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Algebras

@ A similarity type £ is a set of symbols with a map
¢ < —{0,1,2,...}.
@ Anelement ¢ € . such that ¢(¢) = nis a n-ary operation
symbol (n = 0 : symbols of constant.)
@ A Z-algebra Ais a non-empty set, with for each n-ary
operation symbol £ € .Z, amap (A: A" — A.
@ For example :
e Agroupisan {*, ~' 1}-algebra.
e Aringisa {+,—,-,0}-algebra.
e If Ris aring. An R-module is a
{+,—,0}U{)\; | a € R}-algebra.
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variables in A the evaluations of the terms are equal.
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@ An identity is a pair of well-formed expressions in variables,
operations, and parentheses.

@ For example distributivity, associativity. . .

@ An algebra A satisfies an identity if for each assignment of
variables in A the evaluations of the terms are equal.

@ An {x, ~' 1}-algebra is a group if it satisfies the following
identities :

Xx(yx2)=(xxy)=2z,
1Txx=xx1=Xx,

xxx T=xTex=1.

P. Gillibert Critical points between varieties of algebras



@ A variety of £-algebras is the class of all .Z-algebras that
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@ A variety of £-algebras is the class of all .Z-algebras that
satisfy a given set of identities.

@ The variety of groups, the variety of rings, the variety of
R-modules where R is a given ring...

@ The class of all fields is not a variety.

@ For K a class of .#-algebras, we denote by Var(K) the
smallest variety that contains K.

@ Denote H(K) the class of all homomorphic images of
algebras in K.

Denote S(K) the class of all subalgebras of algebras in K.
Denote P(K) the class of all products of algebras in K.
Var(K) = HSP(K) (Birkhoff, Tarski).

A variety is finitely generated if it is generated by a finite
class of finite algebras.
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@ A lattice L is a poset such that the meet and the join of any
two elements exists.
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@ A lattice L is a poset such that the meet and the join of any
two elements exists.

@ Denote x Ay the meet of x and y. Denote x Vv y the join of x
and y, for all x, y € L. The following identities are satisfied.

XAX=X XVX=X

XANYy=yAX XVy=yVvx
XANYyNZ)=(xXANy)ANz xV(yVz)=(xVy)Vvz
XAN(XVYy)=x XV(XANYy)=x

@ Conversely given an {V, A}-algebra L that satisfies those
identities. Put x < yiff x Ay = x, forall x,y € L,then Lis a
lattice.

@ Those identities define the variety of lattices.
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@ A congruence of an algebra A is an equivalent relation
compatible with the operations.
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Congruences

@ A congruence of an algebra A is an equivalent relation
compatible with the operations.

@ Congruences of a group correspond to normal subgroups.
@ Congruences of a ring correspond to two-sided ideals.
@ Congruences of a vector space correspond to subspaces.

@ Denote by Con A the poset of all congruences of A, under
inclusion. It is an algebraic lattice.
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Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y.
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Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y. Such congruence is
called principal.

@ A congruence is finitely generated if it is a finite join of
principal congruences.

@ Every congruence is a (infinite) join of finitely generated
congruences.

0=\/(@a(x.y)| (x.y) €0).
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Compact congruences

@ A semilattice (or (\,0)-semilattice) is a poset S such that
e S has a smallest element, denoted by 0.
e The join of « and 3, denoted by « Vv 3, exists for all o, 8 € S.
@ For any algebra A, we denote by Con A the set of compact
(=finitely generated) congruences of A. It is a semilattice.

@ The lattice Con A, is determined by Con¢ A, we have
Con A = 1dCon; A.

@ Con A is distributive if and only if Con¢ A is distributive, that
is, for all o, B,~v € Conc Awith a < 3V ~, there exists
B < pBand~ <~vsuchthata =p3"Vv~«.

@ If it is the case, we say that A is congruence-distributive.
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The Con, functor

@ Forf: A— B. We put :

Con¢f: ConcA— Con. B
a— ©p({(f(x),f(y)) | (x,y) € a})
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The Con, functor

@ Forf: A— B. We put :

Con¢f: ConcA— Con. B
a— ©p({(f(x),f(y)) | (x,y) € a})

@ Con, is a functor from any variety of algebras to the variety
of semilattices.
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Congruences classes

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.
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Congruences classes

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.

