SENSITIVITY OF m-ARY FUNCTIONS AND LOW DEGREE PARTITIONS OF
HAMMING GRAPHS

SARA ASENSIO, IGNACIO GARC[PLEASEINSERT “PRERENDERUNICODE-"INTOPREAMBLE]A-MARCO,
AND KOLJA KNAUER

ABSTRACT. The study of complexity measures of Boolean functions led Nisan and Szegedy to state
the sensitivity conjecture in 1994, claiming a polynomial relation between degree and sensitivity. This
problem remained unsolved until 2019, when Huang proved the conjecture via an equivalent graph
theoretical reformulation due to Gotsman and Linial.

We study m-ary functions, i.e., functions f : 7™ — T where T' C C is a finite alphabet of cardinality
|T'| = m. We extend the notions of degree deg(f) and sensitivity s(f) to m-ary functions and show
s(f) € O(deg(f)?). This generalizes results of Nisan and Szegedy. Conversely, we introduce the m-ary
sensitivity conjecture, claiming a polynomial upper bound for deg(f) in terms of s(f). Analogously
to results of Gotsman and Linial, we provide a formulation of the conjecture in terms of imbalanced
partitions of Hamming graphs into low degree subgraphs. Combining this with ideas of Chung, Fiiredi,
Graham and Seymour, we show that for any prime p the bound in the p-ary sensitivity conjecture has
to be at least quadratic: there exist p-ary functions f of arbitrarily large degree and deg(f) € Q(s(f)?).

1. INTRODUCTION

Many computational combinatorial problems can be thought of as evaluating a Boolean function, i.e.,
a function f : {0,1}" — {0,1}. Hence, determining the complexity of (evaluating) a Boolean function
is one of the most fundamental algorithmic problems of Theoretical Computer Science. This framework
was proposed in the 60s [26] and first measures of complexity were studied and compared in the 80s [20]
and 90s [28]. Nowadays, Boolean functions intervene in such diverse areas as Cryptography [5], Quantum
Computing [1,21] and Deep Learning [16,27].

A variety of complexity measures of Boolean functions has been considered in the literature, see [4]
for a survey. Already since the 90s it has been known that most deterministic measures are polynomially
equivalent except (back then) possibly the sensitivity. This led Nisan and Szegedy [28] to the sensitivity
conjecture, which claims that the sensitivity is polynomially equivalent to the other measures. A first
step is an equivalence theorem due to Gotsman and Linial [13], which translates the sensitivity conjecture
to a problem in graph theory. In 2019, Huang [17] gave a one-page proof for this statement based on
elementary linear algebra arguments. Namely, he showed that any induced subgraph on more than half
of the vertices of the n-dimensional hypercube has maximum degree at least \/n. See [3] for an extended
summary of this story (in Spanish).

Studying Huang’s result in other families of graphs is an active area of research. His result has been
generalized to Cartesian powers of directed cycles (Tikaradze, [33]), Cartesian powers of paths (Zeng
and Hou, [36]), and other Cartesian and semistrong products of graphs (Hong, Lai and Liu, [15]). Alon
and Zheng showed that Huang’s result implies a similar result for Cayley graphs over ZJ' [2], which was
later generalized to arbitrary abelian Cayley graphs by Potechin and Tsang [29], and to Cayley graphs
of Coxeter groups and expander graphs by Garcia-Marco and Knauer [14]. Similar results on Kneser
graphs have been developed by Frankl and Kupavskii [12], and Chau, Ellis, Friedgut and Lifshitz [6]. On
the negative side, infinite families of Cayley graphs with low-degree induced subgraphs on many (more
than the independence number) vertices were constructed by Lehner and Verret [22], and Garcia-Marco
and Knauer [14]. The existence of such subgraphs in Hamming graphs H(n,m) is the topic of several
recent works, see [10,14,30,32].

The study of sensitivity has also been extended beyond Boolean functions without going through
graphs. Dafni, Filmus, Lifshitz, Lindzey and Vinyals [9] consider f : X — {0, 1} on different domains
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such as the symmetric group X = S,,. They show that in this case all classical complexity measures of
Boolean functions can also be defined and are polynomially equivalent. In particular, they prove the
analogous result to the sensitivity conjecture.

Another natural generalization of Boolean functions are m-ary functions, i.e., functions f : 7" — T
where T' C C is a finite set of cardinality m. For p prime, p-ary functions have been studied in relation
to combinatorial structures such as association schemes [35] and strongly regular graphs [7, 18, 25].
Moreover, they provide connections to Cryptography and Coding Theory, see [24]. Going back to the
initial motivation of Boolean functions, m-ary functions can be viewed as combinatorial problems over
a multi-valued logic.

