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Introduction and definitions

DEFINITION

Moore family
A Moore family M on S : any subset of 2° which is N-stable
and contains S.

o My,My e M = M;NMye M.

e Se M.

The elements of M are called the closed sets.
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Introduction and definitions

DEFINITION

Moore family
A Moore family M on S : any subset of 2° which is N-stable
and contains S.

o My,My e M = M;NMye M.

e Se M.

The elements of M are called the closed sets.

o Closure system
o Intersection ring (of sets)
e Protopology

o Intersection semilattice,
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Intro

duction and definitions

NUMBERS OF FINITE CLOSURE SYSTEMS ON S
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Known up to |S|=T7.

000000

2,

7,

61,

2480,

1.385.552 (see Higuchi),

75.973.751.474 (Habib & Nourine, Discrete Maths, 2005)

14.087.648.235.707.352.472 (Colomb, Irlande & Raynaud,

LNCS, 2010)
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Introduction and definitions

SOME CRYPTOMORPHIC NOTIONS

Folklore : closure operators on S (Moore/Birkhoff)

Any map ¢ on 2° which is :
e isotone (A C B = ¢(A) C ¢(B)),
e extensive (A C ¢(4)),
o idempotente (¢?(A) = ¢(A)).
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Introduction and definitions

SOME CRYPTOMORPHIC NOTIONS

Folklore : closure operators on S (Moore/Birkhoff)

Any map ¢ on 2° which is :
e isotone (A C B = ¢(A) C ¢(B)),
e extensive (A C ¢(4)),
o idempotente (¢?(A) = ¢(A)).

o for any ¢, M, = fixed points of ¢,

e for any M, ¢4 is such that
oMmX)={MeM: XM}
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Introduction and definitions

SOME CRYPTOMORPHIC NOTIONS

Other kinds of families

Example : Families O on S containing the emptyset and the
union of any subset of O.

Sperner Villages on S (Demetrovics & Hua, 1991)

A Sperner village on S : set V of Sperner families on S
satisfying some particular properties.

(A Sperner family F on S is such that two distinct elements of
F are incomparable for set inclusion.)
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Introduction and definitions

SOME CRYPTOMORPHIC NOTIONS

Complete implicational systems ¥ on S (Armstrong, 1974)

Any binary relation ¥ on 2° satisfying the following three
properties :

e A— Band B—CeXimplyA— CeX,
e AD B implies A — B € ¥,
e A— Band C — D € ¥ imply (AUC) — (BUD) € ¥.

v
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Introduction and definitions

SOME CRYPTOMORPHIC NOTIONS

Complete implicational systems ¥ on S (Armstrong, 1974)

Any binary relation ¥ on 2° satisfying the following three
properties :

e A— Band B— CeXimply A — CeX,
@ AD B implies A — B €3],
e A— Band C — D € ¥ imply (AUC) — (BUD) € ¥.

v

-Foragiven X, ¢ : ¢pn(A) =J{r e S: A — 2z € X}
- For a given closure operator ¢, ¥y = {X — Y : Y C ¢(X)}.
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Introduction and definitions

SOME CRYPTOMORPHIC NOTIONS
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Congruences on (2°,U)

Any equivalence relation 6 on 2° such that, for all A,B,C C S,
A6B implies (AUC)§(BUC).

- For a given closure operator ¢, 64 is such that A0,B iff

H(4) = 6(B).

- Given a congruence 6 on 2°, ¢y is such that

do(A) = {B C S: BIA}

£
Y

lacl Q\Z%/

«O0>» «F>» «E» «E>» =

DA™



tion and definitions

SOME CRYPTOMORPHIC NOTIONS

8/43

Congruences on (2°,U)

Any equivalence relation 6 on 2° such that, for all A,B,C C S,
A6B implies (AUC)§(BUC).

- For a given closure operator ¢, 64 is such that A0yB iff

P(A) = 4(B).

- Given a congruence 6 on 2%, ¢y is such that

do(A) = J{B C S : BOA}

Set representations of finite lattices

- Any Moore family can be ordered as a lattice,

- Any lattice is the lattice of the fixed points of a closure ;\F
operator. \b>
TSy
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tion and definitions

SET REPRESENTATIONS OF FINITE LATTICES

123

234

34

0

Fic.: A MOORE FAMILY ON S = {1,2,3,4}
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Introduction and definitions

EXAMPLES OF PARTICULAR MOORE FAMILIES

Topologies

Any Moore family which contains () and is U-stable.
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Introduction and definitions

EXAMPLES OF PARTICULAR MOORE FAMILIES

Topologies
Any Moore family which contains () and is U-stable.

Convex geometries

Any Moore family containing () and such that : ”for every closed
set M different from S there exists © ¢ M such that M + {z} is
a closed set”.
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Introduction and definitions

EXAMPLES OF PARTICULAR MOORE FAMILIES

Topologies

Any Moore family which contains () and is U-stable.

