annual Reactive Synthesis Competition [14].

Beyond the Booleans Classical reactive synthesis methods focus on complex control
aspects and typically assume that reactive systems process a finite set of Boolean signals,
while ignoring data. More recent research have considered extensions of this purely Boolean
setting to data-aware reactive systems. In particular, there is a line of work on the synthesis
of infinite-state systems modeled as transducers with registers. In this setting, programs
targeted by synthesis algorithms are modeled as a Mealy machine extended with registers
that allow storing and comparing incoming data to produce data. In turn, the synthesis
problem is parameterized by a data domain, i.e. a countable set of data values and a finite
set of predicates over those data values.

A natural candidate for expressing temporal specifications over data domains is constraint
LTL (CLTL), which extends LTL with constraints over data values [8]. CLTL formulas are
built over a finite set of variables X, which is extended by considering for any variable z € X,
k+1 copies (9, ..., 2(®) of z. The intended meaning of (") is to denote the content of z in
i steps. The syntax of CLTL formulas is defined as for LTL, except that atomic formulas are
predicates over the (copied) variables. As an example, the CLTL formula G(z(® = 3®)) is
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satisfied if, at any instant ¢, x holds the same data value as y at instant ¢ + 2. Over a set of
data values D, models of CLTL formulas are sequences of valuations (X — D)“. It is worth
noting that the satisfiability of a CLTL formula depends on the data domain. For instance,
G (2 > 2M) is satisfiable in Z but not in N. The formula G(z° < 2 < y(© = y(1) is
satisfiable in Q but not in Z.

In an attempt to classify data domains, the completion property has been considered in the
literature [8]. For a data domain D, it asks that for any satisfiable constraint C' (defined as a
conjunction of predicates over D), any partial valuation satisfying a sub-constraint of C' can
be extended to a (total) valuation satisfying C'. For example, the constraint Cp =z <y < z
is satisfiable in Q, and any valuation of x, z satisfying < z can be extended to a valuation of
x,y, z satisfying Cy, e.g. by taking y = (z + z)/2. While any domain (D, =) and the domain
(Q, <) satisfy the completion property, important data domains such as (N, <) and (Z, <)
do not. As an example, the partial valuation « = 0, z = 1, which satisfies z < z, cannot be
extended to a valuation that satisfies Cj.

While the satisfiability problem for CLTL (over various data domains) has been quite
studied in the literature [4,8] (see also the survey [6] and the references therein), not much
is known about the synthesis problem. In this context, the set of variables is further divided
into variables I controlled by the environment (input variables) and variables O controlled
by the system (output variables). The synthesis problem from specifications expressed in
CLTL has been studied in [1]. It consists in deciding whether there exists a strategy that, at
each step, reads data values of I, and outputs data values for O, resulting in an infinite data
word over I U O that satisfies the CLTL formula. It is shown that over data domains with
the completion property, CLTL synthesis is decidable. However, synthesis is shown to be
undecidable for (Z, <). To recover decidability, the authors of [1] consider some restriction,
called single-sidedness, in which the power of the environment is restricted. In this paper,
we take an orthogonal route to recover decidability.

Register-bounded reactive synthesis While [1] considers arbitrary strategies, we focus on
strategies represented by register transducers. A register transducer successively receives as
input a valuation (I — D), compares it with the data values stored in its registers, assigns
some of the input values to its registers (or none), and finally produces some output valuation
(O — D) by assigning to each variable in O the content of some register. These strategies
are more amenable to implementations, as they are close to real programs. We consider the
register-bounded synthesis problem from CLTL(D), defined as the problem of deciding, given
as input a CLTL formula ® over D and some integer r, whether there exists a transducer
with r registers which realizes ® (and in that case output it). As we show, bounding the
number of registers (but not the number of states) allows to recover decidability for CLTL
synthesis over data domains such as (Z, <). Register-bounded synthesis is also desirable
for synthesizing systems with a minimal number of registers. As registers represent some
auxiliary memory, this is particularly relevant in contexts where resources are limited.

Contributions  Our objective is to develop general techniques that allow us to show
decidability results for families of data domains. To that end, we develop reductions from
the register-bounded synthesis problem to a realizability problem over a finite alphabet. The
key in this approach is the analysis of the set Sp of infinite constraint sequences over D that
are satisfiable. Our contributions are as follows.

1. We first show that if Sp is an w-regular language, then the register-bounded synthesis
problem from CLTL(D) is decidable (Theorem 10). In addition, we prove that if a data
domain D meets the completion property, then Sp is w-regular. This allows us to prove
that the register-bounded synthesis problem from CLTL is 2EXPTIME-C over any domain
(D, =) for a countable set D, and over the domain (Q, <) (Corollary 19).

2. Yet, S(z,«) is not w-regular (see [9]), which reflects the undecidability result mentioned
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earlier. As a remedy, we show that if Sp can be over-approximated by an w-regular
language which coincides with Sp on lasso words, then the register-bounded synthesis
problem from CLTL(D) is decidable (Theorem 22). We show that this is the case for
numerous data domains including (N, <), (Z, <), (%, <prey) for ¥ any finite alphabet and
=pref the prefix relation, as well as (ZF, <},) for any k and <j the partial order on tuples
(pairwise comparison), using a reduction to [15]. This implies that the register-bounded
synthesis problem from CLTL is 2EXPTIME-C for all these data domains (Corollary 28).
3. Lastly, we consider a partial-observation generalization in which the CLTL formula has
private and public input variables, but the system only has access to public ones. We
show that our approach can be leveraged to this setting, yielding that the problem is
2ExpPTIME-C for any domain (D, =), and over the domain (Q, <) (Corollary 32).

Related work Synthesis problems of register transducers over data domains have already
been considered in the literature, but mostly when the specification is already given as an
automaton, and in particular a register automaton, see [10,11,16,17]. Beyond specifications
given by deterministic register automata, synthesis quickly turns into undecidability. That
is the case, for instance, for specifications given by non-deterministic or universal register
automata [10,16], which are strictly more expressive than their deterministic restrictions.
When considering the data domains (Z, <) and (N, <), synthesis is already undecidable for
specifications given by deterministic register automata [9].

Register-bounded synthesis has been considered for specifications given as register auto-
mata [10,15,16]. In particular, for specifications given as universal register automata over
(Z,=) and (Z, <), register-bounded synthesis has been shown to be decidable [11,15,16]. A
legitimate question is whether register-bounded synthesis from CLTL could be reduced to
register-bounded synthesis from register automata and directly apply the results of [11,15,16].
We do not know of any reduction that would preserve the number of registers needed to realize
the specification. Indeed, even though CLTL formulas can be converted into deterministic
register automata, this conversion is however modulo some model encoding: CLTL formulas
are interpreted over (X — D)“ while register automata are executed on words in D*, and
so tuples need to be encoded as chunks of d = | X| consecutive data. Having access to d data
at once allows for register succinctness. This is because register transducers in [11,15,16]
have access to only one data at a time, while the register transducers of this paper receive
as input a tuple of data, to match the semantics of CLTL formulas. For example, a CLTL
specification might require to output an input value only if it appears twice in a tuple. To
check the latter property, a register transducer in [11,15,16] would need d—1 additional
registers.

On top of the related papers already cited before, we would like to mention the work on
constraint tree automata over (Z,<), whose emptiness problem is proved to be decidable
in [7], allowing us to prove the decidability of the branching-time logics constraint CTL and
CTL* over data domain (Z, <). It is, however, not clear how register-bounded synthesis from
constraint LTL could be reduced to the emptiness problem of such automata.

2 Constraint LTL and automata over data words

Finite and infinite words Given an alphabet ¥ finite or not, let 3* (resp. 3“) be the set of
finite (resp. infinite) sequences, called words, over ¥. In this paper, we denote finite words

as U= wujug...u, where u; € ¥ for all ¢ € {1,...,n}. We let [u] = n denote its length and
for 1 <i < j <|ul, we let up; j) = wiuiq1 ... uy. Similarly, if % = wyus ... is an infinite word,
we let Uf; oo = UiUiy1 - .. be the infinite suffix starting at position i.

Data We define a data domain D as a tuple (D, P), where D is an infinite set whose
elements are called data and P is a finite set of predicates (relations over D of any arity). It
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is also required that the set of predicates always contains the equality predicate, in order
to be able to distinguish data values. In this paper, we will mostly use the data domains
(D, =) (where D is arbitrary), (Q, <) and (N, <). Note that (N, <) does not contain equality,
but = y can be expressed as —~(z < y) A =(y < z). In general, data domains are defined as
interpretations of a set of predicate symbols, however to simplify the presentation, in this
paper we confuse symbols with their (intuitive) semantics. Lastly we say that a data domain
is decidable if its existential first-order theory is decidable.

Constraints Let V be a finite set of variables, and D = (D, P) be a data domain. A
valuation from V to D is a (total) mapping from V to D. We denote by Valyp the set of
valuations from V to ID. Given two valuations v, vs defined over two distinct subsets A7, Ao
of V, we let v; W s be the valuation defined on A; U As by v1 Win(x) = vi(z) if « € A;.

A literal £ over V is a term of the form p(zq,...,x) or its negation —p(z1,...,zx), with
p € P of arity k and x1, ...,z € V. It is satisfied by a valuation w € Valy p, written w |= ¢,
if (w(z1),...,w(zg)) € pif £ = p(xy,...,2x) (and (w(zy),...,w(zy)) & p for a negative
literal). A constraint C' is a conjunction of literals. We often view C as the set of its conjuncts.
We denote by Cy the set of constraints on variables in V. We say that a constraint C' € Cy
is satisfiable if there exists a valuation w € Valyp such that w = ¢ for all literals £ € C. We
write w = C when this holds.

