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SKETCH OF THE TALK

@ (Lower) bounded lattices and the doubling operation

© Finite Coxeter lattices
o Coxeter lattices
@ The class HH of lattices
o All lattices of HH are bounded
o Finite Coxeter lattices are in HH

© The lattice of finite closure systems
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Outline

(Lower) bounded lattices and the doubling operation

@ (Lower) bounded lattices and the doubling operation
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ower) bounded lattices and the doubling op

(LOWER) BOUNDED LATTICES
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Definition (McKENZzIE [10], 1972)

A homomorphism « : L — L' is called if the
inverse image of each element of L’ is either empty or has a
minimum.

A lattice is if it is the lower bounded

homomorphic image of a free lattice.

An lattice is defined dually and a lattice is
if it is lower and upper bounded.
£ f<z\
o cllesved
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bounded lattices and the doubling op

THE DOUBLING CONSTRUCTION, DAY [6], 1970
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(Lower) bounded lattices and the doubling operation

THE DOUBLING CONSTRUCTION, DAY [6], 1970
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(Lower) bounded lattices and the doubling operation

THE DOUBLING CONSTRUCTION, DAY [6], 1970
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bounded lattices and the doubling op

THE DOUBLING CONSTRUCTION, DAY [6], 1970
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bounded lattices and the doubling op

THE DOUBLING CONSTRUCTION, DAY [6], 1970
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bounded lattices and the doubling op

(GENERALISATION TO LOWER PSEUDO-INTERVALS
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bounded lattices and the doubling op

(GENERALISATION TO LOWER PSEUDO-INTERVALS

e\\

bl\

o aseeed

«O0>» «F»>» «E» «E)>» = aq >
11/103



(Lower) bounded lattices and the doubling operation

(GENERALISATION TO LOWER PSEUDO-INTERVALS
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bounded lattices and the doubling op

(GENERALISATION TO CONVEX SETS
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(Lower) bounded lattices and the doubling op

CHARACTERISATION OF BOUNDED LATTICES

Theorem (DAY [7], 1979)

Let L be a lattice. The following are equivalent :
e L is bounded,

o it can be constructed starting from 2 by a finite sequence of
interval doublings.
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(Lower) bounded lattices and the doubling op

CHARACTERISATION OF LOWER BOUNDED LATTICES

Theorem (DAY [7], 1979)

Let L be a lattice. The following are equivalent :
o L is ;

o it can be constructed starting from 2 by a finite sequence of
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(Lower) bounded lattices and the doubling op

CHARACTERISATION OF UPPER BOUNDED LATTICES

Theorem (DAY [7], 1979)

Let L be a lattice. The following are equivalent :
e L is upper bounded,

o it can be constructed starting from 2 by a finite sequence of
upper pseudo-intervals.
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bounded lattices and the doubling op

AN EXAMPLE OF BOUNDED LATTICE
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(Lower) bounded lattices and the doubling operation

AN EXAMPLE OF BOUNDED LATTICE
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bounded lattices and the doubling operation

AN EXAMPLE OF BOUNDED LATTICE
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(Lower) bounded lattices and the doubling operation

PERM(3) IS BOUNDED
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(Lower) bounded lattices and the doubling op

PERMUTOHEDRON ON 4 ELEMENTS :
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bounded lattices and the doubling op

PERMUTOHEDRON ON 4 ELEMENTS : BOUNDED TOO
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(Lower) bounded lattices and the doubling op

PERMUTOHEDRON ON 5 ELEMENTS :
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(Lower) bounded lattices and the doubling op

: BOUNDED AGAIN

AN
-
z
a
=
&
—
=
LO
z
O
z
©
&
a
a
5
O
g
=
=
=
a
¥

,o,,

i

i %»
& z..:'
‘

4,.
._‘

.A..

Z:

ﬁc@

.j« x

«O>» «F» «

22/103



(Lower) bounded lattices and the doubling operation

IN FACT...

Permutohedron is bounded
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IN FACT...

(Lower) bounded lattices and the doubling operation

Permutohedron is bounded

All finite Coxeter lattices are bounded
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Finite Coxeter lattices

Outline

© Finite Coxeter lattices
o Coxeter lattices
@ The class HH of lattices
o All lattices of HH are bounded
o Finite Coxeter lattices are in HH
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Coxeter lattices

WHAT 1S A COXETER GROUP 7

Definition

A group W is a if W has a set of generators
S C W, subject only to relations of the form

(Ssl)m(s,s/) __ e

where m(s,s) = 1 for any s in S (all generators have order 2),
and m(s,s’) =m(s’,s) > 2 for s# s in S.

o
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Coxeter lattices

LIST OF ALL FINITE IRREDUCIBLE COXETER GROUPS

@ The four infinite families :
o A, (symmetric groups),
° BTL?