@ The congruence class of a variety V, denoted by Con¢ V), is
the class of all semilattices liftable in V.
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Congruences classes

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.

@ The congruence class of a variety V, denoted by Con¢ V), is
the class of all semilattices liftable in V.

@ We have a good description of Con¢ V for very few
varieties of algebras.
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Congruences classes

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.

@ The congruence class of a variety V, denoted by Con¢ V), is
the class of all semilattices liftable in V.

@ We have a good description of Con¢ V for very few
varieties of algebras.

@ We denote by D the variety of all distributive lattices, then
Con¢ D is the class of all generalized Boolean algebras.
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Congruences classes

@ Every bounded semilattice is liftable with a groupoid (Lamp
1982).
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Congruences classes

@ Every bounded semilattice is liftable with a groupoid (Lamp
1982).

@ There are also some unbounded semilattice liftable with a
groupoid, but not all.

@ Every semilattice is liftable with an algebra, with many
operations (Gratzer and Schmidt 1963).

@ The lifting of a semilattice S mentioned above has card S
operations.

@ Let K be an uncountable field, let E be a K-vector space of
infinite dimension.

@ The semilattice Sub, E is not liftable with any algebra with
less than card K operations.

@ In particular Sub, E is not liftable with a groupoid.
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@ We denote by L the variety of all lattices.

P. Gillibert Critical points between varieties of algebras



CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

P. Gillibert Critical points between varieties of algebras



CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

P. Gillibert Critical points between varieties of algebras



CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).
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@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).

@ Every distributive semilattice of cardinality at most X4
belongs to Con¢ £ (Huhn 1985).

@ There exists a distributive semilattice of cardinality R, 4
that does not belong to Con¢ £ (Wehrung 2007).
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CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).

@ Every distributive semilattice of cardinality at most X4
belongs to Con¢ £ (Huhn 1985).

@ There exists a distributive semilattice of cardinality R, 4
that does not belong to Con¢ £ (Wehrung 2007).

@ There exists a distributive semilattice of cardinality X, that
does not belong to Con¢ £ (Razicka 2008).
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con.V C Con, W ?
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Conc W ?

@ We put crit(V; W) = min{card S | S € Con;V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Conc W ?
@ We put crit(V; W) = min{card S | S € Con;V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
Mn
Denote by M, the variety of
lattices generated by M,,.

ai
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Conc W ?
@ We put crit(V; W) = min{card S | S € Con;V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
Mn
Denote by M, the variety of
lattices generated by M,,.

ai

@ crit(Ms; D) = Xg, where D is the variety of all distributive
lattices.
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Conc W ?
@ We put crit(V; W) = min{card S | S € Con;V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
Mn
Denote by M, the variety of
lattices generated by M,,.

ai

@ crit(Mgs; D) = R, where D is the variety of all distributive
lattices.
@ crit(Mm; M,) = Rp, for all m > n > 3 (PloS¢ica, 2000)
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@ Denote by G the variety of all groups.
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@ Denote by G the variety of all groups. The following results
are due to P. Ruzi¢ka, J. Tima, and F. Wehrung (2007).
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@ Let V be a non-distributive variety of lattices. Let F be the
lattice of V freely generate by X, elements.
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@ Denote by G the variety of all groups. The following results
are due to P. Ruzi¢ka, J. Tima, and F. Wehrung (2007).

@ All distributive semilattice of cardinality < Ry is liftable in G.

@ Let V be a non-distributive variety of lattices. Let F be the
lattice of V freely generate by X, elements.

@ Then Con¢ F is not liftable with any
congruence-permutable algebras.
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Critical points

@ Denote by G the variety of all groups. The following results
are due to P. Ruzi¢ka, J. Tima, and F. Wehrung (2007).

@ All distributive semilattice of cardinality < Ry is liftable in G.

@ Let V be a non-distributive variety of lattices. Let F be the
lattice of V freely generate by X, elements.

@ Then Con¢ F is not liftable with any
congruence-permutable algebras.