A constraint C'is consistent if it does not contain a literal and its negation. It is mazimally
consistent if it is consistent and for all predicates p of arity k and for all (z1,...,z3) € V¥,
either p(x1,...,2,) or its negation occurs in C. For example over (N, <), the constraint
Co=<yYyNny<zA(z<z)A-(y <z)A-(z <y)A-(z < x) is not maximally
consistent, but C; = Co A ~(z < ) A ~(y < y) A (2 < z) is. We denote by MCy the set of
maximally consistent constraints over V.

Completion property For V' C V, we define the restriction C|y of a constraint C, as the
subset of literals of C' that use only variables in V’. A satisfiable constraint C' is completable
if for any V' C V, for all w’ € Valy p such that w' = C|y, there exists w € Valy,p such
that w'(z) = w(z) for all z € V' and w = C.

A data domain has completion property (we also say it is completable) if all satisfiable
and maximally consistent constraints are completable. For example, (N, <) does not meet
the completion property, if we take the constraint Cy defined before, it is satisfiable and
maximally consistent. Then we can build w’ such that w’(z) = 0 and w'(z) = 1, it satisfies
C1l{z,2}, but we cannot find y € IN such that (z < y) A (y < z). However:

» Lemma 1 (Corollary 5.4 in [8]). Data domains (ID,=) and (Q, <) are completable.

Data valuation words Let V' be a finite set of variables and D = (DD, P) be a data domain, a
data valuation word is a sequence W = wiws - - - € (Valyp)*. Data valuation words are used
to model the traces of the systems that we want to synthesize. As CLTL allows us to compare
valuations that occur at different time points, we also introduce another notion of valuation
word. Let k € N, and define the set of k-future variables as V*) = {2 | z € V,0 < i < k}.
A k-extended valuation word is a sequence 7 = v1vy - - - € (Valyw) p)”. Intuitively, Vi(l‘(j)) is
intended to be the value of = at time i + 7, and therefore it is required that v;(z()) = v ; ().
This condition is enforced by the notion of compatible extended valuation words, defined as
the sequences 7 € (Valy x) pp)” such that

Vi > 0,Y0 < j < k,Yz € V,v;(z9)) = vy j(2)

We define a bijection between valuation words and their compatible k-extended form, via
the function EXTENDy, : (Valy,p)* — (Valyw p)® defined by EXTENDy (W) = 7 where for
all j > 1 and all 2 € V®) p;(2()) = w;,;(x). One can show that EXTENDy is a bijection
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between valuation words and compatible k-extended valuation words, and we denote by
COMPRESS its inverse. Last, we lift W from valuations to valuation words in the obvious way.

» Example 2. Let V = {z,y} and D = (N,<). We consider w € (Valyp)¥ given by
w;i(z) = i and w;(y) = i+ 1 for all i > 1. Then ¥ = EXTEND, (@) is given by v;(z(?)) =
i, vi(xM) = v (y©) =i + 1,v;(yM) =i 4+ 1 for all > 1.

Constraint words A constraint word is a sequence ¢ = C1Cy - -+ € (Cy)¥ of constraints
over V. A valuation word w € (Valy,p)¥ satisfies ¢, written w = ¢, if Vi > 1,w; = C;. We
let [e] = {w € (Valy,p)“ | w [=¢}. Given ¢ € (Cy)“, we write ¢ C ¢’ whenever for all ¢ > 1,
C! C C; (seen as sets of literals). In particular, ¢ C ¢’ implies [¢/] C [e].

For clarity purposes, we write C‘(/k ) the set of constraint over V(*) instead of Cy (v, the same
goes for ./\/lcgC ). Constraint words in C%,k ) are said to be of rank k. The satisfiability notion

is extended to constraint words ¢ € (C‘(,k ))w of rank k via the function EXTEND;. Formally,
w € (Valyp)® satisfies ¢ if EXTENDy (W) satisfies ¢, and [¢] = {w € (Valy,p)¥ | W = ¢}.
CLTL Fix a data domain D = (D, P). The logic CLTL(D) is defined as the set of
formulas of the following form. The atomic formulas of rank k& > 0 are terms of the form
p(xgm), . ,mgw)), where p € P is a predicate of arity £, and 0 < ny,...,n, < k are integers.
We denote this set by Atomy . CLTL(D)-formulas of rank k are inductively defined as:

D =P, UD,y | P = &y | - ‘ Xo | a € Atomy,.

A CLTL(D)-formula is a CLTL(D)-formula of rank k for some k. As usual, the Boolean
connectives A and V can be defined from = and -, and we let T = a V —a (for some atomic
formula a) and L= —T. Moreover, as for LTL formulas, we define the temporal operators
globally (G) and eventually (F) by F® = TU® and G® = -F-®. Finally, we may write =
instead of 2(?), and CLTL instead of CLTL(D) when D is clear from the context.

The size |®| of a formula ® is defined as the number of symbols in ®, where any occurrence
of a variable () is considered to be of size i.

Semantics We define the semantics of CLTL by induction on formulas. Let 7 € (Valy ) p)“
and ® a CLTL formula over V%), We say that 7 satisfies ®, written 7 E @, if the following
holds (inductively):

if ® = p(Z) then v; | p(Z)

if ®=-W then v £ ¥

if & =0 = Uy then 7 j£ Uy or 7 = ¥y

if ® = XV then vy o) F ¥

if & = WUV, then 3n > 1 such that V1 <i <n, Uj; o) F V1 and 7}y, yoo) = Vo

Given a valuation word @ € (Valyp)®, we say that W satisfies ®, also written w = @, if
EXTEND (W) = ® holds. We let L(®) = {w € (Valyp)* | w = D}.

» Example 3 (Example 2 continued). Consider ® =G (z <y Ay < y1) € CLTL(D). One
can easily check that w € [®] holds.

» Definition 4. A constraint automaton (CA) A over D is a tuple (Q, A, I, x, k) where Q is

a finite set of states, k € N is the mazximal rank for the constraints, A C @ X C‘(/k) X Q is a
transition relation, I C Q) is a set of initial states and x € Valgn a coloring of the states.

A run of a CA over a valuation word w € (Valyp)“ is a sequence of transitions ¢ € A%
such that for all i > 1, ¢; = (¢;—1,C},¢;), with w; = C; and ¢g € I. A run is accepting if
the highest color seen infinitely often along the run is even. Under the non-deterministic
semantics, the word w is accepted if there exists an accepting run. This yields the model
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of non-deterministic parity CA. The number of priorities of A is the size of x(Q). We will
also consider a universal semantics: in this case, a word w is accepted if all runs on w are
accepting. An automaton is deterministic if for any two transitions of the form (¢, C1,p1) and
(¢, C2,p2) such that p; # po, for all valuation w € Valyp, either w & C; or w = Cy. We
also consider subclasses of CA: we say that an automaton has a Biichi acceptance condition
(resp co-Biichi) if all its states have color 1 or 2, that is, x(Q) C {1,2} (resp x(Q) C {0,1}).
It has a reachability (resp safety) acceptance condition if it has a Biichi (resp co-Biichi)
acceptance condition and there exists no transition from a state colored 2 to a 1 (resp from 1
to 0). Last, the language of a CA A is the set of accepted words, and is denoted L(.A).

We call syntactic automaton Ay, the automaton A seen as a finite automaton over the
finite alphabet C‘(/k ) of constraints of rank &k and let Lgto(A) = L(Agtz) denote its language.

From CLTL to constraint automata It is well-known any LTL sentence can be converted
into a Bichi automaton. This result carries over to CLTL and constraint automata.

» Proposition 5. Let ® be a CLTL formula. One can construct in EXPTIME a universal
co-Biichi CA A such that L(®) = L(A) whose size is exponential in the size of ®.

Proof. The logic CLTL can be seen as LTL over the finite alphabet C‘(/k). As such we can
use the classical exponential procedure that converts any LTL formula into an equivalent
non-deterministic Biichi automaton, to build a non-deterministic Biichi constraint automaton
equivalent to the CLTL formula (see Section 3.2 in [6]). The result follows by applying the
latter construction on the negation of the formula and interpreting the resulting automaton
with a universal co-Biichi condition. |

» Example 6 (Example 3 continued). A constraint automaton equivalent to the CLTL formula
considered above is depicted in Figure la.

zgy/\ygy(l) T m>r,(:1:¢r),(¢1-)
1

x>y
_)&/y%% N To(edr),(1r) 831’<7‘,(@)7(TT)

(a) A universal co-Biichi CA. The colors are  (b) A register transducer
indicated in the states.

Figure 1 A constraint automaton and a register transducer.

3 Register-bounded synthesis problem from CLTL

3.1 Synthesis problem over finite alphabets

We first recall the synthesis problem for w-regular specifications over a finite alphabet. In this
setting, the goal is to synthesize (if it exists) a finite transducer over a finite input alphabet
Yin and a finite output alphabet 3,,; that realizes a specification S C (3;,X,,4)%, given,
for example, as a non-deterministic Biichi automaton. Let us formally define this problem.
A finite transducer (FT for short) is a tuple T = (X0, Zout, @, 9o, 0) such that @ is a finite
set of states with initial state gy € @, and § : @ x X;, — Yo X @ is a (total) transition
function. The semantics of T is a language, denoted L(T) C (X;,Xout)*, defined as the set
of words 1017203« -+ € (X, X0ut)® such that there exists a sequence of states popy -+ € Q¥
with Po = qo and for allg >1, 5(q]‘,ij) = (Oj,q]‘_;,_l).

A specification S C (2;,Y0ut)* is said to be realizable if there exists a finite transducer
T such that L(T) C S. Biichi-Landweber’s Theorem states that when S is w-regular, the
latter problem is decidable [3]. More precisely, this problem can be solved in EXPTIME when
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S is given as a universal co-biichi automaton [19], and is 2EXPTIME-C when S is given as an
LTL formula over some sets of input and output atomic propositions [20].