° D7l7
o

and I, (dihedral groups).
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Coxeter lattices

LIST OF ALL FINITE IRREDUCIBLE COXETER GROUPS

@ The four infinite families :
A,, (symmetric groups),
Bn?

Dn7

o and I, (dihedral groups).

@ and the six isolated groups : Eg, E7, Eg, Fy, H3 and Hy.

Jazsie)

A
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Finite Coxeter lattices
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Coxeter lattices

COXETER GRAPH OF FINITE IRREDUCIBLE COXETER
GROUPS

Dp(n>4) oo ———@---------- 0—¢<: Eg D—O—I—Q—O—.

In(n >25) ¢ " o Fy ._.i._.
Hgz 'io—o
Hy .ic—c—c
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Coxeter lattices

THE LATTICE STRUCTURE OF COXETER GROUPS

Cayley graph of a group
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Finite Coxeter lattices
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Coxeter lattices

THE LATTICE STRUCTURE OF COXETER GROUPS

Cayley graph of a group ordered by the (right) weak order

If {(w) < l(ws).
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Coxeter lattices

THE LATTICE STRUCTURE OF COXETER GROUPS
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If {(w) < l(ws).
Theorem (Bjorner, 1984)

The weak order on any finite Coxeter group is a (autodual)

lattice. %}\
\//
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Coxeter lattices

FINITE COXETER LATTICES ARE BOUNDED

Sketch of the proof :
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@ Defining a new class of lattices : )
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Coxeter lattices

FINITE COXETER LATTICES ARE BOUNDED

Sketch of the proof :

@ Defining a new class of lattices : )
© Showing that lattices of HH are bounded,
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Coxeter lattices

FINITE COXETER LATTICES ARE BOUNDED

Sketch of the proof :

@ Defining a new class of lattices : )
© Showing that lattices of HH are bounded,
© Showing that finite Coxeter lattices are in HH.
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Coxeter lattices

FINITE COXETER LATTICES ARE BOUNDED

Sketch of the proof :

@ Defining a new class of lattices : )
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Finite Coxeter lattices
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The class HH of lattices

HAT, ANTIHAT AND 2-FACET

°a (y,z,2)" :

N

Yy z

@ an (y,z,2)Y :

z

N
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Finite Coxeter lattices
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The class HH of lattices

HAT, ANTIHAT AND 2-FACET

°a (y,z,2)" :

y z
@ an (y,z,2)Y :

.y\./j
° a FY%7
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The class HH of lattices

DEFINITION OF A 2-FACET LABELLING
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The class HH of lattices

DEFINITION OF A 2-FACET LABELLING
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The class HH of lattices

DEFINITION OF A 2-FACET LABELLING
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Coxete es
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The class HH of lattices

DEFINITION OF A 2-FACET LABELLING
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING
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Coxeter lattices
0000000 e000000

The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

r(t7)

This is a function r from T' = {t1, ..., t;, ...t} to R ~
&R
tatal
«O0>» «F>» «E» «E>» = o>
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

r(t1)

r(t7)

This is a function r from T' = {t1,...,t;,...t,} to R such that :

/ZKE\
\ \ /
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

r(t1)

r(t7)

This is a function r from T' = {t1,...,t;,...t,} to R such that :

r(ty) < r(te) < r(ts) vi$
rt) < r(ts) < r(ts) @AB
r(t1),r(te) <r(tr) i _\XZ/
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

4
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

4

r(ty) <r(ts),r(ts)  r(ta) <r(te),r(t3) /&Z\
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The class HH of lattices

Finite Coxeter lat

ON SEMIDISTRIBUTIVITY

0000000000000

Definition

A lattice is

if, for all x,y,z € L :
e xANy=zAzimplieszAy=zA(yVz)

e xVy=2xVzimplieszVy=zV(yAz)
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The class HH of lattices

Finite Coxeter lat

ON SEMIDISTRIBUTIVITY

0000000000000

Definition

A lattice is

if, for all x,y,z € L :
e xANy=zAzimplieszAy=zA(yVz)

e xVy=2xVzimplieszVy=zV(yAz)

Proposition (DAY, NATION, TSCHANTZ [8], 1989)
Bounded lattices are semidistributive.

1 \‘\Z‘//

DA™



C or lat
0000000000000

The class HH of lattices

THE CLASS H'H OF LATTICES

Definition

A finite lattice L is in the class if it satisfies :
2 <Z
\xz‘ /
«O0>» «F>» «E» «E>» = o>
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The class HH of lattices

THE CLASS H'H OF LATTICES

Definition

A finite lattice L is in the class if it satisfies :
@ L is semidistributive,

@ to every hat (y,x,2)" of L is associated an anti-hat
(v, y A z,2")y of L such that [y A z,x] is a 2-facet,

@ to every anti-hat (y,z, z)y of L is associated a hat
(y',yV z,2")" of L such that [x,y V 2] is a 2-facet,

Q there exists a 2-facet labelling T on the (covering) edges of
L and a 2-facet rank function r on 7.

