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SKETCH OF THE TALK

@ Bounded lattices and the interval doubling operation
© Finite Coxeter groups and lattices

@ Definition and classification

@ The lattice structure of Coxeter groups

© Finite Coxeter lattices are bounded : the proof
@ The class HH of lattices
o All lattices of H'H are bounded

@ Finite Coxeter lattices are in HH
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Bounded lattices and the interval doubling operation

@ Bounded lattices and the interval doubling operation
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Bounded lattices and the interval doubling operation

BOUNDED LATTICES

Definition (McKENZIE, 1972)
A lattice is

homomorphic image of a free lattice.

if it is the lower bounded
A homomorphism « : L — L' is called
minimum.

if the

inverse image of each element of L’ is either empty or has a
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Bounded lattices and the interval doubling operation

BOUNDED LATTICES

Definition (McKENZIE, 1972)
A lattice is

if it is the lower bounded
homomorphic image of a free lattice.
minimum.

A homomorphism « : L — L' is called

if the
inverse image of each element of L’ is either empty or has a
An lattice is defined dually.
A lattice is

if it is lower and upper bounded.
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Bounded latti

and the interval doubling operation

CHARACTERIZATION OF BOUNDED LATTICES

Theorem (DAY, 1979)

Let L be a lattice. The following are equivalent
o L is bounded,

interval doublings.

o L can be constructed starting from 2 by a finite sequence of
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Bounded latti

and the interval doubling operation

CHARACTERIZATION OF BOUNDED LATTICES

Theorem (DAY, 1979)
Let L be a lattice. The following are equivalent
o L is bounded,

o L can be constructed starting from 2 by a finite sequence of
interval doublings.

What is an INTERVAL DOUBLING ?
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doubling operation

INTERVAL DOUBLING CONSTRUCTION (DAy, 1970)
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doubling operation

INTERVAL DOUBLING CONSTRUCTION (DAy, 1970)
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doubling operation

INTERVAL DOUBLING CONSTRUCTION (DAy, 1970)
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doubling operation

INTERVAL DOUBLING CONSTRUCTION (DAy, 1970)
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INTERVAL DOUBLING CONSTRUCTION (DAY,
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1d the interval doubling operation

AN EXAMPLE OF A BOUNDED LATTICE
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Bounded la

operation

AN EXAMPLE OF A BOUNDED LATTICE
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Bounded lattices and the interval doubling operation

AN EXAMPLE OF A BOUNDED LATTICE
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Bounded lattic

nd the interval doubling operation

PERM(3) IS BOUNDED
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Bounded lattic

PERM(4)

and the interval doubling operation

BOUNDED TOO

1432
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Bounded lattic

and the interval doubling oper
IN FACT...

Theorem (2000)

Permutohedron is bounded
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1d the interval doubling
IN FACT...

Theorem (2000)

Permutohedron is bounded

Theorem (2004)

All finite Coxeter lattices are bounded
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Outline

Finite Coxeter

groups and lattices

© Finite Coxeter groups and lattices

@ Definition and classification

@ The lattice structure of Coxeter groups

19/46

«O>» «F» «

DA™



Definition and classification

Finite Coxeter
[ le]

WHAT 1S A COXETER GROUP 7

groups and lattices

A : group W with a set of generators S C W,
satisfying relations of the form :
with :

(Ssl)m(s,s’) —e

20/46

-m(s,s) = 1 for any s € S (all generators have order 2),
-m(s,s) =m(s',s) >2for s #s in S.
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ps and lattices
Definition and classification

CLASSIFICATION OF FINITE IRREDUCIBLE COXETER
GROUPS

@ Four infinite families :
o A, (symmetric groups),
e B,,
o D,,
o and I, (dihedral groups).

«O0>» «F>» «E» «E>»
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ps and lattices
Definition and classification

CLASSIFICATION OF FINITE IRREDUCIBLE COXETER
GROUPS

@ Four infinite families :

o A, (symmetric groups),
e B,,
o D,,

o and I, (dihedral groups).
@ and six isolated groups : Eg, E7, Eg, Fy, H3 and Hy.

«O0>» «F>» «E» «E>»
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The lattice structure of Coxeter groups

Finite Coxe
[ ]

groups and lattices

Definition

THE (RIGHT) WEAK ORDER ON A COXETER GROUP

w < w' if there exist s1,...,s, € S with
o w = wsj...s, and

o H(w) =L(w)+r
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The lattice structure of Coxeter groups

Finite Coxe
[ ]

groups and lattices

w < w' if there exist s1,...,s, € S with
o w = wsj...s, and
o H(w) =L(w)+r
Theorem (Bjorner, 1984)

The (right) weak order on any finite Coxeter group is a
(autodual) lattice.