@ In particular :
crit(V; G) = Ro
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Critical points

@ Denote by G the variety of all groups. The following results
are due to P. Ruzi¢ka, J. Tima, and F. Wehrung (2007).

@ All distributive semilattice of cardinality < Ry is liftable in G.

@ Let V be a non-distributive variety of lattices. Let F be the
lattice of V freely generate by X, elements.

@ Then Con¢ F is not liftable with any
congruence-permutable algebras.

@ In particular :
crit(V; G) = Ro

@ We have M3 € Conc G and M3 ¢ Conc £, hence :

crit(G; £) =cardMs =5

P. Gillibert Critical points between varieties of algebras



Lifting of diagrams

@ All diagram considered are poset-indexed diagrams.
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Lifting of diagrams

@ All diagram considered are poset-indexed diagrams.

@ Alifting inV of a diagram of semilattices S P—Sisa
diagram A: P — V such that Cong oA~ 8.
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Lifting of diagrams

@ All diagram considered are poset-indexed diagrams.

@ Alifting inV of a diagram of semilattices S P—Sisa
diagram A: P — V such that Cong oA = S.

@ A lifting of a morphism of semilattices ¢: S; — Sy is a
morphism of algebras f: Ay — Ay,
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Lifting of diagrams

@ All diagram considered are poset-indexed diagrams.

@ Alifting inV of a diagram of semilattices S P—Sisa
diagram A: P — V such that Cong oA~ 8.

@ A lifting of a morphism of semilattices ¢: S; — Sy is a
morphism of algebras f: Ay — Ay, such that :

c
Cong Ay 22", Cong A,

” l ¢2l commutes.

S —l S,
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Lifting of diagrams

LetV and W be variety of algebras. We assume the following
conditions.
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Lifting of diagrams

LetV and W be variety of algebras. We assume the following
conditions.

@ V is locally finite.
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Lifting of diagrams

LetV and W be variety of algebras. We assume the following
conditions.

Q V is locally finite.
© For each diagram A of finite algebras inV,
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Lifting of diagrams

LetV and W be variety of algebras. We assume the following
conditions.

@ V is locally finite.

© Foreach diagram A of finite algebras in'V, there exists a
diagram B of W such that Cong oA = Cong oB.
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Lifting of diagrams

Theorem

LetV and W be variety of algebras. We assume the following
conditions.

@ V is locally finite.

© Foreach diagram A of finite algebras in'V, there exists a
diagram B of W such that Cong oA = Cong oB.

Then crit(V; W) =
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@ Let A€V, we must find B € W such that Con; A = Con, B.

P. Gillibert Critical points between varieties of algebras



@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.

@ There is B a diagram in W such that Con oA = Cong oB.
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
@ There is B a diagram in W such that Con oA = Cong oB.
e Put B=1lim B, then
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
@ There is B a diagram in W such that Con oA = Cong oB.
e Put B=1lim B, then

Conc B = Cong(lim B)

P. Gillibert Critical points between varieties of algebras



@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
@ There is B a diagram in W such that Con oA = Cong oB.
e Put B=1lim B, then

Conc B = Cong(lim B)

= lim(Cong oB)
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
@ There is B a diagram in W such that Con oA = Cong oB.
e Put B=1lim B, then

Conc B = Cong(lim B)
lim(Conc oB)

lim(Conc oA)

12

1
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
@ There is B a diagram in W such that Con oA = Cong oB.
e Put B=1lim B, then

Conc B = Cong(lim B)
= lim(Cong oB)
= lim(Cong oA)

= Con(lim A)
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@ Let A€V, we must find B € W such that Con; A = Con, B.

@ Denote A the diagram of finite subalgebras of A, with
inclusions.

o As Vis locally finite, A = lim A.
@ There is B a diagram in W such that Con oA = Cong oB.
e Put B=1lim B, then

Conc B = Cong(lim B)
= lim(Cong oB)
= lim(Cong oA)
= Con(lim A)
= Conc A
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The condensate of an arrow

@ Lifting semilattices = lifting diagrams of semilattices.
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The condensate of an arrow

@ Lifting semilattices = lifting diagrams of semilattices.