J PP
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ratal

«O0>» «F>» «E» «E>» = o>
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All lattices of HH are bounded

0000000000000 0000O

First part of the theorem

All lattices of HH are bounded

How DO WE PROVE THIS 7
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All lattices of HH are bounded

Finite
RECALLING ARROW RELATIONS...

O®@000000000000000O
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Finite Coxeter lattices
0000000000000 00000
All lattices of HH are bounded

CHARACTERISING SEMIDISTRIBUTIVITY WITH ARROW
RELATIONS

Proposition (DAY [7], 1979)

A lattice L is semidistributive if and only if the relation | on
J X M induces a bijection between J and M.

Yﬁxﬁ/

«O0>» «F»>» «E» «E)>» = aq >
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Finite Coxeter lattices
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All lattices of HH are bounded

CHARACTERISING SEMIDISTRIBUTIVITY WITH ARROW
RELATIONS

Proposition (DAY [7], 1979)
A lattice L is semidistributive if and only if the relation | on
J X M induces a bijection between J and M.

| A

Notation

In any semidistributive lattice L, we can denote by (j,m;) — or
by (jm,m) — the elements of J;, x M}, which are bijective for
the relation |.

et
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All lattices of HH are bounded

RELATIONS ON THE EDGES OF THE LATTICES OF HH

«O0>» «F»>» «E» «E)>» = aq >
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All lattices of HH are bounded
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RELATIONS ON THE EDGES OF THE LATTICES OF HH

We write : bd <4, gt
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All lattices of HH are bounded
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RELATIONS ON THE EDGES OF THE LATTICES OF HH

We write : bd <4, gt
and ab <y, ce
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All lattices of HH are bounded
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RELATIONS ON THE EDGES OF THE LATTICES OF HH

We write : bd <4, gt
and ab <y, ce

and ac <y, be <4, hi
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All lattices of HH are bounded

RELATIONS ON THE EDGES OF THE LATTICES OF HH

We write : bd <4, gt

and ab <y, ce . /ﬁ<\}\
and ac <, be <, hi \ ! 7@/
and so : ac <y, hi. [tetdl -7

«O0>» «F>» «E» «E>» = o>
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All lattices of HH are bounded

USING THE <; RELATIONS

Theorem

Let m be meet-irreducible in L € HH and let (m,m™) be
labelled by t.

The set By, = {(z,y) : (z,y) <¢ (m,m™)} is not empty and has
a least element (u,v).

Moreover v is a join-irreducible, v~ = u and v | m.
o cljasvest
«O0>» «F>» «E» «E>» = o>
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All lattices of HH are bounded
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All lattices of HH are bounded
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All lattices of HH are bounded
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All lattices of HH are bounded

t € T such that for any hat (y,x, z)
is labelled by t, FY=2) is q diamond

00000000 @00000000O

Let L € HH and T a 2-facet labelling of L. There exists a label

whose arc (y,x)

r(z,x)

53/103
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All lattices of HH are bounded
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Lemma
Let L € HH and T a 2-facet labelling of L. There exists a label

t € T such that for any hat (y,z,z)" whose arc (y,x) or (z,x)
is labelled by t, FY*2) is q diamond.

More precisely :

/\
Y z

and if r(¢) is maximum in 7(7")
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All lattices of HH are bounded

53/103

Lemma

Let L € HH and T a 2-facet labelling of L. There exists a label
t € T such that for any hat (y,z,z)" whose arc (y,x) or (z,x)
is labelled by t, FY*2) is q diamond.

More precisely :




Finite Coxeter lattices
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All lattices of HH are bounded

”DISCONSTRUCTING” AN INTERVAL TO CONSTRUCT A

SECOND LEMMA

Let L be a lattice and I C L an interval of L. We say that [ is
(in L) if L can be obtained from a lattice Lo by the
doubling of an interval Iy C Lo (with I = Iy x 2).

et
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All lattices of HH are bounded

”DISCONSTRUCTING” AN INTERVAL TO CONSTRUCT A

SECOND LEMMA

Let L be a lattice and I C L an interval of L. We say that [ is

(in L) if L can be obtained from a lattice Lo by the
doubling of an interval Iy C Lo (with I = Iy x 2).

Lemma
Let L € HH, j € J, and t the label of the arcs (j~,j) and

(mjv mj_)

| A

Assume all 2-facets contained in [j_,m;r] and which have one
edge labelled by t are isomorphic with diamonds.