3.2 Register transducers over data words

We now want to extend this to infinite alphabets and specifications given as CLTL formulas.
We need to adapt the model of implementation, i.e. transducers. To this end, we first extend
the notion of finite transducer to transducers over infinite alphabets that act over a finite set
of registers. Let D = (D, P) be a data domain.

Action words Let V =T O be a finite set of variables partitioned into I (input variables)
and O (output variables). They are also called system and environment variables in the
context of synthesis. Let R be a finite set of elements called registers. An action over R and
V is a tuple in Testy g x Assigng r X Outputp r where:

Testy, r = MCyur is the set of maximally consistent constraints over I U R.

Assigny g is the set of partial functions p®** : R < I from R to I

Outputo,r = Valp, g is the set of (total) functions p°** : O — R from O to R.
Assignment are to be understood as a way to store data that we receive in input to compare
them later in tests or output them. We denote by Acty,o,r the set of actions. An action
word is an infinite word @ € (Actyo,r)”. We denote by (Actyo,r)® the set of action words.

The semantics of an action word @ = (C1, p$**, p9“)(Ca, p§5%, p“t) ... is a language
[a] € (Valyp)® that we now define. Assume w = (w} = w! Wwd)(wy = wiww?)... bea
sequence of valuations. We "execute" the action word @ on w. Registers are used to store
data from the input valuations in w, and the actions on registers (tests and assignments) are
dictated by a. Let dy € D be some data value. Registers in R are all initialized with the
value dy (valuation wf?). Then, test C; is performed on w! U wf. If it succeeds, registers

are updated according to p$** (giving valuation w), and the valuation w® = wl? o p¥* is

output. The execution proceeds with the new action (Cy, p%¢, p3¥t) and register valuation
wlt. This is formally captured by the following compatibility notion.

We say that a valuation word @ = (w; = w! Wwd)(wy = wi Ww?)--- € (Valyp)® is
compatible with an action word @ € (Actro,r)” if there exists a register valuation word
wk = wlwl - € (Valgp)® such that wi(r) = dy for all r € R and for all i € N5q:

whwwl = C;

wi (r) = wlo p?*s(r) if p¢=*(r) is defined, otherwise w/, (r) = wl(r);

wP = wﬁl o pgtt.

The language of an action word @ is the set [a] C (Valy,p)¥ of valuation words compatible
with @. We write W =@ whenever @ € [a]. It is worth observing that if @ € [a], then the
associated register valuation word wh is unique and depends on dj.

In order to remove this dependency regarding dy, which has been arbitrarily chosen, we
consider the w-regular language AWy o r C (Actyo,r)* composed of action words that only
test or output a register once it has been assigned with some input data value. Formally,
we relax the definition of action words by also considering tests that are not maximally

consistent. Then, given @ € AW{O, R the language [@] does not depend on dy.

» Definition 7 (Register transducer). A register transducer (RT for short) over D is a tuple
T = (Q, g0, R, V,d) where:
R is a finite set of registers

V =TWwO is a finite set of variables partitioned into input variables and output variables
such that VN R =@

(Testy,r, Assigni, g X Outputo. r, @, qo,d) is a finite transducer, denoted Ty, .
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In order to rule out transducers that could test a register before it has been assigned,
we will only consider well-behaved transducers that satisfy the following property. W.l.o.g.,
by enriching states, we assume that there exists a mapping x : @ — 2% that indicates the
registers that have been assigned. Then we assume that for every pair of transitions of the

form (pa Cla (p%ss’ p(lmt)7 ql)v (p, CQ; (ptzlss’ ngt)v q?)a if Cl‘]IUX(p) = CQ|]IUx(p)7 then ptllss = pgssv

P9t = p3¥t and q; = qo. This states that if two transitions perform the same test on the

input variables and registers that have been assigned, then the two transitions lead to the
same state and realize the same assignments and outputs. This way, we can merge transitions,
resulting in a transducer whose tests are maximally consistent constraints over registers that
have already been assigned. We can then show that L(Tg;,) C AW]UiQ R

We define two semantics for T. The first is more syntactic and is useful to define
finite abstractions of languages defined by register transducers, and is simply defined as
Lt2(T) = L(Ts¢z). The second one, over valuations of V', is defined as L(T) = Ugze,,_,, (m [al-

3.3 Synthesis problem over data domains

When moving from a finite alphabet to data words over some data domain D, we lift
specifications from w-regular languages over a finite alphabet to languages L C (Valyp)*,
for some set of variables V. Such a specification can, of course, be described by a constraint
automaton, as well as by a CLTL formula, which is the purpose of this work. Regarding
implementations, we consider well-behaved register transducers, leading to the following
problem:

Register-bounded Synthesis Problem from CLTL(D)

Input: A CLTL(D) formula ® over V =1 O and an integer r

Output: A well-behaved register transducer T' over V and with r registers, if it exists, which
realizes ®, i.e. such that L(T) C L(®).

The decision problem associated with the synthesis problem is called the realizability
problem, and only asks whether such a transducer T' exists. In this paper, when stating
hardness results with respect to the complexity of the synthesis problem, they refer to the
realizability problem. Moreover, when stating upper-bounds, they also include the cost of
constructing a solution (a register transducer).

We assume that r is given in unary. This is reasonable as the expected register transducer
has r registers, which means that the configuration of the registers is already of size r.

» Example 8 (Example 3 continued). We consider again ® = G (z <y Ay < yY) with
I={z} and O = {y}. In our context, since RT can only output data they received before,
a transducer realizing this specification must output the largest input seen so far. The
(well-behaved) RT with a single register depicted in Figure 1b realizes this specification. The
transitions are to be read as follows: z | r corresponds to an assignment (the valuation of x
in stored in register ) and 1 r corresponds to an output.

4 Data domains with w-regular satisfiability
Let D be a data domain. For all integer £ > 1 and set of variables X, let
SAT, x ={c € (Cgf))“ | ¢ is a word of maximally consistent constraints and [¢/] # 0}

be the set of satisfiable constraint words in D.

» Definition 9. We say that D has effective w-regular satisfiability if, for every k, X, one
can construct an automaton recognizing SATy, x .

In this section, we will show the following theorem.
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» Theorem 10. Let D be a data domain with effective w-regqular satisfiability. Then register-
bounded synthesis from specifications expressed as universal co-Biichi CA over D is decidable.

The main idea is to reduce the problem to a synthesis problem for an w-regular specification
over a finite alphabet, using some sound and complete finite abstraction stated in Lemma 13.
Since the goal is to synthesize a register transducer, the finite alphabet is the set of actions
Actyp,r of the transducer, which is partitioned into input actions (constraints over I and R)
and output actions (register assignments and output function). The next two lemmas are
technical results towards proving Lemma 13. From now on, we fix D some data domain.

From action words to constraint words First, in order to compare actions of register
transducers and constraints of constraint automata, sequences of actions are canonically
mapped to sequences of constraints, via a mapping cstr : (Acty o r)" — (CS& r)“- Remember
that an action is a triple (C, p®%%, p°%t) where C' is a constraint over TU R, p%** : R < I is a
partial function and p°“! : O — R a function. The latter two assignments induce constraints
between V and R. It is also worth noting that the register valuation at step ¢ is the one used
for the test, while the one at step i+ 1 is the one obtained after the assignment, which is used
for producing the output. For example, the assignment p®*® implies that the next content of
register r is equal to the value of variable p®*¢(r). Similarly, any output variable y € O holds
ass ,out

a value equal to the next content of register p°“(y). Formally, for all @ = (Cy, p¢%, put) ...,
we let cstr(a) = C{CY} ... where:

Cl=Cin NGO =p=)A ACD =r A A= 0 w)D)

r € R s.t. r € R s.t. yEO
55 (1) defined 355 (1) not defined
i i

The latter transformation is correct in the following sense, which is based on the previous
observation that states that when @ € AW} g, the language [a] does not depend on do:

» Lemma 11. Let a € AWy i then [a] = [cstr(@)]]v -

Since a specification has constraints over V*) and a register transducer expresses
properties of action words, which themselves hold constraints over V =14W O and R, one
needs a mechanism to synchronize these two types of constraints. This is done via the
following function called extension, denoted join : (Actro,r)* X (C‘(,k))“’ — MC&&R, defined

for any @ € (Actro,r)” and ¢ € (C‘(/k))w as
join(a,e) = {¢ € MC\¥) . | cstr(@) C & and € C '}

Valuations satisfying constraint words in join(a,¢), when restricted to variables in V,
satisfy both @ and ¢. Using Lemma 11, we prove:

» Lemma 12 (Adequation). Let @ € AWs oz, € € (CF))*, W € Valyugp and & €
(MCP) ) such that = ¢. Then & € join(a,c) iff wly = a and Wy |=¢.
The next lemma formalizes the reduction of synthesis from infinite to finite alphabets.

» Lemma 13 (Transfer Lemma). Let A a universal co-Biichi CA and R a set of registers. Let
Wk ={ae AWy 5 | Ve e (CF)*, (3 € join(a,e),d € SATy vur) = € € Lus(A)}
L(A) is realizable by an RT with |R| registers iff W 4. g is realizable by an FT.

Proof. = Suppose A is realized by some well-behaved RT T, i.e. L(T) C L(.A). We show
that Ty, realizes W4 g, i.e., L(Ts,) CWa r. Let @ € L(Tyy,). Let € € (C‘(f))“’ such that
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3¢’ € join(@,c) and ¢/ € SATy yur. By definition of SAT vUr, there exists w € (Valyugrp)®,
such that W = ¢/. By Lemma 12, W|y =@ and w|y =¢. Asa € L(Ty,) and w|y = @, we
get w|y € L(T), and therefore w|y € L(A). Let p be a run of Ay, on €. Since W|y = ¢, we
have that p is a run of A on @|y. From @]y € L(A) we find that p is accepting. Since this
is true for all runs p and A has a universal acceptance condition, we finally get ¢ € L(Ag.).
So, @ € Wy g, by definition of W 4 r. Finally, we have shown that L(Ts:,) C W4 g.