Theorem (G. 2008)
Let ¢: S — T be a morphism of countable semilattices. Put :

Cond ¢ = {(x, Yo)acr, € Sx TN [ {a € Ry | ya # ¢(X)} is finite}
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The condensate of an arrow

@ Lifting semilattices = lifting diagrams of semilattices.

Theorem (G. 2008)
Let ¢: S — T be a morphism of countable semilattices. Put :

Cond ¢ = {(x, Yo)acr, € Sx TN [ {a € Ry | ya # ¢(X)} is finite}

@ Cond ¢ is a semilattice and card(Cond ¢) = ;.

P. Gillibert Critical points between varieties of algebras



The condensate of an arrow

@ Lifting semilattices = lifting diagrams of semilattices.

Theorem (G. 2008)
Let ¢: S — T be a morphism of countable semilattices. Put :

Cond ¢ = {(x, Yo)acr, € Sx TN [ {a € Ry | ya # ¢(X)} is finite}

@ Cond ¢ is a semilattice and card(Cond ¢) = ;.

© Let V be a variety of lattices. Then ¢ is liftable in V if and only
if Cond(¢) is liftable in V.

P. Gillibert Critical points between varieties of algebras



The condensate of an arrow

@ Lifting semilattices = lifting diagrams of semilattices.
Theorem (G. 2008)

Let ¢: S — T be a morphism of countable semilattices. Put :
Cond ¢ = {(x, Yo)acr, € Sx TN [ {a € Ry | ya # ¢(X)} is finite}

@ Cond ¢ is a semilattice and card(Cond ¢) = ;.

© Let V be a variety of lattices. Then ¢ is liftable in V if and only
if Cond(¢) is liftable in V.

If Sand T are finite and V is a finitely generated variety of
lattices,
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The condensate of an arrow

@ Lifting semilattices = lifting diagrams of semilattices.
Theorem (G. 2008)

Let ¢: S — T be a morphism of countable semilattices. Put :
Cond ¢ = {(x, Yo)acr, € Sx TN [ {a € Ry | ya # ¢(X)} is finite}

@ Cond ¢ is a semilattice and card(Cond ¢) = ;.

© Let V be a variety of lattices. Then ¢ is liftable in V if and only
if Cond(¢) is liftable in V.

If Sand T are finite and V is a finitely generated variety of
lattices, then we can change X to Ng.

P. Gillibert

Critical points between varieties of algebras



Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., N5s).

1
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., N5s).

1

0
@ PutS=22put T=2,denote ¢: S — T, (a, ) — a V .
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., N5s).

1

0
@ PutS=22put T=2,denote ¢: S — T, (a, ) — a V .
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., N5s).

1

0
@ PutS=22put T=2,denote ¢: S — T, (a, ) — a V .
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
@ ¢ has no lifting in Ns.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., N5s).

1

0
@ PutS=22put T=2,denote ¢: S — T, (a, ) — a V .
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
@ ¢ has no lifting in Ns.
@ Thus crit(Ms; NVs5) = Rg.
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The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .
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The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .

@ Notice that a finite lattice P of order-dimension d + 1 has a
A-compatible norm-covering of cardinal A*9.
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The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .

@ Notice that a finite lattice P of order-dimension d + 1 has a
A-compatible norm-covering of cardinal A*9.

@ LetAbea P-indexed-diagram of algebras of cardinal < \.
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The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .

@ Notice that a finite lattice P of order-dimension d + 1 has a
A-compatible norm-covering of cardinal A*9.

@ LetAbea P-indexed-diagram of algebras of cardinal < \.

@ We can construct an algebra A of cardinal «, called
condensate of A.

P. Gillibert Critical points between varieties of algebras



The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .

@ Notice that a finite lattice P of order-dimension d + 1 has a
A-compatible norm-covering of cardinal A*9.

@ LetAbea P-indexed-diagram of algebras of cardinal < \.

@ We can construct an algebra A of cardinal «, called
condensate of A.

Theorem (G. 2008)

Assume that X\ is uncountable, let V be a variety of algebras (on
a countable similarity type).
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The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .

@ Notice that a finite lattice P of order-dimension d + 1 has a
A-compatible norm-covering of cardinal A*9.

@ LetAbea P-indexed-diagram of algebras of cardinal < \.