«O0>» «F»>» «E» «E)>» = aq >
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All lattices of HH are bounded

”DISCONSTRUCTING” AN INTERVAL TO CONSTRUCT A

SECOND LEMMA

Let L be a lattice and I C L an interval of L. We say that [ is

(in L) if L can be obtained from a lattice Lo by the
doubling of an interval Iy C Lo (with I = Iy x 2).

Lemma
Let L € HH, j € J, and t the label of the arcs (j~,j) and

(771j7 77l;k)'

| A

Assume all 2-facets contained in [j_,m;r] and which have one
edge labelled by t are isomorphic with diamonds.

j i~ o <\}\

Then the interval Ljm; = [j~,m]] is . 7;&
L7

«O>» «F>r «E>» «E)» = av
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All lattices of HH are bounded

ILLUSTRATION OF THE LEMMA

0000000000 @O000000O

55/103

\/
St
«O0>» «F>» «E» «E>»

\w\i/,\’
lacl “_«LZ /

DA™



All lattices of HH are bounded

ILLUSTRATION OF THE LEMMA
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All lattices of HH are bounded

ILLUSTRATION OF THE LEMMA
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All lattices of HH are bounded

Finite Coxeter lattices

ILLUSTRATION OF THE LEMMA
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All lattices of HH are bounded

ILLUSTRATION OF THE LEMMA

0000000000000 0e000
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All lattices of HH are bounded

ILLUSTRATION OF THE LEMMA

0000000000000 00e00
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Finite Coxeter lattices

0000000000000 000eO
All lattices of HH are bounded

AT LAST...

Theorem

The class H'H of lattices is closed for the contraction of a

contractible interval w.r.t. a label whose 2-facet rank function is
mazximal.

HENCE THE RESULT :

/Q<E\
Lo s

«O>» «F» «
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All lattices of HH are bounded

AT LAST...

Theorem

The class H'H of lattices is closed for the contraction of a

contractible interval w.r.t. a label whose 2-facet rank function is
mazximal.

HENCE THE RESULT :

/Q<E\
Lo s
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> «E» = A



All lattices of HH are bounded

Finite Coxeter lattices

NOT ALL BOUNDED LATTICES ARE IN HH

0000000000000 0000e
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All lattices of HH are bounded

NOT ALL BOUNDED LATTICES ARE IN HH

A bounded lattice that does not belong to HH

WHY 777
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Finite Coxeter lattices are in HH

Finite Coxeter lattices

®000000

Second part of the theorem

Finite Coxeter lattices are in HH

How DO WE PROVE THIS 7
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Finite Coxeter lattices are in HH
A STRONG RESULT

Finite Coxeter lat

Proposition (L.C.p.P.-B

, 1994)
Finite Coxeter lattices are semidistributive

64/103
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Finite Coxeter lattices are in HH

A STRONG RESULT

Proposition (L.C.p.P.-B., 1994)

Finite Coxeter lattices are semidistributive.

Proposition (DUQUENNE AND CHERFOUH, 1994)

Permutohedron is semidistributive.

«O0>» «F»>» «E» «E)>» = aq >
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Finite Coxeter lattices are in HH

REFLECTIONS AS ELEMENTS AND EDGE LABELS

Definition

Tw = {t € W:3s € S,3w € W such that t = wsw™'}

is the set of the of the Coxeter group W.
et
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Finite Coxeter lattices are in HH

REFLECTIONS AS ELEMENTS AND EDGE LABELS

Definition

Tw = {t € W:3s € S,3w € W such that t = wsw™'}

is the set of the of the Coxeter group W.

Two labellings of the edges : the g-labelling

w vy <Z\
i lc1cl o /
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Finite Coxeter lattices are in HH

REFLECTIONS AS ELEMENTS AND EDGE LABELS

Tw = {t € W:3s € S,3w € W such that t = wsw™'}

is the set of the of the Coxeter group W.

Two labellings of the edges : the g-labelling and the r-labelling

w@
\\xz‘/

«O0>» «F>» «E» «E>» = o>
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Finite Coxeter lattices are in HH

PROPERTIES OF THE REFLECTIONS

Proposition (L.C.d.P.-B.)
Two ”opposite” edges of a 2-facet of a Cozeter lattice are
labelled by the same reflection.

«O0>» «F»>» «E» «E)>» = aq >
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Finite Coxeter lattices are in HH

PROPERTIES OF THE REFLECTIONS

Proposition (L.C.d.P.-B.)

[e]e]o]e] lole}

Two ”opposite” edges of a 2-facet of a Cozeter lattice are
labelled by the same reflection.
t ta
to i3
t3 ta
ta t1
67/103
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Finite Coxeter lattices are in HH

PROPERTIES OF THE REFLECTIONS

Proposition (L.C.d.P.-B.)