< Suppose W 4 g is realized by a finite transducer Ty = (Q, I, X;,%,,d) where ¥; =
Testrr, ¥, = Assigngr x Outputo g and 6 : Q x Testy g — Assigny, g X Outputo r X Q.
We have L(T ;) C W4 g. The finite transducer T; can be seen as an R-register transducer T
over D, i.e. such that Ty, = T;. In addition, as we have W4 r C AW‘f,O,Rv T is well-behaved.
We show that T realizes A, i.e. L(T) C L(A).

Let w € L(T). The run of T on w induces an action word that we write @, as well as a
word of valuations w’ € (Valyugrp)® such that w’|yy = w. We have W |= @ by semantics of
register transducer. In particular @ € L(T ). Remember that we want to show w € L(A).
Let p be a run of A on w. We let ¢ be the constraint word induced by p, by semantics of
constraint word and automata w = ¢. Let ¢/ € /\/lC'gCL)J g the maximally consistent constraint
word such that w’ |= ¢’ (it is obtained by choosing for every literal and its negation the one
that w satisfies). As both w =@ and W |= ¢, by Lemma 12 we have ¢’ € join(a,¢). Moreover,
since w’ |= ¢/, we have ¢/ € SAT; yur. As @ € L(Ty), so @ € Wy g by hypothesis. By
definition of W 4 g, we have ¢ € L(As,). By definition of ¢ and since Ay, is universal, p is
accepting. As this is true for all runs p of A on w, we get w € L(A). <

The next lemma states that W 4 g is w-regular whenever D has regular satisfiability and
establishes some complexity bounds on the size of the representation of W 4 k.

» Lemma 14. Let A be a universal co-Biichi CA with n states. If D has effective w-regular
satisfiability, then W 4 r is effectively w-regular: given k € N and registers R, if SAT, vur
is recognizable by a non-deterministic parity automaton with ng states and cs colors, then
W4 r is accepted by a universal co-Biichi automaton with O(ns.cs.n.Z‘R‘) states.

Proof sketch. We first consider the following definitions/equalities:

A = (Actro.r)” x (CY)~ x (MCP) )

Lioin = {(a,c,d)eA|c €join(a,c)}

w’ = {(@,e,d)eA|(@7c,d) ¢ Lioin V' ¢ SATLvur VT E L(Ag,)}
War = {aeAWeop|Vee (CF) Ve e (MCY) )2, @,ed) e W)

As a consequence, a universal co-Biichi automaton for W 4 r can be derived from one for
W. Let us explain how we build it. First, ensuring that an action word is in AW]‘f’ O.R
can be done by a deterministic automaton with O(2|R|) states. Then, Lijoin is recognizable
by a deterministic (safety) automaton with two states. Then, the complement of W’
roughly corresponds to the intersection of Ljen with SAT, vur and with the complement of
L(Astz). The non-deterministic parity automaton for SATj yvur can be translated into a
non-deterministic Biichi one in polynomial time. In addition, as A is a universal co-Biichi CA,
the complement of L(Ag,) is also recognized by a non-deterministic Biichi automaton. Last,
the intersection of two non-deterministic Biichi automata is known to be a non-deterministic
Biichi automaton of polynomial size. <

Proof sketch of Theorem 10 The Transfer Lemma (Lemma 13) reduces the register-
bounded synthesis problem to a synthesis problem over a finite alphabet, whose specification
is w-regular by Lemma 14. This problem is decidable by Biichi-Landweber’s Theorem.
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Data domains with the completion property Theorem 10 is established for data domains
with effective w-regular satisfiability. We prove that any data domain satisfying the completion
property has w-regular satisfiability. Intuitively, we build a safety automaton that stores the
last constraint read and checks that two consecutive constraints are compatible.

» Lemma 15. Let D be a decidable completable data domain (resp. decidable in EXPTIME),
then D has w-regular satisfiability (resp. a deterministic parity automaton recognizing SAT g, x
can be constructed that has exp(k.|X|) states and 2 priorities.

» Remark 16. In the statement, we require that the existential first-order theory of D
is decidable. In fact we only require decidability of the satisfiability of conjunctions of
constraints and not any formula, this problem is generally easier.

We can now state the main result of this section:

» Theorem 17. Let D be a decidable completable data domain (resp. decidable in EXPTIME).
Then register-bounded synthesis from CLTL(D) is decidable (resp. 2EXPTIME-C). It is
2EXPTIME-HARD for any fized number of registers r > 2.

Proof sketch. To prove the upper bound, we first build from a CLTL formula ¢ an equivalent
CA A, using Proposition 5. Then, using Lemmas 13, 14, 15, realisability of ® reduces to
that of W4 gr, which can be recognized by a universal co-Biichi automaton whose size is
exponential in |®|, k and |R|. Last, realizability for specifications expressed by universal
co-Biichi automata can be decided in EXPTIME [19].

For the lower bound, we reduce the problem of LTL synthesis (over finite alphabets),
which is already 2EXPTIME-C [20], to bounded register synthesis with two registers, over
domain D. Intuitively, we use two distinct data values in order to encode the two boolean
values, and add constraints in the formula in order to ensure that the register transducer
uses two registers to store these data values all along the execution. <

» Remark 18. In Theorem 17, the lower bound already holds for two registers, and also if D
has an existential first-order theory decidable in PTIME. Moreover, this lower bound holds
for any data domain, as long as you are able to express the equality.

We have seen in Lemma 1 that (D,=) and (Q, <) are completable data domains. In
addition, it is easily seen that the existential first-order theory of (D, =) is decidable in NP,
as well as for (Q, <). As a consequence of Theorem 17, we obtain:

» Corollary 19. Register-bounded synthesis from CLTL(D,=) and CLTL(Q, <) is 2ExPTIME-
complete.

5 w-Regularly approximable data domains

Another important setting is the data domain (N, <). As said before, it is not completable,
but worse than that, its set of satisfiable constraint words SAT}, x is not regular. Actually,
when considering only finite words, this set is regular, but it turns out that it is not regular
when considering infinite words. Here is an example to illustrate this discrepancy. We define
decrease = (z(M) < (O Ay = 4(0)) and reset = (z(©) = y(@ Ay = 4(©), Then we look at
the family of constraint words reset.decrease’ .reset.decrease’®.reset.decrease® . ... Depending
on the sequence (in)n>0, the constraint word will or will not be satisfiable: if (i,,),>0 has
an upper bound then by picking the first value for y big enough we can build a satisfying
valuation, but otherwise the constraint word is not satisfiable. In this section, we will show
an extension of the previous framework that allows to capture such data domains.

11
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5.1 General approach

Let X be a set of variables. We let LASSO C (MC%))W denote the set of ultimately periodic
constraint words (or lasso-shaped word).

» Definition 20. We say that D is effectively w-regularly approximable if for every k, X, we
can build an w-regular language QSAT) x C (MCE?))‘” such that SAT, x C QSATy x and
SAT, x NLASSO = QSAT,, x N LASSO.

» Remark 21. QSAT, x can be thought of as an over-approximation of SAT; x which is
exact on lasso-shaped words.

» Theorem 22. Let D be an effectively w-reqularly approximable data domain. Then register-
bounded synthesis from specifications expressed as universal co-Biichi CA is decidable.

Let A be a universal co-Biichi CA over D, an w-regularly approximable data domain, and
R be a set of registers. Fix QSATy vur C (MC&&R)‘*’ as given in Definition 20. We define
the following language:

WS = {ae AWy | Vee (CF)*, (37 € join(a,e), & € QAT vur) = © € Laa(A)}

» Lemma 23. Wy g is realizable a F'T iff Wf?"R is realizable by a FT.

Proof sketch. For the reverse direction, it is easy to verify that the inclusion SATy vur C
QSAT vur entails Wy r 2 W,?\,R‘ Thus, if there exists a FT T that realizes W3 g i-e
L(T) C W%R, then it also realizes W4 p.

To prove the direct implication, we will show that for any FT T, L(T) ¢ W«?L r entails
L(T) € W4, . Following the lines of the proof of Lemma 14, and using the same notations,
we consider the following definitions/equalities:

Wég = {(E’ C, E) €A | (E, C, g) ¢ Ljoinl/g ¢ QSATk,VUR \/576 L(Astx)}
WS e = {@eAWygp | Yee (), e (MCY) ), (ae,d) e W}

In addition, as QSAT, yyr is w-regular, we can build a non-deterministic Biichi automaton
B accepting the complement Wi/Q of W’Q Observe that by definition of W' and W/Q, the equal-
ity SAT4,vur N LASSO = QSAT, ik N LASSO entails W' N LASSO = W,, NLASSO  (x).
Let T be an FT such that L(T) ¢ W%R: there exist @ € L(T), ¢ € (C‘(/k))“’, e
(MC&,’C&R)“ such that (a,¢,c) & W/Q, and thgsﬁ(ﬁia ) € L(B). Consiflering the product
T x B, we can exhibit a lasso shaped word (b,d,d’) € L(B) such that b € L(T). Property

(%) entails (b,d,d’) ¢ W', hence b € W4 g, and thus L(T) € W 4 r. <

» Remark 24. Observe that if W,?l,R is realizable a F'T T, W 4 r is also realizable by T.

Proof sketch of Theorem 22
By Lemmas 13 and 23, we have that L(A) is realizable iff W%R is realizable by a FT.
The definition of W%R is the same as that of W4 r, while substituting SAT yur with

QSAT} vur- As a consequence, Lemma 14 can be adapted to prove that W% r is effectively
w-regular, and we conclude using Biichi-Landweber’s Theorem.
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5.2 Proving w-regular approximability

In [15], a similar notion of w-regular approximability is considered, but their setup is different
as they do not start from logic but from register automata. As such, their syntactic input
languages are not over constraint words as we do, but over action words. One of the differences
is that they only speak of the future one time step ahead and that they receive values one at
a time. Still, we will show that it is possible to transfer w-regular approximability results
from their setting to ours.