@ We can construct an algebra A of cardinal «, called
condensate of A.

Theorem (G. 2008)

Assume that X\ is uncountable, let V be a variety of algebras (on
a countable similarity type). .
If Cong A has a liting in V, then Conc oA has a lifting in V.

P. Gillibert Critical points between varieties of algebras



The condensates of more general diagrams

@ Let P be a poset with a A\-compatible norm-covering of
cardinal .

@ Notice that a finite lattice P of order-dimension d + 1 has a
A-compatible norm-covering of cardinal A*9.

@ LetAbea P-indexed-diagram of algebras of cardinal < \.

@ We can construct an algebra A of cardinal «, called
condensate of A.

Theorem (G. 2008)

Assume that X\ is uncountable, let V be a variety of algebras (on
a countable similarity type). .
If Cong A has a liting in V, then Conc oA has a lifting in V.

Moreover if V is a finitely generated congruence-distributive
variety, then the theorem is also true for A = ;.
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The countable case

Theorem (G. 2008)

LetV and W be a finitly generated congruence-distributive
variety of algebras. The following statement are equivalent.

P. Gillibert Critical points between varieties of algebras



The countable case

Theorem (G. 2008)

LetV and W be a finitly generated congruence-distributive
variety of algebras. The following statement are equivalent.

Q crit(V; W) > No.
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The countable case

Theorem (G. 2008)

LetV and W be a finitly generated congruence-distributive
variety of algebras. The following statement are equivalent.

Q crit(V; W) > No.

Q LetSbe a diagram of finite semilattice indexed by a finite
chain, if S is liftable in V, then S is liftable in .
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The countable case

Theorem (G. 2008)
LetV and W be a finitly generated congruence-distributive
variety of algebras. The following statement are equivalent.
Q crit(V; W) > No.
Q LetSbe a diagram of finite semilattice indexed by a finite
chain, if S is liftable in V, then S is liftable in .

Q LetShea w-indexe diagram of finite semilattice, if Sis
liftable inV, then S is liftable in W .
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Generalizations

Theorem (G. 2008)

@ LetV and W be finitely generated congruence-distributive
varieties of algebras.
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Generalizations

Theorem (G. 2008)

@ LetV and W be finitely generated congruence-distributive
varieties of algebras.

@ Let C be a finite chain, letn > 1.
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Generalizations

Theorem (G. 2008)

@ LetV and W be finitely generated congruence-distributive
varieties of algebras.

@ Let C be a finite chain, letn > 1.
o LetSbea diagram of finite semilattices indexed by C".
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Generalizations

Theorem (G. 2008)

@ LetV and W be finitely generated congruence-distributive
varieties of algebras.

@ Let C be a finite chain, letn > 1.
o LetSbea diagram of finite semilattices indexed by C".
o Assume that S is liftable in V but not in W.
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Generalizations

Theorem (G. 2008)

@ LetV and W be finitely generated congruence-distributive
varieties of algebras.

@ Let C be a finite chain, letn > 1.
o LetSbea diagram of finite semilattices indexed by C".
o Assume that S is liftable in'V but not in W. Then :

crit(V; W) < X4
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Two varieties with critical point R4

@ Tdma and Wehrung asked in 2002 if there are two
varieties of lattices with critical point X.
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Two varieties with critical point R4

@ Tdma and Wehrung asked in 2002 if there are two
varieties of lattices with critical point X.

@ We considere the following varieties

Y = Var , W=Var <®> @

@ Assume thatj\' is a w-indexed diagram of finite lattices in V,
then Con¢ oA has a lifting in W.
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Two varieties with critical point R4

@ Tdma and Wehrung asked in 2002 if there are two
varieties of lattices with critical point X.

@ We considere the following varieties

Y = Var , W =Var <®> @

@ Assume thatj\' is a w-indexed diagram of finite lattices in V,
then Con¢ oA has a lifting in W.