THE (RIGHT) WEAK ORDER ON A COXETER GROUP
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Outline

Finite Coxeter lattic

© Finite Coxeter lattices are bounded : the proof
@ The class HH of lattices

o All lattices of HH are bounded

@ Finite Coxeter lattices are in HH
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Finite Cc S
000000000000
The class HH of lattices

HAT, ANTIHAT AND 2-FACET

°a (y,z,2)" :

f2ac
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Finite Coxeter lattic
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The class HH of lattices

HAT, ANTIHAT AND 2-FACET
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Finite Cc S
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The class HH of lattices
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The class

HH of lattices

2-FACET LABELLING

Finite Coxeter lattic
0@0000000000
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The class

HH of lattices

2-FACET LABELLING

Finite Coxeter lattic
000000000000
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The class HH of lattices

2-FACET LABELLING

Finite Coxeter lattic
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The class

HH of lattices

2-FACET LABELLING

Finite Coxeter lattic
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The class HH of lattices

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

Finite Coxeter lattic
00000@000000
Definition
r(t1)

r(t7)

29 /46

Function r from a 2-facet labelling onto R
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The class HH of lattices

Finite Coxeter lattic
2-FACET RANK FUNCTION ON A 2-FACET LABELLING
r(ty)

r(t7)

Function r from a 2-facet labelling onto R such that :
T(tl) < T(tz) < T(tg)

r(t) < r(ts) < r(ts)
T(tl),r(tﬁ) < T(t7)
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The class HH of lattices

Finite Coxeter lattic
0000000e0000

2-FACET RANK FUNCTION ON A 2-FACET LABELLING
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The class HH of lattices

Finite Coxeter lattic
000000008000

2-FACET RANK FUNCTION ON A 2-FACET LABELLING

r(t1) <r(ts),r(ts)
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The class HH of lattices

Finite Co

er lattic
000000000800

2-FACET RANK FUNCTION ON A 2-FACET LABELLING
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The class HH of lattices

ON SEMIDISTRIBUTIVITY

Definition

Finite Coxeter lattic
000000000080
A lattice is

if, for all x,y,z € L :
e xANy=zAzimplieszAy=zA(yVz)

e xVy=2xVzimplieszVy=zV(yAz)
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The class HH of lattices

ON SEMIDISTRIBUTIVITY

Definition

Finite Coxeter lattic
000000000080
A lattice is

if, for all x,y,z € L
e xANy=zAzimplieszAy=zA(yVz)

e xVy=2xVzimplieszVy=zV(yAz)

Proposition (DAY, NATION, TSCHANTZ, 1989)
34/46

Bounded lattices are semidistributive.
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The class HH of lattices

THE CLASS H'H OF LATTICES

Finite Coxeter lattic
00000000000e
Definition
A finite lattice L is in the class if it satisfies :
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The class HH of lattices

THE CLASS H'H OF LATTICES

Finite Coxeter lattic
00000000000e
Definition
A finite lattice L is in the class if it satisfies :
@ L is semidistributive,
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The class HH of lattices

THE CLASS H'H OF LATTICES

Finite Coxeter lattic
00000000000e
Definition
A finite lattice L is in the class if it satisfies :
@ L is semidistributive,
and a 2-facet rank function r on T,

@ there exists a 2-facet labelling T on the (covering) arcs of L
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The class HH of lattices

THE CLASS H'H OF LATTICES

Finite Coxeter lattic
00000000000e
Definition
A finite lattice L is in the class if it satisfies :
@ L is semidistributive,
and a 2-facet rank function r on T,

@ there exists a 2-facet labelling T on the (covering) arcs of L

35/46

@ to every hat (y,x,2)" of L is associated an anti-hat

(v, y A z,2")y of L such that [y A z,x] is a 2-facet,
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The class HH of lattices

THE CLASS H'H OF LATTICES

Finite Coxeter lattic
00000000000e
Definition
A finite lattice L is in the class if it satisfies :
@ L is semidistributive,
and a 2-facet rank function r on T,

@ there exists a 2-facet labelling T on the (covering) arcs of L

35/46

@ to every hat (y,x,2)" of L is associated an anti-hat
(v, y A z,2")y of L such that [y A z,x] is a 2-facet,