In the setting of [15], there is a single input, hence I should be a singleton (I = {x}) and
there is no output (O = ). Last, we let R denote some set of registers. With these choices,
we denote by FEASRr C (Acty.y,0,r)” the set of action words @ such that [a] # 0. We will
also denote by LASSO sy the adaptation of LASSO to the set (Actg.y,0,r)*.

» Definition 25. Let D be a data domain. We say that D is effectively AW regqularly
approzimable (AW-RA) if, for every R, we can build an w-regular language QFEASR C
AWY o g such that FEASk C QFEASR and FEASg N LASSOaw = QFEAS; N LASSO aw .

Now we can state the following result:

» Proposition 26 ( [15]). Fach of the following data domain is effectively AW regularly
approximable:

(N, <): natural numbers with linear order

(Z,<): integers with linear order

(7, =4, <) : tuples of integers, with pointwise linear order (d € N is fired)

(X%, <): finite words over X with the prefiz relation
In addition, for each of these domains, given a set of registers R, the set QFEASR is recognized
by a non-deterministic parity automaton with exp(|R|) states and poly(|R|) priorities.

This follows from different results proven in [15]. First, it is shown in Section 3.2 that
for all R, (N, <) has a witness QFEASR of w-regular approximability recognized by a non-
deterministic parity automaton with exp(|R|) states and poly(|R|) priorities. Then, it is
shown in Sections 4.2 and 4.3 that the other data domains reduce to (N, <). In Remark 18,
it is explained why these reductions induce a construction for QFEASy that preserves its
size and number of priorities (only a polynomial blowup occurs).

The next result allows us to transfer these positive results to our setting:

» Lemma 27. If a data domain D is effectively AW-RA, then it is effectively w-regqularly
approximable: if QFEASR can be recognized by a non-deterministic parity automaton with
exp(|R|) states and poly(|R|) priorities, then QSAT . x can be recognized by a non-deterministic
parity automaton with exp((k + 1).|X|) states and poly((k + 1).|X|) priorities.

Proof sketch. The intuitive idea of the construction is to translate what happens in the
setting of constraint sequences into that of action words over inputs of dimension 1. To
that end, intuitively, we need to trade the higher dimension of input variables (] X|) and the
possibility to look at horizon k with longer executions. Each step in the setting of constraint
sequences will be simulated by (k 4 1).|X| steps in the action words setting.

Let D be an effectively AW regularly approximable data domain. Let X = {z1,...,2x|}
be a set of variables and £ € N. We define the following set of registers:

R:{$17]|1§’LS|X|,0§]S]€}

In particular, we have |R| = (k +1).|X|
Formally, we define a mapping ¥ : (./\/ng?))“ — (Act,y,0,r)” from constraint sequences
over X*) to action words over R (with the same conditions as above, i.e. singleton input

13
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variables, and empty set of output variables). We describe how it works on an example.
Assume that X = {x,y, 2z} and kK = 1. We thus have access to six data values, which we will
store in six registers. FEach step in the constraint sequence setting is simulated by six steps
in the action word setting. The way we convert W = cjcs ... is depicted on Figure 2.

Check ¢;  Check consistency Check ¢;  Check consistency Check ¢3
—_— —_——
20 O L0 1) M \Z(l) 20 4O 0 L) M \z(l) 20 O 0 L) M \Z(l)
Initialize registers Update registers Update registers

Figure 2 Illustration of the construction of Lemma 27.

During the first six steps, we initialize the registers with the data values that we read.
At the end of these steps, we are able to check the first constraint ¢;. Then, the data are
processed six by six as follows: the first three data should correspond to data seen previously
(as z(© corresponds to 2! one step before), so we have to check consistency. Still, we update
the registers, and at the end of these six steps, we are able to check the constraint cs.

We claim that this mapping fulfills the two following properties:

(i) vw € (MCF)» 1w € SAT, x < U(w) € FEASR

(ii) v € (MCF)* W € LASSO = W (w) € LASSO 4p

We let QSAT, x = U~} (QFEASR). Property (i) gives SATy x = W~!}(FEASR). Thus,
FEASr C QFEASpR entails, by monotonicity of the inverse image, SAT, x € QSAT x. In
addition, Property (ii) easily gives QSAT; x N LASSO C SAT}, x, which implies SAT; x N
LASSO = QSATj, x N LASSO as expected.

Regarding complexity, one can observe that W is realized by an FT Ty with two states.
As QSAT, x = U~!(QFEASR), we can build an automaton accepting QSAT,, x by doing a
wreath product between Ty and an automaton recognizing QFEASE, yielding the result, as
we have |R| = (k+1).|X|. <

» Corollary 28. For D € {(N, <), (Z,<),(Z%,<%),(X*, <)}, register-bounded synthesis from
CLTL(D) is 2EXPTIME-C.

Proof sketch. Let D be one of these data domains and ® € CLTL(D). Let A be a universal
co-Biichi CA built from ®. By Proposition 26 and Lemma 27, a bound on the size of
a non-deterministic parity automaton recognizing QSAT) yvur can be derived. Then, the
complexity analysis done in the proof sketch of Theorem 17 can be adapted to show the
upper bound. The lower bound follows from the one of Theorem 17 as it does not depend on
the data domain (Remark 18). <

6 CLTL register-bounded synthesis with partial observation

Partial observation aims to improve the modeling capabilities. While a system may contain
numerous variables, the controller usually has access to only a few of them [18]. In this
section, we study an extension of CLTL that features partial observation: we split our set of
input variables into two subsets, public (visible) inputs I, and private (hidden) inputs Ij,.

» Example 29. To illustrate this setting, consider an environment that, at each turn, outputs
two public values iny,ina. One of them must be equal to some private (hidden) variable t
(target), that the controller aims at identifying infinitely often, using some variable g (guess)
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that it outputs at each turn. Such a setting can be captured as follows. Let I, = {iny,ina},
I;, = {t} and O = {g} and consider the following formula:

p=a| \ in® =] = ar (g0 =)
i€{1,2}
This formula is not realizable, as D is infinite and the way t alternates between in; and ins is

arbitrary. However, if we assume a periodic behavior of the environment, then we obtain the
following formula (here with period p):

i

ie{1,2}

Pper = | G (t(o) = t(P)) nG |\ in® _0 | | = gF (g(O) _ t(O))

Now, we can show that this formula is realizable by a register transducer with 2 registers,
which stores the two first inputs to identify which one repeats after p rounds.

Let V =1, W, WO be a set of variables. We say that a transducer T with input alphabet
I, and output alphabet O PO-realizes a specification L C (Valyp)* iff Y, € (Valy, p)*,
vw € L(T), wwWwy, € L.
Register-bounded Partial Observation Synthesis Problem from CLTL(D)
Input: A CLTL(D) formula ® over V =1, W1, & O and an integer r

Output: A register transducer T over (I,, O) with r registers that PO-realizes ®, if it exists.

As the specification deals with input variables I, U I, while the transducer only reads
inputs in I, we need to adapt the transfer lemma. To that end, given an action word @ over
I, and an action word @’ over I, UT},, we say that a’ is a completion of @ if for all i > 0, if
a; = (Cy, p35s, p?¥t) then a) = (CI, p3**, p?t), with C! € (MC&L)JR)“’ such that C; = C
We let comply, (@) denote the set of completions of @.

Then, given a universal co-Biichi CA A, we consider the following set:

I,UR-

wko ] @ € (Acty, 0,r)* | Va’ € comply, (@), Ve € (C‘(/k))w’
o (3¢’ € join(a’,€), ¢’ € SATy vuR) = € € Ltz (A)

We can then adapt the transfer lemma and prove:

» Lemma 30 (Partial observation transfer Lemma). Let A be a universal co-Biichi CA. Then
L(A) is PO-realizable by a RT with |R)| registers iff W4, is realizable by a FT.

Following the same lines as in Section 4, we prove:

» Theorem 31. Let D be a data domain with effective w-reqular satisfiability. Register-
bounded partial observation synthesis from CLTL(D) is decidable. If, in addition, D is
completable and decidable in EXPTIME, then it is in 2EXPTIME.

» Corollary 32. Register-bounded partial observation synthesis from CLTL(D,=) and
CLTL(Q, <) is 2EXPTIME-C.

7 Conclusion

We have shown that when the set of satisfiable constraint sequences over a data domain D is
w-regular, or w-regularly approximable, then the register-bounded synthesis problem from
CLTL(D) is decidable. In addition, we have provided detailed complexity analysis to obtain
optimal complexity results for most of the classical data domains studied in the literature.
Last, we have also proven that our approach can be generalized to partial observation.
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This work opens several perspectives. First, one could investigate natural extensions of

this work, for instance by targeting other data domains (e.g. sets of natural numbers with
inclusion [13]), or other logics over data words (e.g. freeze LTL [5]). Another direction consists
in trying to lift successful approaches developed for reactive synthesis from the boolean to
the data-aware setting. For instance, one could investigate compositional approaches, as
well as heuristics based on antichains, as proposed in [12] to develop more efficient symbolic
algorithms.
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A  Omitted proofs of Section 4

Proof of Lemma 11
» Lemma 11. Leta € AWy g i then [a] = [cstr(@)]]v .

Proof. Intuitively, this property follows from the fact that when @ € AW} ¢ g, the language
[a] does not depend on dy. Let @ = (C1, p§**, p§*')--- € AWf o  and cstr(a) = C7. We
proceed by double inclusion.

C. Let wV € (Valyp)® be such that wV € [a]. First by semantics of [a], there is a
valuation of the register whk along the run of @ on wV.