Two ”opposite” edges of a 2-facet of a Cozeter lattice are
labelled by the same reflection.
t ta
to i3
t3 ta
ta t1
Corollary _
The r-labelling on the edges of any finite Coxeter lattice is a <\F\
2-facet labelling. Z}

TLUr A ez i=r = ©aQ
67/103
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Finite Coxeter lattices are in HH

PROPERTIES OF THE LENGTH FUNCTION

Theorem (L.C.d.P.-B.)

The length function £ on every Cozeter lattice Ly is a 2-facet
rank function when defined on the r-labelling of the edges of Lyy .

«O0>» «F»>» «E» «E)>» = aq >
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Finite Coxeter lattices are in HH

PROPERTIES OF THE LENGTH FUNCTION

Theorem (L.C.d.P.-B.)

The length function £ on every Cozeter lattice Ly is a 2-facet
rank function when defined on the r-labelling of the edges of Lyy .

So :
Theorem
Every Cozeter lattice is in the class HH and therefore is
bounded.
et
«O>» «Fr» «E» «E>» = DA
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Finite Coxeter lattices
O00000e

Finite Coxeter lattices are in HH

TWO ADDITIONAL RESULTS

Theorem

Let Ly be a Coxeter lattice and Wy a parabolic subgroup of W.
There exists a series of interval contractions that leads from Lyy
to the lattice Ly, of its parabolic subgroup Wr.

«O0>» «F»>» «E» «E)>» = aq >
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Finite Coxeter lattices are in HH

TWO ADDITIONAL RESULTS

Theorem

Let Ly be a Coxeter lattice and Wy a parabolic subgroup of W.
There exists a series of interval contractions that leads from Lyy
to the lattice Ly, of its parabolic subgroup Wr.

Proposition

There exists a particular interval doubling series from a given
Cozeter lattice generated by n generators to the Cozeter lattice
of the same family, generated by n + 1 generators.

Jazie)

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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Outline

The lattice of finite closure syst

© The lattice of finite closure systems
70/103
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DEFINITION

The lattice of finite clos

is closed under set intersection.

C on S : a subset of 25 which contains S and
Example (S = {1,2,3,4})

1234

134

234

0
71/103
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The lattice of finite closure syst

THE LATTICE (M, C) OF CLOSURE SYSTEMS ON A
FINITE SET S

Example (n=2)

{0,1,5} {0,2, 5}
{1,S} {2,S}
{s}
/Af<Z\
\\SZ//
«O0>» «F>» «E» «E>» = o>
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Structures cryptomorphic with :

@ closure operators,

o finite lattices,

e full implicational systems (or full systems of dependencies).

73/103
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Structures cryptomorphic with
@ closure operators
o finite lattices

o full implicational systems (or full systems of dependencies)

The lattice (M, C) of closure systems is lower bounded

How DO WE PROVE THIS 7

//ﬁ%\
48
i llcl

\/9/
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The lattice of finite closure syst

TWO DEPENDENCE RELATIONS ON THE
JOIN-IRREDUCIBLES OF M,

e The d (Monjardet [11], 1990),
e The 0q4 (Day [7], 1979).

Definition

@ joj'if j=j orif 3z € L with j <j'Va,j £z and j £ .
@ j4j if j =3 orif Iz € L with j < j'Vaand j £ 5~ Va.

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

TWO DEPENDENCE RELATIONS ON THE
JOIN-IRREDUCIBLES OF M,

e The d (Monjardet [11], 1990),
e The 0q4 (Day [7], 1979).

Definition

@ joj'if j=j orif 3z € L with j <j'Va,j £z and j £ .
@ j4j if j =3 orif Iz € L with j < j'Vaand j £ 5~ Va.

In particular, we have §; C 9.

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

CHARACTERISING 0 AND 0; WITH THE ARROW
RELATIONS

Q@ joj/<—ImeM: jImandj £m.
Q jbyj < 3ImeM: jImandj | m.

e
75/103 Er «E» E DAC



SOME RESULTS

Proposition

In any lattice L, the following are equivalent :
Q@ L is atomistic,
QVjed VYmeM, jLm impliesj | m,
@ 6y=20.

et
«O0>» «F>» «E» «E>» = o>
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SOME RESULTS

Proposition

In any lattice L, the following are equivalent :

o ;
QVjieJ VmeM, jLm impliesj | m,
o

e

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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SOME RESULTS

77/103

Proposition

In any lattice L, the following are equivalent :
o ,
QVjieJ VmeM, jLm impliesj | m,
(8]

Moreover :

Proposition (Day [7], 1979)

A lattice L is lower bounded if and only if 04 has no circuit. -

v >:\R

A

et

«O0>» «F>» «E» «E>» = o>



The lattice of finite closure syst

THE JOIN-IRREDUCIBLES OF M,

For A C S, weset C4 = {A4,S}.