Convex geometries

Any Moore family containing () and such that : ”for every closed
set M different from S there exists © ¢ M such that M + {z} is
a closed set”.

> Set representations of meet-distributive lattices,
———> Famiilies of fixed points of anti-exchange closures.

> path-independent choice functions in microeconomics.
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Introduction and definitions

THE LATTICE (M, C) OF MOORE FAMILIES ON A
FINITE SET S

Lattice structure

Ordered with set inclusion, M, is a lattice since :
@ it is an N-semilattice

o with a maximum (2°)

£ f<z\
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Introduction and definitions

THE LATTICE (M, C) OF MOORE FAMILIES ON A
FINITE SET S

Lattice structure

Ordered with set inclusion, M, is a lattice since :
@ it is an N-semilattice

o with a maximum (2°)
Lattice operations :
o MAM =MnM,
o MVM ={MnNM:MecMand M' e M’}

£ f<z\
i llcl \///
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Introduction and definitions

THE LATTICE (M, C) OF MOORE FAMILIES ON A
FINITE SET S

Example (]S]|=2)

{0,1,5} {0,2, 5}
{1,S} {2,S}
{s}
/Af<Z\
\\SZ//
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Introduction and definitions

COVERING RELATION OF THE LATTICE (M, Q)

Characterization
The following are equivalent :
o M <M,
o M' = M+ {Q}, with Q an N-irreducible element of M'.
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Introduction and definitions

COVERING RELATION OF THE LATTICE (M, Q)

Characterization
The following are equivalent :
o M <M,
o M' = M+ {Q}, with Q an N-irreducible element of M'.

NB. ”Q” for ”Quasi-closed set” (of M).
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Introduction and definitions

ATOMS AND JOIN-IRREDUCIBLES OF (M, C)

The following are equivalent :
e M is an atom of M,
o there exists A C S such that M = M4 = {A, S}.
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ATOMS AND JOIN-IRREDUCIBLES OF (M, C)

The following are equivalent :
e M is an atom of M,
o there exists A C S such that M = M4 = {A, S}.

Now :
F =V aer (53 Ma (any Moore family is join of some Ma’s).
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Introduction and definitions

ATOMS AND JOIN-IRREDUCIBLES OF (M, C)

The following are equivalent :
e M is an atom of M,
o there exists A C S such that M = M4 = {A, S}.

Now :
F =V aer (53 Ma (any Moore family is join of some Ma’s).
So :

Theorem

The lattice (M, C) is atomistic. "

7 A

A
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Introduction and definitions

MEET-IRREDUCIBLES OF (M, C)

Implicational Moore family
For all distinct A, B C S,

Mup = {XCS:AZ XorBCX}
et
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Introduction and definitions

MEET-IRREDUCIBLES OF (M, C)

Implicational Moore family
For all distinct A, B C S,
Myp = {XCS:AZ XorBC X}
= {XCS:ACX implies BC X}.

<

Characterization

The following are equivalent :

e M is meet-irreducible in M,,,

e JA C S,i ¢ A such that
M = My,
= {XCS:ACX impliesi € X}.
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Introduction and definitions

MEET-IRREDUCIBLES OF (M, C)

Implicational Moore family
For all distinct A, B C S,
Myp = {XCS:AZ XorBC X}
= {XCS:ACX implies BC X}.

v

Characterization

The following are equivalent :

e M is meet-irreducible in M,,,
e JA C S,i ¢ A such that
M = My,
= {XCS:ACX impliesi € X}.

S

Note : My; < M <= MZMAJ—F{A}. QXZ‘A/
«O0>» «F>» «E» «E>» = o>
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Introduction and definitions

A STRONG CONSTRUCTIVE PROPERTY

Theorem (N.C., 1998)
The lattice (M, C) is lower bounded.
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Lower bounded lattices and the doubling operation

Outline

© Lower bounded lattices and the doubling operation
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LOWER BOUNDED LATTICES

Definition (McKENZIE, 1972)

A homomorphism « : L — L' is called

A lattice is

if the
inverse image of each element of L’ is either empty or has a

homomorphic image of a free lattice.

18/43

if it is the lower bounded
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UPPER BOUNDED LATTICES

Definition (McKENZIE, 1972)

A homomorphism « : L — L' is called

A lattice is

if the
inverse image of each element of L’ is either empty or has a

homomorphic image of a free lattice.
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if it is the upper bounded
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BOUNDED LATTICES

Lower bounded lattices and the doubling

A lattice is

Definition (McKENZIE, 1972)

if it is lower and upper bounded.