We call @ = w" & wk. We claim that @ € [cstr(a)] which immediately yields the result.
This follows from the definition of the semantics of [a] and of the constraint word cstr(a), as
we have simply encoded the semantics of @ into cstr(a).

D. Let w € (Valyugrp)®, we suppose W € [cstr(@)]. Then we know that for all ¢ > 0,
w; = C} that is:

w; = C;.

Vr € R such that p¢**(r) is defined, w; = (r(") = ps3(r)).

Vr € R such that p*(r) is not defined, w; = (r() =r).

vy € 0, wi = (y = (p7" (y)™)

We want to show @|y € [a] that is, there exists a word wf € (Valgp) that satisfies the
semantics of action words.
Let 7eg € (Valg,p)“ such that Vi > 1, Vr € R:
w;(r) if 35 <, p§**(r) is defined
regi(r) = { do otherwise
Now we show that W|y € [a], using this valuation word for registers. Let i > 0:
regi(r) = dp for all € R as there is no j < 1 such that p$** is defined (p*** starts at
one).
Then we show, w;|r Wreg; = C;. by hypothesis we have w; |= C;, but test in action word
are defined only on input variables and registers. So w;|yWw;|r = C;. Since @ € AWy g g,
we know that all registers that appear in C; have been assigned strictly before step 1.
Hence, w;|r Wreg; = C;.
We show for all r € R, reg;11(r) = w;|v o pass( ) if p°%(r) is defined. Let r € R such
that p¢**(r) is defined, by hypothesis w; = (1) = p¢*3(r)), s0 w1 (r) = w;(p?**(r))
and by definition of assignment p?**(r) € V', hence w;41(r) = w;|v (p?**(r)). Also since
p2%5(r) is defined, w;y1(r) = reg;1+1(r), So finally reg;+1(r) = w;|y o p?**(r)
Then we show for all r € R, regi+1(r) = reg;(r) if p?**(r) is not defined. Let r € R such
that p@**(r) is not defined, by hypothesis w; = (r™") =) so w;;1(r) = w;(r). There are
two cases:
if there exists j < i such that p$°*(r) is defined, then reg;(r) = w;(r). In addition, we
also have j < i+ 1, hence regz+1(r) = w;y1(r). Together with w;11(r) = w;(r), we
obtain regy 1 (r) = regi(r).
otherwise, there is no j < i such that p$**(r) is defined. Then there is also no such
j < i+ 1 and thus both reg;(r) = do and regi+1(r) = do. We can conclude reg;(r) =
reg;+1(r) as well.
We show w) = reg;11 0 pdt. Let y € O. Asa € AWY . r, We know that the register
r = p?“(y) has already received an assignment, that is, there exist j < i such that
p3**(r) is defined and thus reg;11(r) = wit1(r). By hypothesis w; = (y = (pf"*(y )M,

out

so w;(y) = wip1(p7*" (y)) = regiv1(p{" (y)) = regit1 o p7* (y). So w) = regisy o p7**

Finally [a] = [estr(a)]]v <
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Proof of Lemma 12

» Lemma 12 (Adequation). Let @ € AWy, € € (C‘(/k))“’, w € Valyurp and ¢ €

(MC&&R)‘“ such that w = ¢’. Then ¢ € join(a,¢) iff w|y = a and |y [ e.

Proof. Let ¢ € (C\F), @ € AWY ¢ p, W € Valyupp, ¢ € (MC{F)* such that @ |= ¢/,

=

Suppose that ¢’ € join(a,¢). We first show w|y = ¢. As ¢ C ¢/, we have for all i > 0
for all literal p € ¢;, p € ¢}, but W = ¢/, hence w, i = ¢} and directly w,i |= p, but as p is a
predicate whose variable are all in V', w|y,i = p. So w|y E¢.

Then for @, with the same argument as above we can get @ |= cstr(a@) and by Lemma 11,
we have W|y [ a.

=

We suppose |y = @ and W]y = ¢ We first show [¢/] C [e]. As w € [¢/], for all i > 0
for all literal p € ¢;, as ¢/ is maximally consistent and w,i |= p, p € ¢}, hence ¢ C .

Then for @, by Lemma 11, we have W |= cstr(@) and then with the same argument as
above cstr(a) C ¢’. And by definition of join, ¢ € join(a,¢). <

Proof of Lemma 14

» Lemma 14. Let A be a universal co-Biichi CA with n states. If D has effective w-regular
satisfiability, then W 4 r is effectively w-regular: given k € N and registers R, if SAT, vur
is recognizable by a non-deterministic parity automaton with ng states and cs colors, then
W4 r is accepted by a universal co-Biichi automaton with O(ns.cs.n.Q‘R‘) states.

Proof. Given two alphabets A and B, we say that a set L. C A¥ x B¥ is recognizable
by some automaton if the set of words w = (a1,b1)(az,b2) -+ € (A x B)¥ such that
(araz...,b1by...) € L, is recognizable by some automaton over alphabet A x B. This notion
is naturally generalized to sets L C AY x --- x A%, for A,,..., A, arbitrary alphabets.

We define the following objects:

A = (Actro,r)® x (CF)* x (MCE) )

Lion = {(@ecd)eA|cd €join(a,c)}

w/ = {(a,e,d) € A|(a,e,d) ¢ Lioin V' & SATvur VT E L(Astz)}
War = {aeAWeop|Vee (CF) Ve e (M) L)%, (@ d) e W}

First, one can easily verify that an action word belongs to AW‘]ﬁQ g by storing in the
state the set of registers assigned so far and verifying that the test only considers initialized
registers. The number of states is exponential in the number of registers.

Secondly, Ljoin is recognizable by a deterministic (safety) automaton Ajen with two states,
one accepting and one rejecting sink. Let us describe its transitions. Remind the construction
of Lemma 11, which from the constraint of an action a over V', constructs a constraint
that we denote cstr(a), over V U R. Now, in the accepting state, upon reading a triplet
(¢c,a,c’), the automaton stays in the accepting state if ¢ is maximally consistent, ¢ C ¢’ and
cstr(a) C ¢’. Otherwise it goes to the sink state.

Now, our goal is to build an automaton for the set W'. Note that War = {a |
vevd, (a,e,c’) € W'} (%).

Now let us call A,y the non-deterministic parity automaton recognizing {(a@,¢,c) €
A| ¢ € SAT,vur}. Now, any constraint automaton A can be seen as Agy,, a finite state

automata over the finite alphabet C‘(/k ), that recognizes Lg¢,.(A), which is therefore regular.

Note that A, is a universal coBiichi automaton, we also extend this automaton to take
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as input triplet of A, that is we define A/, the automata recognizing {(a,¢,c’) € A| ¢ €

Lst2(A)}. Therefore, we define
W' = L(Ajoin)C U L(Asar) U L(AL,)

stz

stx

recognizing it. As described above, the automaton Ajen is a Biichi automaton (safety is a
particular case of Biichi). The automaton Aq: can be converted into a non-deterministic
Biichi automaton with O(ns.cs) states. Finally, interpreting A.,. as a non-deterministic
Biichi automaton, we get a non-deterministic Biichi automaton recognizing L(A’,,)¢
constant time. The classical intersection operation on non-deterministic Biichi automata
yields a non-deterministic Biichi automaton Ay with O(n.ns.cs) states recognizing U. Let
Aw be Ay with inverted parity (one become zero and two become one) interpreted as
a universal coBiichi automaton, it will recognize the complement of Ay. We finally have
L(Aw) =W’ and Ay has O(n.ns.cs) states.

Using the equality (%), by projecting the transitions of U on the alphabet Acty o, gr, and
taking a product with a deterministic automaton with O(2!%l) states recognizing AWY 6 g

We denote U = WS = L(Ajoin) N L(Agar) N L(A%,, )¢ and show how to build an automaton

in

we get a universal coBiichi automaton recognizing W, with O(n.ny.c,.2/%!) states.
<

Proof of Lemma 15

» Lemma 15. Let D be a decidable completable data domain (resp. decidable in EXPTIME),
then D has w-regular satisfiability (resp. a deterministic parity automaton recognizing SAT x
can be constructed that has exp(k.|X|) states and 2 priorities.

Proof. Given a constraint C, we let future(C') be the constraint which consists of all literals
oY 2l for all literals 023", 2{™)) € C such that i1, ..., i, # 0.

We show the w-regularity by exhibiting a safety deterministic automaton S = (Q, 4,9, F)
recognizing SATy vuR.

Q= {qnit} U{ce /\/l(,’&f*l) | ¢ is satisfiable}

1= Qinit
d={(¢;¢,p) | ¢ = clyx-1 and p = future(c)}
F=Q

Now let w € MC%f )7 as long as the constraints w; and w;4+; are compatible with the
previous one and are satisfiable, we can take a valuation of the first one and thanks to the
completion property there exists a completion on the new variable. Our automata do check
those two property and, as such recognize SAT yvur. The size of MC&)J r is exponential in
V and R and computing the states of the automata consist of enumerating the constraint
of MCg% g and checking if the constraint are satisfiable which is P then computing the
states is in EX P, then computing the transition is easy, for any two state p, ¢, you check
if future(p) = qly -1 if it is you can add a transition labeled ¢ € /\/ng/k&R such that for
p(z™), ifie [0,k —1]

) e (VUR)® () = .
T ( ) (') q(x(z))7 if x= k

Proof of Theorem 17

» Theorem 17. Let D be a decidable completable data domain (resp. decidable in EXPTIME).
Then register-bounded synthesis from CLTL(D) is decidable (resp. 2EXPTIME-C). It is
2EXPTIME-HARD for any fized number of registers r > 2.
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Proof. Upper bound

Consider some formula ® € CLTL(D). By Proposition 5, we can build a universal co-
Biichi constraint automaton A whose size is expoential in the size of ®. Let A denote this
automaton. Thanks to Lemma 13, register bounded synthesis w.r.t. L(A) boils down to
classical synthesis for the specification W 4 g. By Lemma 15, SAT yur can be constructed
in exponential time, and thus, by Lemma 14, W 4 r is recognized by a universal co-Biichi
automaton of exponential size. The result follows as synthesis over a finite alphabet from a
universal co-Biichi automaton can be solved in exponential time [19].