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite clos

THE JOIN-IRREDUCIBLES OF M,

For A C S, weset C4 = {A4,S}.

e Each C4 is a closure system,

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

THE JOIN-IRREDUCIBLES OF M,

For A C S, weset C4 = {A4,S}.
e Each C4 is a closure system,

o they are exactly the atoms of M,,,

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

THE JOIN-IRREDUCIBLES OF M,

For A C S, weset C4 = {A4,S}.
e Each C4 is a closure system,
o they are exactly the atoms of M,,,

e and any other closure system (except from {S}) is a join of
some Cy4.

i

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

THE JOIN-IRREDUCIBLES OF M,

For A C S, weset C4 = {A4,S}.
e Each C4 is a closure system,
o they are exactly the atoms of M,,,

e and any other closure system (except from {S}) is a join of
some Cy4.

Thus :

The lattice M, is atomistic \

i

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

THE JOIN-IRREDUCIBLES OF M,

For A C S, weset C4 = {A4,S}.
e Each C4 is a closure system,
o they are exactly the atoms of M,,,

e and any other closure system (except from {S}) is a join of
some Cy4.

Thus :

The lattice M, is atomistic and g = 6. \

i

A
o cljesveed
«O0>» «F>» «E» «E>» = o>

78/103



The lattice of finite closure syst

WHAT ABOUT THE MEET-IRREDUCIBLES OF M, ?

Proposition
Let C be a closure system of M,,. The following holds :

CeMy, < C=Cs;={XCS: AZ X oriecX}.

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

FINALLY...

Let C4 and Cp be two join-irreducible elements of M, .

Cq0Cp — ACBCS

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite clos

FINALLY...

Let C4 and Cp be two join-irreducible elements of M, .

Cq0Cp — ACBCS

So ¢ is an

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

FINALLY...

Let C4 and Cp be two join-irreducible elements of M, .

Cq0Cp — ACBCS

So 4 is an
And since § = ;...

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite clos

FINALLY...

80/103

Let C4 and Cp be two join-irreducible elements of M, .

Cq0Cp — ACBCS

So 4 is an
And since § = ;...

Theorem

The lattice M, of closure systems is lower bounded.

et
«O0>» «F>» «E» «E>» = o>



The lattice of finite clos

FINALLY...

80/103

Let C4 and Cp be two join-irreducible elements of M, .

Cq0Cp — ACBCS

So 4 is an
And since § = ;...

Theorem

The lattice M, of closure systems is lower bounded.

It is not bounded since it is not semidistributive. /?2\;\
o |l
«O0>» «F>» «E» «E>» = o>



MY COLLEAGUES (AND FRIENDS !)

The lattice of finite closure syst

S LSS

81/103
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The lattice of finite closure syst

MY COLLEAGUES (AND FRIENDS !)

-]

FiG.: B. Leclerc and B. Monjardet, CAMS, EHESS, Par

«O0>» «F>» «E» «E>»




The lattice of finite clos

THE FINAL WORD.

1234

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite closure sy

NO QUESTIONS.. ?




The lattice of finite clos

B

) ) & ) R
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The lattice of finite clos
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RECALLING ARROW RELATIONS

The lattice of finite closure sys

87/103
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The lattice of finite clos

... AND THE A-CONTEXT OF A LATTICE

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite clos

... AND THE A-CONTEXT OF A LATTICE

x
v w

a z t v w
y 1 X X X X
z t z X 1 X T
t 1 X T X
u 1 1 X X

Yy

a

«O>» «F» «

it
v
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The lattice of finite clos

... AND THE A-CONTEXT OF A LATTICE

a z t v w
y 1 X X X X
z t z X 1 X T
t 1 X T X
u 1 1 X X
Y
Any lattice has (|J|! x [M]|!) to describe its A-context.

88/103



ON SEMIDISTRIBUTIVITY

Definition
A lattice is if, for all x,y, z € L,
xAy=xzAzimpliesszAy=xA(yV z).

lattices are defined dually and a lattice is
if it is meet- and join-semidistributive.

R

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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ON SEMIDISTRIBUTIVITY

Definition
A lattice is if, for all x,y, z € L,
xAy=xzAzimpliesszAy=xA(yV z).

lattices are defined dually and a lattice is
if it is meet- and join-semidistributive.

Proposition (DAY, NATION, TSCHANTZ [8], 1989)

Bounded lattices are semidistributive.

et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

RESULTS

Proposition (DUQUENNE AND CHERFOUH, L.C.D.P.-B., 1994)

Permutohedron is semidistributive.