@ Hence crit(V; W) > Ry.
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Two varieties with critical point R4

FIG.: Ag, A1, A, A3 =T,

PP

P. Gillibert Critical points between varieties of algebras



Two varieties with critical point R4

FIG.: Ag, A1, A, A3 =T,

A3 COI’]C A3
2 V-~
Aq Ao Cone A4 Cong Ao
Ao Con¢ Ay
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Two varieties with critical point R4

Fig.: Ty, T, T3, and T4

® Q@ P

Theorem (G. 2008)

LetV = Var(Ty) and W = Var(T,, T3, Ty), where Ty, Ty, T3,
and T, are the lattices above, then :

crit(V; W) = &y
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Theorem (G. 2008)

LetV be a finitely generated congruence-distributive variety of
algebras.
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Theorem (G. 2008)

LetV be a finitely generated congruence-distributive variety of
algebras. Let S be a diagram of finite semilattices.
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Theorem (G. 2008)

LetV be a finitely generated congruence-distributive variety of
algebras. Let S be a diagram of finite semilattices. If every finite
subdiagram of S has a lifting inV then S has a lifting in V.

P. Gillibert Critical points between varieties of algebras



Theorem (G. 2008)

LetV be a finitely generated congruence-distributive variety of
algebras. Let S be a diagram of finite semilattices. If every finite
subdiagram of S has a lifting inV then S has a lifting in V.

Corollary (G. 2008)

LetV be locally finie variety of algebras, let VW be a finitely
generated congruence-distributive variety of algebras. Then
either crit(V; W) < R, or crit(V; W) = cc.
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Theorem (G. 2008)

LetV be a finitely generated congruence-distributive variety of
algebras. Let S be a diagram of finite semilattices. If every finite
subdiagram of S has a lifting inV then S has a lifting in V.

Corollary (G. 2008)

LetV be locally finie variety of algebras, let VW be a finitely
generated congruence-distributive variety of algebras. Then
either crit(V; W) < R, or crit(V; W) = cc.

The result can be generalized assuming only that WV is finitely
generated congruence-modular varieties of algebras (G.,
Wehrung).
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|dea of the proof

@ Assume that crit(V; W) > R,,.
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|dea of the proof

@ Assume that crit(V; W) > R,,.

@ Using the “condensate” we obtain that every finite diagram
of finite semilattices liftable in V is liftable in W.
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|dea of the proof

@ Assume that crit(V; W) > R,,.

@ Using the “condensate” we obtain that every finite diagram
of finite semilattices liftable in V is liftable in W.

o LetSbhea diagram of finite semilattices liftable in V.
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|dea of the proof

@ Assume that crit(V; W) > R,,.

@ Using the “condensate” we obtain that every finite diagram
of finite semilattices liftable in V is liftable in W.

o LetSbhea diagram of finite semilattices liftable in V.
@ Every finite subdiagram of Siis liftable in V, thus also in W.

P. Gillibert Critical points between varieties of algebras



|dea of the proof

@ Assume that crit(V; W) > R,,.

@ Using the “condensate” we obtain that every finite diagram
of finite semilattices liftable in V is liftable in W.

o LetSbhea diagram of finite semilattices liftable in V.
@ Every finite subdiagram of Siis liftable in V, thus also in W.
@ Hence, by the Compactness theorem, S'is liftable in W.
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|dea of the proof

Assume that crit(V; W) > X,..

Using the “condensate” we obtain that every finite diagram
of finite semilattices liftable in V is liftable in W.

Let Sbe a diagram of finite semilattices liftable in V.
Every finite subdiagram of Siis liftable in V, thus also in W.
Hence, by the Compactness theorem, S'is liftable in W.

Every diagram of finite semilattices liftable in V is also
liftable in W.
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|dea of the proof

Assume that crit(V; W) > X,..

Using the “condensate” we obtain that every finite diagram
of finite semilattices liftable in V is liftable in W.

Let Sbe a diagram of finite semilattices liftable in V.
Every finite subdiagram of Siis liftable in V, thus also in W.
Hence, by the Compactness theorem, S'is liftable in W.

Every diagram of finite semilattices liftable in V is also
liftable in W.