20/43
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Lower bounded lattices and the doubling operation

THE INTERVAL DOUBLING CONSTRUCTION (DAY,
1970)

«O0>» «F»>» «E» «E)>» = aq >
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Lower bounded lattices and the doubling operation

THE INTERVAL DOUBLING CONSTRUCTION (DAY,
1970)

v

) o cljasveed
22/43 Er «E» E DAX



Lower bounded lattices and the doubling operation

THE INTERVAL DOUBLING CONSTRUCTION (DAY,
1970)
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Lower bounded lattices and the doubling operation

THE INTERVAL DOUBLING CONSTRUCTION (DAY,

1970)
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Lower bounded lattices and the doubling operation

THE INTERVAL DOUBLING CONSTRUCTION (DAY,
1970)

«O>» «F>» «E» (=) = Q>
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bounded lattices and the do

CHARACTERIZATION OF BOUNDED LATTICES

Theorem (DAY, 1979)

Let L be a lattice. The following are equivalent :
e L is bounded,

@ it can be constructed starting from 2 by a finite sequence of
interval doublings.
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Lower bounded lattices and the doubling operation

(GENERALIZATION TO LOWER PSEUDO-INTERVAL
DOUBLINGS

«O0>» «F»>» «E» «E)>» = aq >
27/43



Lower bounded lattices and the doubling operation

(GENERALIZATION TO LOWER PSEUDO-INTERVAL
DOUBLINGS
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Lower bounded lattices and the doubling operation

(GENERALIZATION TO LOWER PSEUDO-INTERVAL
DOUBLINGS
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bounded lattices and the do

CHARACTERIZATION OF LOWER BOUNDED LATTICES

Theorem (DAY, 1979)
Let L be a lattice. The following are equivalent :
o L is ;

@ it can be constructed starting from 2 by a finite sequence of

et
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Lower bounded lattices and the doubling operation

ANOTHER CHARACTERIZATION OF LOWER BOUNDED
LATTICES

Theorem (DAY, 1979)

Let L be a lattice. The following are equivalent :
o L is lower bounded,

o the strong dependence relation &4 is cycle-free.
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Lower bounded lattices and the doubling operation

ANOTHER CHARACTERIZATION OF LOWER BOUNDED
LATTICES

Theorem (DAY, 1979)

Let L be a lattice. The following are equivalent :
o L is lower bounded,

o the strong dependence relation dq is cycle-free.

What is the definition of d4?
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Lower bounded lattices and the do

TWO DEPENDENCE RELATIONS ON THE
JOIN-IRREDUCIBLES OF A LATTICE

The strong dependence relation d4 (Day, 1979)

j64j ifj=7 orifdz € L withj < jVazand j£j~ V.

- Inspired from a relation owed to Pudlak and Tuma.
- Provides a characterization of lower bounded lattices.
- Used by Freese, Jezek & Nation in the study of free lattices.

e
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Lower bounded lattices and the do

TWO DEPENDENCE RELATIONS ON THE
JOIN-IRREDUCIBLES OF A LATTICE

The strong dependence relation d4 (Day, 1979)

j64j ifj=7 orifdz € L withj < jVazand j£j~ V.

- Inspired from a relation owed to Pudlak and Tuma.
- Provides a characterization of lower bounded lattices.
- Used by Freese, Jezek & Nation in the study of free lattices.

The dependence relation 6 (Monjardet, 1990)

jéj'if j=4 orifJx e L withj<j Vea, j£xand j £z

For the study of consensus problems in lattices. <‘Q,><\}\
[tetal -
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Lower bounded lattices and the doubling

ON THE DEPENDENCE RELATIONS

Clearly : 65 C 9.

«O0>» «F» «=>»
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Lower bounded lattices and the doubling

ON THE DEPENDENCE RELATIONS

Clearly : 65 C 9.
Moreover :

Lemma (N.C, Monjardet, 1998)

The following two conditions are equivalent :

e L is atomistic,
@ 0g=091in L.
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33/43



Lower bounded lattices and the doubling

ON THE DEPENDENCE RELATIONS

Clearly : 65 C 9.

Moreover :

Lemma (N.C, Monjardet, 1998)

The following two conditions are equivalent :

e L is atomistic,

@ g =20 in L.
So:
dqg = 0 in M. \7
[letdl -7
«O0>» «F>» «E» «E>» = o>
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FINALLY THE RESULT

Lower bounded lattices and the doubling
Recalling :

e In (M,,, C), the dependence relations ¢4 and 0 are equal,

e A lattice L is lower bounded <= 44 is cycle-free in L,

34/43
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Lower bounded lattices and the do

FINALLY THE RESULT :

Recalling :
e In (M,,, C), the dependence relations ¢4 and 0 are equal,
e A lattice L is lower bounded <= 44 is cycle-free in L,

Moreover :
Proposition (N.C., 1998)
In M,, : Mg0Mp if and only if A C B C S.