Lower bound

For the lower bound, we reduce the problem of LTL synthesis (over finite alphabets), which
is already 2EXPTIME-C [20], to bounded register synthesis with two registers, over domain D
(remind that we always assume that have the equality predicate). We discuss how to extend
it to r registers at the end of the proof.

Intuitively, we will use two distinct data values in order to encode the two boolean values,
and add constraints in the formula in order to ensure that the register transducer uses two
registers to store these data values all along the execution.

Remind that for LTL synthesis, the atomic propositions are partitioned into input atomic
propositions in some finite set AP;, controlled by the environment, and output atomic
propositions in some finite set AP,,; controlled by the system. Let AP = AP, W AP,;.
The idea is the following, for each propositional variable a € AP, we associate a variable
vy €L if a € APy, and v, € O if a € AP,y and four variables v € I, v € I, v3“* € O
and v9“ € 0. So, I = {v, | a € AP, } U {0, v}, and O = {v, | @ € AP,y U {U%“t,vi“f}}.

Now we define the following formulae Assume and Guarantee which belong to CLTL(D)
over the set of variables TU O:

Assume 1= (v # 0N G (UZFL = (D Al = (i) D) ) /\ G(vg = v Vv, = v'")
a€AP
Guarantee := G (UT = v AT = v

We now define a reduction ¥ : LTL — CLTL(D) such that U(®) = Assume —
(Guarantee A ®[a + (vg = Vi), =a < (v, = v'"),Va € AP)).

The part within [.] in the expression above means that any occurrence the literal a is
replaced by the constraint v, = v Slmllarly, the negation —a is replaced by the constraint
v, = v’ Hence, the two values v¥" and v represent the two boolean values.

We show that @ is a positive instance of LTL synthesis iff U(®) can be realized by a
register transducer with two registers.

= Let ® be a positive instance of LTL synthesis, let T = (Q, go,d) be a finite transducer
that realizes it. We describe how to build a transducer register T” with two registers that
realizes W (®).:

= (Ql, Qinit, R, ‘/, 5/) with

Q/ = Q U Qinit

R={ry,rs}

V=IwO

o' = {(¢: Ca, p§>, p3"",p) | (P v, B,q) € 6} W {(qinit; Ca, p***, p3*,p) | (20, , B,p) € 0}

Where C,, is
Ca = /\ Vg = T2—q(a)

a€AP;,

21
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And the output pg“t is defined as follows:

ry if Bla) =1

Va € APpyt, p™ (va) = { ro  otherwise

po is the trivial assignment and p®*¢ is defined as p®**(rq) = v®® and p®**(re) = v". Note
that T’ is not complete, but any completion would satisfy the CLTL formula.

< For the converse, the key to this construction is that by forcing in ¥(®) the variable
v9"" and v9** to be constant and output at each step we can keep track of which register
contains which one of the two values, thus allowing to recreate the associated Boolean
valuation.

Recall that the data domain D comes with a distinguished data value dy, used to initialize
the registers of the register transducer. Let dt,d, € D\ {do}, with dt # d_.

We define a mapping f : {0, 1}4” — Valpyop. Let b € {0,1}A7 we define w = f(b) as
follows: Va € AP,

Vo € {in,out}, Yy € {T, L},

We extend this mapping to infinite words as follows. Given b = biby ... € ({0,1}47)«,

we define f(b) = W = wywsy ... where for each i > 1 we have w; = f(b;).

With slight abuse of notation, we may also apply mapping f to a € {0,1}4
Let T = (@, go, R = {ro,7m1},V,d) be a register transducer realizing U(®), we build a new
finite state transducer T = (Q’, ¢(,,0") where @' = Q x {0,1} U {¢{} with ¢{ a fresh state.

The transitions are defined as follows:

1. Starting from g}: let a € {0,1}4% consider w = f(). By definition of register trans-
ducers, registers are initialized to dg. So we can find the unique transition (qo, C, p®**, p°“, q)
such that w U {do}* = C. As T realizes ¥(®), we know that T outputs d; and d+. As
both registers were initialized to the different data value dy, T must store dt and d; in
its registers: p®*® is a total mapping. We build a transition ¢’ = (¢, o, 5, (¢, z)), with g8

P’in.

defined as:
Va € APy, Bla)=1 if p°(v,) = p°ut(v94t)
Va € APy, Bla) =0 if  p°(vg) = p°ut(v9"t)

0 otherwise

2. Now for each (¢,7) € Q x {0,1}, a € {0,1}4F». Again we let w = f(a) and we
consider the register valuation which maps r, to dt and r1_, to d;. So we can find
the unique transition (q, C, p®®%, p°“t, ¢') such that the resulting valuation over TU R
satisfies C. we build a new transition t' = ((¢,z), o, 8, (¢’,z’)), with 5 and 2’ defined as
1if pout(vqt) = rq

0 otherwise

and o — {1 if p®*3(ry) =0 € C

! . This is correct as T realizes U(®), hence it should satisfy

the formula Guarantee that ensures that v9** is equal to d.

0’ is then the union of the transitions previously defined. First observe that by construction
T’ is input-deterministic, and thus a transducer.

We now want to show the correction of this construction. That is, L(T’) C L(®).

We will first prove that Vb € ({0, 1}4°)«, b = @ iff f(b) = U(P).
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_First, we have f (b) = Assume and f(b) = Guarantee by construction. As a consequence
f(b) =9 (®) iff f(b) F ®la + (vy = v¥),7a (v, = v7"),Ya € AP]. Now we want to show
that the latter is equivalent to b = ®. For all 4 > 1, by definition of f(b), we have:

bikEa <<= f(b),iEuv,=v"
B,i):_\a — f()ﬂ'):va:vi"

This entails the expected equivalence.

Secondly, we can show, by induction on the length of the run, that we can derive from
the run of T/ on b a run of T on f(b). This follows from the fact that the transitions of T’
have been built on the images of elements of {0,1}4% by f.

Now we are ready to conclude: let b € L(T’). By the previous property, we deduce
f(b) € L(T). As T realizes ¥(®), we have f(b) | ¥(®). Thanks to the property proven
before, this entails b = .

Extension to r registers. If we want to reduce synthesis of r registers transducers, we
can use the same LTL formula. As the only input data values are d+ and dp, the registers
can only store three data values: d, dpot, dp. Instead of equipping states with a boolean to
know which register corresponds to value d+, we can enrich states with a partition of the set
of r registers into three sets corresponding to the three data values. As values d+ and d
must be output at each step, we know that sets corresponding to these two values must be
non-empty. The rest of the construction can easily be adapted. |

B  Omitted proofs of Section 5

» Lemma 33. Let A be a universal co-Biichi CA with n states. If D is effectively w-reqularly
approzrimable, then WfiR is effectively w-regular: given k € N and a set of registers R, if
QSAT, vur is recognizable by a non-deterministic parity automaton with n, states and cs
colors, then W%R is recognizable by a universal co-Biichi automaton with O(ng.cs.n.2F)
states.

Proof. Wi{R is obtained from W 4 g by replacing SAT v ur by QSATy vugr. As the proof of
Lemma 14 is based on automaton constructions, the same reasoning can be used to analyze
the set Wfi R <

Proof of Theorem 22

» Theorem 22. Let D be an effectively w-regularly approximable data domain. Then register-
bounded synthesis from specifications expressed as universal co-Biichi CA is decidable.

Proof. Consider some universal co-Biichi CA A. Lemmas 13 and 23 reduce realizability of
L(A) to (finite) realizability of Wi{’ - Lemma 33 entails that as D is effectively w-regular,

then the set Wg g can be effectively recognized by a universal co-Biichi automaton. We
conclude using Biichi-Landweber’s Theorem. <

Proof of Lemma 27

» Lemma 27. If a data domain D is effectively AW-RA, then it is effectively w-reqularly
approzimable: if QFEASER can be recognized by a non-deterministic parity automaton with
exp(|R|) states and poly(|R|) priorities, then QSATy, x can be recognized by a non-deterministic
parity automaton with exp((k + 1).|X|) states and poly((k + 1).|X|) priorities.

23
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Proof. The intuitive idea of the construction is to translate what happens in the setting
of constraint sequences into that of action words over inputs of dimension 1. To that end,
intuitively, we need to trade the higher dimension of input variables (| X|) and the possibility
to look at horizon k with longer executions. FEach step in the setting of constraint sequences
will be simulated by (k4 1).|X| steps in the action words setting.

Let D be an effectively AW regularly approximable data domain. Let X = {z1,...,2x|}
be a set of variables and k € N. We define the following set of registers:

R={r;;|1<i<|X[,0<j<k}

In particular, we have |R| = (k + 1).|X|

Formally, we define a mapping W : (MCg;))‘“ — (Acty,y,0,r)” from constraint sequences
over X*) to action words over R (with the same conditions as above, i.e. singleton input
variables, and empty set of output variables). We describe how it works on an example.
Assume that X = {x,y, 2z} and k = 1. We thus have access to six data values, which we will
store in six registers. Each step in the constraint sequence setting is simulated by six steps
in the action word setting. The way we convert W = cjcs ... is depicted on Figure 3.

Check ¢ Check co Check c3
Check consistency Check consistency
— —
2@ y© O L) g W) L0 O 0 p1) D) M) 0 O 0 L) D (D)
Initialize registers Update registers Update registers

Figure 3 Illustration of the construction of Lemma 27.