@ Hence crit(V; W) = <.
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Critical points

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.
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Critical points

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

@ If either V C W or V¢ C W, then crit(V; W) = o (i.e.
Cong V C Conc W)
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Critical points

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

@ If either V C W or V¢ C W, then crit(V; W) = o (i.e.
Cong V C Conc W)

Conjecture (J. Tama and F. Wehrung 2002)

Let ¥V and W be (finitely generated) varieties of lattices, if
crit(V; W) = co then V C Wor V¢ C W.
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Critical points

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

@ If either V C W or V¢ C W, then crit(V; W) = o (i.e.
Cong V C Conc W)

Conjecture (J. Tama and F. Wehrung 2002)

Let ¥V and W be (finitely generated) varieties of lattices, if
crit(V; W) = co then V C Wor V¢ C W.

Conjecture (J. Tima and F. Wehrung 2002)

Let vV and W be (finitely generated) varieties of lattices, then
crit(V; W) < X, or crit(V; W) = cc.
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The chain diagram of a lattice

@ Let L be a finite lattice.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.

@ On the first level we put {0, 1}.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.

@ On the first level we put {0, 1}.

@ On the second level we put all chains of length 2 or 3 of L,
with 0 and 1.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.

@ On the first level we put {0, 1}.

@ On the second level we put all chains of length 2 or 3 of L,
with 0 and 1.

@ On the third level we put all sublattice of L generated by
two chains.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.

@ On the first level we put {0, 1}.

@ On the second level we put all chains of length 2 or 3 of L,
with 0 and 1.

@ On the third level we put all sublattice of L generated by
two chains.

@ On the top we put the lattice L.
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.

@ On the first level we put {0, 1}.

@ On the second level we put all chains of length 2 or 3 of L,
with 0 and 1.

@ On the third level we put all sublattice of L generated by
two chains.

@ On the top we put the lattice L.

@ Then we add many “decorations”, we obtain a diagram Ain
Var(L).
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The chain diagram of a lattice

@ Let L be a finite lattice. Denote 0 the smallest element of L
and 1 the largest element of L.

@ We construct the chain diagram of L in the following way.
The morphisms are inclusions.

@ On the first level we put {0, 1}.

@ On the second level we put all chains of length 2 or 3 of L,
with 0 and 1.

@ On the third level we put all sublattice of L generated by
two chains.

@ On the top we put the lattice L.
@ Then we add many “decorations”, we obtain a diagram A in
Var(L).

@ Let V be a variety of lattices, Cong oA has a lifting in V if
and only if L belongs to V or 1.
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A bigger diagram

@ Denote A the chain diagram of a lattice L.
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A bigger diagram

@ Denote A the chain diagram of a lattice L.

@ Let A be a condensate of A (there is such condensate of
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A bigger diagram

@ Denote A the chain diagram of a lattice L.

@ Let A be a condensate of A (there is such condensate of
cardinal Ry).
@ The following assertions are equivalent
e Con¢ A has a lifting in V.

e Con, oA has a lifting in V.
e L belongstoV or V.

Theorem (G. 2010)

LetV and W be finitely generated variety of lattices. Let L be a
finite lattice in V.
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A bigger diagram

@ Denote A the chain diagram of a lattice L.

@ Let A be a condensate of A (there is such condensate of
cardinal Ry).
@ The following assertions are equivalent
e Con¢ A has a lifting in V.

e Con, oA has a lifting in V.
e L belongstoV or V.

Theorem (G. 2010)

LetV and W be finitely generated variety of lattices. Let L be a
finite lattice in V. If L ¢ W U W9, then crit(V; W) < Ro.
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Main theorem

Theorem (G. 2010)
LetY and W be varieties of lattices.
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Theorem (G. 2010)

LetV and W be varieties of lattices. Assume that each simple
lattice in VW has a prime interval.
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Main theorem

Theorem (G. 2010)

LetV and W be varieties of lattices. Assume that each simple

lattice in VW has a prime interval. One of the following statement
is true.

Q crit(V; W) < XN,.
QVow.
Q@ vowd
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Main theorem

Theorem (G. 2010)

LetV and W be varieties of lattices. Assume that each simple

lattice in VW has a prime interval. One of the following statement
is true.

Q Crit(V; W) < No.
QVvow.
Q@ vcowi

@ This solve the two, above mentione, conjecture of J. Tima
et F. Wehrung in the finitely generated case.
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That is all

Thank you for your attention.
Any questions ?
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