Hence the result.
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Lower bounded lattices and the do

FINALLY THE RESULT :

Recalling :
e In (M,,, C), the dependence relations ¢4 and 0 are equal,
e A lattice L is lower bounded <= 44 is cycle-free in L,

Moreover :
Proposition (N.C., 1998)
In M,, : Mg0Mp if and only if A C B C S.

Hence the result.

It is not bounded since it is not semidistributive.
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Lower bounded lattices and the doubling operation

INDUCED PROPERTIES OF THE LATTICE (M, C)

Q@ Lower Bounded,
2]
(xVy=zVy=zVy=zV(yAz))
o Ve, {t:tVz =1} has a
minimum),
Q@ Atomistic,
o (= JSD + LSM),
o (x<axVy=zxAy=<vy),
@ Ranked (and r(M) = |M|—1).
1) = @ = @) e B
(1)+(4) = (5) and moreover (5)=(2)+(6). W@ =2~
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RELATIONS...

Lower bounded lattices and the doubling

ANNEX : RECALLING ABOUT THE ARROW

operation

J
36/43
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... AND THE A-TABLE OF A LATTICE

Lower bounded lattices and the doubling

37/43
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Lower bounded lattices and the doubling operation

... AND THE A-TABLE OF A LATTICE

x
v w

a z t v w
y T X X X X
z t z X 1 X 1
t | X 1 X
U T T X X

Yy

a

«O>» «F» «

it
it
it
S
o
@)
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Lower bounded lattices and the doubling operation

EXAMPLES OF CLASSES OF LATTICES CHARACTERIZED
BY MEANS OF THE ARROW RELATIONS AND/OR THE
DEPENDENCE RELATIONS

Proposition

@ Boolean,

o Semi-distributive,

o Distributive,

e Lower (resp. upper) bounded,
o Meet-(resp. join-)distributive,

o Atomistic,

o Coatomistic. %}\
\//
«O0>» «F>» «E» «E>» :: o>
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Lower bounded lattices and the doubling operation

(QUASI-CLOSED SETS AND CRITICAL SETS OF A

MOORE FAMILY

Quasi-closed set and critical set

- A subset Q C S'is a of a Moore family M if
Q¢ Mand M+ {Q} € M,.
- Q is called a if p(Q) =
o lesvezd
«O0>» «F>» «E» «E>» = o>
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Lower bounded lattices and the doubling operation

(QUASI-CLOSED SETS AND CRITICAL SETS OF A

MOORE FAMILY

39/43

Quasi-closed set and critical set

- A subset Q C S is a of a Moore family M if
Q ¢ M and M+ {Q} € M,.

- @ is called a if p(Q) = F.

- A subset QQ C S is a of M if there exists F' € M

such that @) is a minimal F-quasi-closed set.

A
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Lower bounded lattices and the doubling operation

(QUASI-CLOSED SETS AND CRITICAL SETS OF A

MOORE FAMILY

Quasi-closed set and critical set

- A subset Q C S is a of a Moore family M if
Q ¢ M and M+ {Q} € M,.

- @ is called a if p(Q) = F.

- A subset QQ C S is a of M if there exists F' € M

such that @) is a minimal F-quasi-closed set.

Canonical basis of a Moore family (Guigues-Duquenne, 1986)

Let M be a Moore family on S and ¢ its associated closure.
The set {M¢ () : C is a critical set of M} is called the ;\F
of M. R

sl
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Lower bounded lattices and the doubling operation

CHARACTERIZATION RESULT : AN EXTENSION TO A
1987 RESULT OF BUROSCH, DEMETROVICS AND

KATONA

Theorem (N.C., 1998)

Let {(C;, Fi)}™, be a set of m ordered pairs of subsets of S.
There exists a Moore family M on S such that the C;’s are all
critical sets of M and the F;’s are all respective ¢p((C;) if and
only if the following hold :

o Vi<m,C; CF;CS,

o Vi,j <m, (Cl C Cj implies F; C Cj),

o Vi,j <m,(C; C Fj implies F; C Fj). ] <\£\
QN

\“;Z%/
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Lower bounded lattices and the do

CHARACTERIZING 0 AND ¢4 WITH THE ARROW
RELATIONS

Proposition

Q@ joj/<—=TImeM: jTmandj £m.
Q jbyj <= ImeM: jimandj | m.

In particular : §; C 6.

et
«O0>» «F>» «E» «E>» = o>
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SOME RESULTS

Lower bounded lattices and the doubling

Proposition

In any lattice L, the following are equivalent
Q@ L is atomistic,

QVjed VYmeM, jLm impliesj | m,
@ 6y=0.

42/43
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SOME RESULTS

Lower bounded lattic

nd the doubling

Proposition

In any lattice L, the following are equivalent :
o

)

Q@Vjed VYVmeM, jL£m impliesj | m,
(5] :
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