«O0>» «F» «=>»
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The lattice of finite clos

RESULTS

Proposition (DUQUENNE AND CHERFOUH, L.C.D.P.-B., 1994)

Permutohedron is semidistributive.

Proposition (DAY [7], 1979)

A lattice L is semidistributive if and only if the relation | on
J X M induces a bijection between J and M.

R

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

RESULTS

Proposition (DUQUENNE AND CHERFOUH, L.C.D.P.-B., 1994)
Permutohedron is semidistributive.

Proposition (DAY [7], 1979)

A lattice L is semidistributive if and only if the relation | on
J X M induces a bijection between J and M.

Given any total order on Jpg,p(n), there exists a unique total
order on Mpeppn) — say L}, — such that T'= (Ag, L, L},) has
all ] on the principal diagonal. .

‘b\
\//

«O> «Fr o« = :: DAy
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The lattice of finite closure syst

A SIMPLE IDEA FROM A STRONG RESULT

Definition

Let L be a semidistributive lattice. A tableau T'= (Ar, Ly, La)
of the A-context of L is a if the following hold :
@ the |J| arrows | of T are on the principal diagonal of T,

@ All arrows T, are below this diagonal and all arrows | are
above.

Proposition (Geyer [9], 1994)

A lattice is bounded if and only if its A-context admits a

B-tableau. ) <\E\
\Qi‘

lacl \«LZ%/

«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

A B-TABLEAU OF PERM(4)

J\ M 3421 4231 3241 2431 4312 4213 3214 2413 4132 3142 1432
1243 X 1 X X X 1 X X 1 X
1324 X X 1 X 1 X 1 X X X
1342 X T X 1 X X X
1423 T X X X 1 X X
2134 X X X X X X X 1 1 1
2314 X X X X T X 1

2341 X X X X T T

2413 T X X T X

3124 X T X X X X l
3412 X T T X T

4123 T X T X X X

92/103



The lattice of finite closur

A B-TABLEAU OF PERM(4)

J\ M 3421 4231 3241 2431 4312 4213 3214 2413 4132 3142 1432
1243 X 1 X X X 1 X X 1 X
1324 X X 1 X 1 X 1 X X X
1342 X T X 1 X X X
1423 T X X X 1 X X
2134 X X X X X X X 1 1 1
2314 X X X X T X 1

2341 X X X X T T

2413 T X X T X

3124 X T X X X X l
3412 X T T X T

4123 T X T X X X

Here : L; is equal to Lex(J).
In fact :

Theorem

The tableau T' = (Aperm(n), Lewy, L
lattice Perm(n) is a B-tableau.

92/103



The lattice of finite clos

RECALLS

Definition
o A(a) : the set of of a,
o D(a) : the set of of a.

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite closure syst

RECALLS

o A(a) : the set of of a,
o D(a) : the set of of a.

a = 3241 € Perm(4).

N
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The lattice of finite closure syst

RECALLS

o A(a) : the set of of a,
o D(a) : the set of of a.

a = 3241 € Perm(4).
A(3241) = {24, 34}

N

sl
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The lattice of finite closure syst

RECALLS

o A(a) : the set of of a,
o D(a) : the set of of a.

a = 3241 € Perm(4).
A(3241) = {24,34} and D(3241) = {32,31,21,41}.

N

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

RECALLS

o A(a) : the set of of a,
o D(a) : the set of of a.

Example

a = 3241 € Perm(4).
A(3241) = {24,34} and D(3241) = {32,31,21,41}.

| A

N

The weak order defined on Perm(n) is characterised by :

a<f <<= AP C Ala) e

D

o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

RECALLS

o A(a) : the set of of a,
o D(a) : the set of of a.

Example

a = 3241 € Perm(4).
A(3241) = {24,34} and D(3241) = {32,31,21,41}.

| A

N

The weak order defined on Perm(n) is characterised by :

a<f < A(f) € A(a) <= D(a) € D(B) 5

D

o cljesveed
«O0>» «F>» «E» «E>» = o>

93/103



The lattice of finite clos

EXPRESSION OF THE ELEMENTS OF Jpepp(n)

a € Jperm(n) Uf and only if there exists a unique ordered pair vu

of elements in o such that u < v.
et
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

EXPRESSION OF THE ELEMENTS OF Jpepp(n)

a € Jperm(n) Uf and only if there exists a unique ordered pair vu
of elements in o such that u < v.

23,1324 € JPeTm(4)

«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite clos

EXPRESSION OF THE ELEMENTS OF Jpepp(n)

a € Jperm(n) Uf and only if there exists a unique ordered pair vu
of elements in o such that u < v.

23,1524 € JPeTm(4) but 1432,4213 ¢ JPe'rm(4)'

e

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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EXPRESSION OF THE ELEMENTS OF Jpepp(n)

a € Jperm(n) Uf and only if there exists a unique ordered pair vu
of elements in o such that u < v.