During the first six steps, we initialize the registers with the data values that we read.
At the end of these steps, we are able to check the first constraint ¢;. Then, the data are
processed six by six as follows: the first three data should correspond to data seen previously
(as 2 corresponds to 2! one step before), so we have to check consistency. Still, we update
the registers, and at the end of these six steps, we are able to check the constraint cs.

We give now the formal definition of mapping W. This mapping is defined from two
mappings W;,;+ and ¥,,..; that we define now.

We call ¥4 : MCS’;) — (Act{,q,0,r)* the function from MCEI;) to finite register action
words that for a given constraint ¢ generates the following action word:

ko |1X|
Winit(c) = H H(ai,j(c)»miJ 1)
j=0i=1
where
P T [@x e <+ i =[X[and j =k
ai,j(c) = p(miil)...xizl))EC

T otherwise.

Similarly, we define ¥, ¢, : /\/ng’;) — (Actuy,0,r)" the function from MCS?) to finite
register action words that for a given constraint ¢ generates the following action word:

k—1|X] |X|

Uoeat(C) = H H(xi,jﬂ =x,] ;) H(ai,k(0)7¢ Zi k)

7j=01:=1 i=1
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where «; j(c) is defined before for W;p;.

We are now ready to define ¥. Given ¢ = cjcacs... € (MC%))‘”, we define ¥(c) €
(Actg,y,0,r)” as follows:

\IJ(E) = \I/init (Cl)\:[lnext (CZ)Wnext(C:}) N

We claim that this mapping fulfills the following two properties:
(i) v € (MCP)» m € SAT, x < U(w) € FEASR
(ii) v € (MCF)* w € LASSO = U (w) € LASSO 4n

We explain why this entails the expected result. We let QSAT;, x = ¥~ (QFEASE) and
we prove that it satisfies the two expected properties:

FEASg C QFEASy entails, by monotonicity of the inverse image, W~!(FEASg) C
U~!(QFEASR). This entails SAT; x C QSAT, x as SAT, x = U~(FEASR) by Prop-
erty (i) and QSAT, x = U~!(QFEASR) by definition.

To show SAT;, xNLASSO = QSAT}, x NLASSO, we only have to prove QSAT;, xNLASSO C
SATy, x, the other inclusions being trivial. Consider some w € QSAT;, x N LASSO. We
thus have U(w) € QFEASEk and Property (ii) entails ¥(w) € LASSO oy. This entails
\I’(w) € FEASR, and thus w € SAT;%)(.

We first prove that U satisfies Property (7). That is SAT, x = U~!(FEASR).
Let ¢ € SATk, x. Then there exists w € (Valx p)“ such that w = ¢. We first build

the input sequence for the action word (the sequence of data d;) from W = wyws . ... Let
d = H H le(azgj)), we can now build by induction vy : » € R — dp and v;4; as the
1=1j=0i=1
d;,¥(c);

content of the registers upon realizing the action ¥(c);, i.e. ¥; ———— v;41. There are three
cases:

when the test is T, it is direct, '

when it is ; ;11 = *, in which case it is enough to observe that w;(x; ! ) = w1 (x;”’)

as long as j < k,

lastly in the case where the test is A (i, gy - - iy 5) [ x) 8 < *], the content

PV .ol ec,

of the register has been fully updated except for z| x|, but the substitution changes its

value to the current data.

Then, each constraint holds in ¢; if it holds in the test over the registers.

This gives us the left to right implication. The converse implication comes from the fact
that any data sequence satisfying W(¢) can be folded back to a sequence of valuations from
(Valx p)¥, the z; j11 = * tests ensure the repetition of each data k time. Once folded, the
constraint in ¢; is evaluated on the same data as in the action word hence satisfiability of ¢
comes from the satisfiability of ¥(c).

We now want to prove that U preserves ultimate periodicity, ¢.e. Property (ii).

Letc e (MCE?))“ ultimately periodic. Then it can be rewritten as ¢y ... ¢y (Cut1 - - - Cutt)®-
We will suppose v > 1 without loss of generality. Then we have:

\I/(é) = \I/init (Cl)\pnemt(CQ) e \Ijnewt (Cu)(\pnewt (cu-‘rl) e \I/next(cu+t))w

Which is ultimately periodic of period ¢(k + 1)|X]|.
Regarding complexity, one can observe that VU is realized by an FT Ty with two states.
As QSAT, x = U!(QFEASR), we can build an automaton accepting QSAT}, x by doing a
wreath product between Ty and an automaton recognizing QFEASE, yielding the result, as
we have |R| = (k + 1).|X|.
<4
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C Omitted proofs of Section 6
» Lemma 34. Leta € AWy i, Va' € comphy, (@) and Yoy = o', Wli,uo =@

Proof. Let a = (Cy, p§®s, pg"") -+ € AWT g g, let a/ € comply, (@) and let W € Valy,p such
that @ |= o’. By def of comply, (@), a’ = (C1, p$**, p7**) .. .. Let wk ¢ Val§, p, the valuation
word of the register along the execution of @’ on @. We will build by induction 2 € Valg p
the valuation word of the register along the execution of @ on |y, o.
Let i > 1 suppose w? = . First we show that the valuation of this register valuation
do satisfy tests of @. By hypothesis W = a’ so by semantics of action words, w;|; x wf | C!
by projection we have w; |y, Uwf = C!l,ur but C; = Cllr,ur so wilr, UwF &= C; and by
induction hypothesis C; = C!|y,ur so wi|r, W xf = C;.
Then we show that w/®, = 2 . Again by hypothesis @ |= a’ so by semantics of action
words, we have:
let r € R if p?*(r) is defined we have wf |(r) = wj|; o p®**(r) then by definition of
comply, (@), we know that p®**(r) € I, because it is initially an assignment of @ so
wiy (r) = wilr, o pf* (r) so @i, (r) =
wﬁl(r)
let r € R if p?**(r) is not defined we have w/*(r) = wf,(r) then zf(r) = 2fi,(r) do

respect the semantics of @ and as 2% (r) = wf(r), we get 22, (r) = wl | (r)

%

(r), and by semantics of @, =2 | (r) = w;|r, o pf**

Lastly we need to ensure that the execution on @ do output w|p. We have by hypothesis
w;|o = wk | 0 p°**, and in last point we got z%,(r) = wl | (r) so wilo =z, o p°**. That
allows us to conclude by semantics of action word that W|y,uo E @

<

» Lemma 30 (Partial observation transfer Lemma). Let A be a universal co-Biichi CA. Then
L(A) is PO-realizable by a RT with |R)| registers iff Wi_% is realizable by a FT.

Proof. Let D be our data domain, A be a constraint automata, and T be a register transducer.
= Suppose A is PO-realized by T. We show that Ty, is the finite state transducer that
realizes Wﬁ%, that is, L(Ts) C sz%.

Let @ € L(Ty,). Let o/ € comply, (@), ¢ € (C‘(,k))‘” such that 3¢ € join(a/,¢) and
c e SATI@,VUR~

By definition, there is w € (Valyur.p)“, such that w = ¢/. We now need to show that
¢ € L(Agiz). Let p be arun of L(Ag,) on w. By Lemma 12 we have, |y = o/ and w|y = @.
We have o’ € comply, (@) and w|y |= o’ so by Lemma 34, wly,ur | @ By hypothesis we have
A is PO-realized by T so for all wy, € Valy, b, Wr,uo X W, € L(Astz). And in particular for
Wy, =Wy, , 80 W|y € L(Astz). Then p is an accepting run of Ag;,, that is ¢ € L(Ast). So
a € Wi%, hence L(Ts,) C Wf‘%.

< Suppose W 4 g is realized by T = (Q,I,%;,3,,A) a finite transducer on the finite
alphabet of action word. So we know that:

e MC

Yo = Assigny, r X Valo.r

ACQxY;, =X, xQ
We name T the R-register transducer over D generated by T (such that T' = Ty, ) and show
that T PO-realizes A.

Let w € L(T) € (Vali,uo,n)” and @y € (Valr, p)* a valuation of the hidden variable
along the run. We let @ be a constraint word generated by the run of 7" on w. By definition,
@ € L(T4,). We can build the register valuation word along that run w, € (Valgp)“ by
following the execution along the action word @. We name ¢ the constraint word generated
by a run p of A on W x wy. Then we can build a maximally consistent constraint word ¢’
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over V U R such that w & wy, W w, = ¢ by choosing for every literal and its negation the
one that @ W Wy, W w, satisfies. Then ¢ € SATy vur, by definition. We just said that ¢ is a
word generated by W W Wy, so WWwy, = ¢ But @ is not of the right type so we will build
aa € comply, (@), by conserving the same assignment and output but by expanding the
tests from variable I, U R to T U R by taking the predicates satisfied by w W wy, W w,.. This
a’ is indeed in comply, (@) and we also have by construction w = ab’. Then by Lemma 12,
J = join(a@, ©).

But we said that @ € L(Ts,), so @ € Wi?R by hypothesis. By definition of Wf‘%, we
have ¢ € L(Agt:). So wWwy, € L(A) and finally T PO-realizes A. <

Proof of Theorem 31

» Theorem 31. Let D be a data domain with effective w-reqular satisfiability. Register-
bounded partial observation synthesis from CLTL(D) is decidable. If, in addition, D is
completable and decidable in EXPTIME, then it is in 2EXPTIME.

Sketch of proof. The proof is similar to what we did in Section 4. We show that when
the domain has effective w-regular satisfiability, then we can describe the construction of a
universal co-Biichi automaton accepting the set Wﬁ%, and control its size. More precisely,
the difference between definitions of W4 g and W4 relies in the universal quantification
over a’ € comply, (@). This universal quantification fits well with the universal coBiichi
condition we considered.

Then, the decidability follows from Biichi-Landweber’s Theorem. Regarding complexity,
the same reasoning applies. |
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