© to every anti-hat (y,z, z)y of L is associated a hat
(v',y V z,2")" of L such that [z,y V 2] is a 2-facet.
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All lattices of HH are bounded

Finite C

First part of the theorem

All lattices of HH are bounded

How DO WE PROVE THIS 7
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All lattices of HH are bounded

Finite C

First part of the theorem

All lattices of HH are bounded

How DO WE PROVE THIS 7

Technical proof : not presented here.
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Finite Coxeter lattices are in HH

Finite C

Second part of the theorem

Finite Coxeter lattices are in HH

How DO WE PROVE THIS 7
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Finite Coxeter lattices are in HH

A STRONG RESULT

Finite Coxeter lattic

Proposition (L.C.D.P.-B., 1994)

Finite Coxeter lattices are semidistributive.
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Finite Coxeter lattices are in HH

Definition

REFLECTIONS OF COXETER GROUPS
Set of the

the generators.

Finite Coxeter lattic

of the Coxeter group W : the conjugates of

Tw = {t € W :3s € S,3w € W such that t = wsw™'}
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Finite Coxeter lattices are in HH

REFLECTIONS OF COXETER GROUPS

Definition

Finite Coxeter lattic

Set of the

of the Coxeter group W : the conjugates of

the generators.
Tw = {t € W :3s € S,3w € W such that t = wsw™'}
Two labellings of the arcs

the g-labelling

39/46
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Finite Coxeter lattices are in HH

REFLECTIONS OF COXETER GROUPS

Finite Coxeter lattic
Set of the of the Coxeter group W : the conjugates of
the generators.

Tw = {t € W :3s € S,3w € W such that t = wsw™'}
Two labellings of the arcs

the g-labelling and the r-labelling

t = wsw™ !
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Finite Coxeter lattices are in HH

PROPERTIES OF THE REFLECTIONS

Proposition (L.C.d.P.-B.)

Finite Coxeter lattic
by the same reflection.

Two ”opposite” arcs of a 2-facet of a Coxeter lattice are labelled
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Finite Coxeter lattices are in HH

PROPERTIES OF THE REFLECTIONS

Proposition (L.C.d.P.-B.)

Finite Coxeter lattic

Two ”opposite” arcs of a 2-facet of a Coxeter lattice are labelled
by the same reflection.
t ta
to i3
t3 ta
ta t1
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Finite Coxeter lattic

Finite Coxeter lattices are in HH

PROPERTIES OF THE REFLECTIONS

Proposition (L.C.d.P.-B.)

Two ”opposite” arcs of a 2-facet of a Coxeter lattice are labelled
by the same reflection.

v

Corollary

The r-labelling on the arcs of any finite Cozeter lattice is a
2-facet labelling.

PR N e R e T =

41/46
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Finite Coxeter lattices are in HH

Theorem

PROPERTIES OF THE LENGTH FUNCTION

Finite Coxeter lattic

The length function € on every Cozeter lattice Ly is a 2-facet
rank function when defined on the r-labelling of the arcs of Lyy.
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Finite Coxeter lattices are in HH

Theorem

PROPERTIES OF THE LENGTH FUNCTION

Finite Coxeter lattic

The length function € on every Cozeter lattice Ly is a 2-facet
bounded.

rank function when defined on the r-labelling of the arcs of Ly

42/46

Every Cozeter lattice is in the class HH and therefore is
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Finite Coxeter lattices are in HH

TWO ADDITIONAL RESULTS

Finite Coxeter lattic

Theorem

lattice Ly, to the lattice Lyy.

Let Ly be a Coxeter lattice and Wy a parabolic subgroup of W
There exists an interval doubling series that leads from the
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Finite Coxeter lattices are in HH

TWO ADDITIONAL RESULTS

Theorem

Let Ly be a Coxeter lattice and Wy a parabolic subgroup of W

There exists an interval doubling series that leads from the
lattice Ly, to the lattice Lyy.

Proposition

43/46

There exists a particular interval doubling series from a given

Cozeter lattice generated by n generators to the Cozeter lattice
of the same family, generated by n + 1 generators.
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Finite Coxeter lattices are in HH

ANY QUESTION ?

Finite C

I'm not always
RIGHT.
but I'm never
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Finite Coxeter lattic

Finite Coxeter lattices are in HH
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Finite Coxe

Finite Coxeter lattices are in HH

@ A. Day, characterisations of finite lattices that are bounded-homomorphic images or sublattices
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