23,1324 € Jperm(a) but 1432,4213 & Jperm(a).-

So, in other words :

o € Jpermn) < a = A|A = Buv|uB

with u < v and A = Bv and A = uB the two mazimal linear ;\F
suborders of a compatible with 0pepy, ) = 1...i...n. A

OIS Yo g
«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite clos

EXPRESSION OF THE ELEMENTS OF Mpepm(n)

& € Mperm(n) if and only if there exists a unique ordered pair lp
of elements in o such that | < p.

4213,1432 € MPerm(4) but 1342,4231 ¢ MPe'rm(4)'

R

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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EXPRESSION OF THE ELEMENTS OF Mpepm(n)

& € Mperm(n) if and only if there exists a unique ordered pair lp
of elements in o such that | < p.

4213,1432 € MPerm(4) but 1342,4231 ¢ MPerm(4)'

So, in other words :

& € Mperm(n)y <= a=C|C = DljpD

with 1 < p and C = DI and C = pD the two mazximal linear ;\F
suborders of a compatible with 1peyy, ) = n...i...1. A

OIS Yo g
«O0>» «F»>» «E» «E)>» = aq >
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The lattice of finite closure syst

CHARACTERISING THE A-CONTEXT OF PERM(n)

Lemma

Let v = BoluB € Jpepm(n) and p = Cl|pC € i

VALY
i llcl \‘L/‘/
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The lattice of finite clo

CHARACTERISING THE A-CONTEXT OF PERM(n)

Lemma

Let v = BoluB € Jpepm(n) and p = Cl|pC € i
Q@ 7 <p < D(7) S D) <= Ap) S A(y).

@ 7T p <= pl€D(y) and D(y) € D(p™).

Q| lp <= weAlp) and A(n) C A(y

)
Q@ ] u < pleD(y), we A(u), D(y) C D(ut) and
A(p) € A(Y7).

lc1cl

«O0>» «F»>» «E» «E)>» = J)q(\
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M INDUCED BY |

The lattice of finite closure sys

1. Let v = Bu|vB be a join-irreducible and u a meet-irreducible of Perm(n).
ylp <= p=CulvC with {
2. Let p = Cl|pC be a meet-irreducible and ~ a join-irreducible of Perm(n).

CHARACTERISING THE BIJECTION BETWEEN .J AND

g:({zGB:u<z}U{z€§:’u<m},>)
C={reB:z<u}lU{zeB:z<v}>)
~y]lp < ~=Bp|lB with{

B={zeC:z<ptu{ze
97/103

B C:xz <1}, <)
B=({z€eC:p<z}u{zeC:l<az}, <)

oclesed
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The lattice of finite clos

AN ADDITIONAL RESULT

Theorem

Let Ly be a linear order on Jpepm(n) and L}y, the "associated”
linear order on Mpepy(n)- The following are equivalent :

Jazsie)

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite clos

AN ADDITIONAL RESULT

Theorem

Let Ly be a linear order on Jpepm(n) and L}y, the "associated”
linear order on Mpepy(n)- The following are equivalent :

O T = (Aperm(n)s Ly, L) is a B-tableau of Perm(n),

Q L, is a linear extension of (J, <perm(n)) L3, a linear
extension of (M, > perm(n))-

Jazsie)

A
o cljesveed
«O0>» «F>» «E» «E>» = o>
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The lattice of finite closure syst

NOT ALL TABLEAUX OF PERM(n) ARE B-TABLEAUX

«O0>» «F»>» «E» «E)>» = aq >
99/103



NOT ALL TABLEAUX OF PERM(n) ARE B-TABLEAUX

2341 3412
2314 I 1423
2134 1324 1243 )
AN
|1 ClINSV
«O0>» «F>» «E» «E>» = o>
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The lattice

of finite clos

2341
2314

NOT ALL TABLEAUX OF PERM(n) ARE B-TABLEAUX

3412

11
8
<
2134 1324 1243
FI1G.: A linear extension L of (J, <pepm(4)) for which L3, on M is
not a linear extension of (M, > perm(4))-
100/103
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The lattice

of finite clos

NOT ALL TABLEAUX OF PERM(n) ARE B-TABLEAUX

101/103
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DEFINITION

The lattice of finite clos

is closed under set intersection.

C on S : a subset of 25 which contains S and
Example (S = {1,2,3,4})

1234

134

234

0
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The lattice of finite closure

Proposition

The set of all the lattices that can be obtained from L € HH by
a series of interval contractions is a distributive lattice when
ordered by the following natural order relation : L < L' if L can
be obtained from L' by a series of interval contractions.

) \\‘\Z‘//
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