Our results: The aim of the present paper is to study the sensitivity of m-ary functions. In Section 2
we define complexity measures of an m-ary function f, namely the sensitivity s(f), the block sensitivity
bs(f) and the degree deg(f). After this, in Section 3 we prove a polynomial upper bound for the
sensitivity of an m-ary function in terms of its degree; more precisely, we prove

Theorem 1.1. For every m-ary function f, we have s(f) <2 (m — 1)% deg(f)?.

As in the Boolean case, the most difficult question seems to be the proof of a polynomial bound in
the other direction, prompting us to put forward the

Conjecture 1.2 (m-ary Sensitivity Conjecture). For every m there exists a constant ¢ such that
deg(f) € O(s(f)€) for every m-ary function f.

As a first step towards the conjecture, we generalize the equivalence theorem by Gotsman and
Linial [13]. This leads to a graph theoretical formulation of Conjecture 1.2 in terms of the Ham-
ming graph H(n,m), see Theorem 4.9. Even if Theorem 4.9 is more technical than the Boolean case, we
believe that it will be crucial in an eventual resolution of Conjecture 1.2. As of now, Theorem 4.9 has
two main consequences. First, we present a far generalization of a result by Chung, Fiiredi, Graham and
Seymour [8]. For every prime p, we present a construction proving that the polynomial upper bound
in Conjecture 1.2 has to be at least quadratic for p-ary functions.

Theorem 1.3. For every set T C C of prime cardinality |T'| = p and every positive integer D, there
exists a p-ary function f: T™ — T with deg(f) > D and s(f)?/(p — 1) < deg(f).

Second, in Section 6, based on Theorem 4.9 we obtain a natural graph theoretical strengthening
of Conjecture 1.2 in terms of imbalanced partitions of the Hamming graph H(n,m) into induced sub-
graphs of low maximum degree, see Conjecture 6.1. Already the first open case is non-trivial and
tempting, where A denotes the maximum degree of a graph.

Conjecture 1.4. There exists i > 0 such that for any partition of the Hamming graph H(n,3) into
three (possibly empty) induced subgraphs Hy, Ha, Hs not all of the same order, it holds:

max{A(H), A(Hz),A(Hs)} € Q(n*) .

2. SOME COMPLEXITY MEASURES OF m-ARY FUNCTIONS

For the entire paper let m,n be positive integers and T' C C a set of size m. For convenience, we
consider m-ary functions over 7' C C, i.e., maps f : T™ — T. In this section we introduce several
complexity measures of m-ary functions, which naturally extend those of Boolean functions. We begin
with the first ingredient of the sensitivity conjecture.

Definition 2.1 (Degree). A polynomial F' € Clzy,...,z,] represents an m-ary function f : 7" — T if
F(x) = f(x) for all x € T™. The degree of f is deg(f) = min{deg(F) | F € C[zy,...,x,] represents [},
the smallest degree of a polynomial representing f.

The following polynomial interpolation result shows a way to compute the degree of an m-ary function:

Proposition 2.2. Let T C C be a set of size m and f : T™ — T an m-ary function. There is a
unique polynomial F € Clxy, ..., x,] of degree at most m — 1 in each variable representing f. Moreover,

deg(f) = deg(F).

Proof. Let f : T" — T be an m-ary function. By, e.g, [19, Chapter 6.6] or [31, Section 19], there is a
unique polynomial F' € C[x, ..., x,] of degree at most m — 1 in each variable representing f. Let now G
be a polynomial representing f and consider the polynomial ideal I = (p(x1),...,p(x,)) C Clzy,...,z,]
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with p(z) = [[,cr(z — ). One can reduce G modulo the ideal I to get a polynomial H of degree at
most m — 1 in each variable such that G — H € I and deg(G) > deg(H). Since all the polynomials in I
vanish on 7", we have that H also represents f; thus F' = H and deg(G) > deg(F). O

It is worth pointing out that there might be several polynomials of degree deg(f) representing f.
However, only one of them can have degree at most m — 1 in each variable. For example, consider the
set T = {1,¢,e?}, with e a primitive third root of unity, and the 3-ary function f : T3 — T defined
as f(a,b,c) = a?b for all a,b,c € T. Clearly, the polynomial F(z,y,2) = 2%y € C[z,y, 2] represents
f and has degree at most 2 in each variable and, by Proposition 2.2, deg(f) = deg(F) = 3. Also the
polynomial G(z,y, z) = 2%y + 23 — 1 of degree 3 represents f, but G has degree 3 in the variable 2.

The other ingredient of the sensitivity conjecture is:

Definition 2.3 (Sensitivity). The local sensitivity sx(f) of an m-ary function f at a vector x € T"
is the number of elements y € 7™ which differ from x in exactly one entry and f(x) # f(y). The

sensitivity of f is s(f) = maxxern{sx(f)}

Consider T = {tg,...,tm-1} a set with m elements, f : T™ — T an m-ary function, and x =
(tiys---,ti,) € T™. For every multisubset S of [n] := {1,...,n}, we denote by multg(j) the multiplicity
of the element j in S and by x° the vector obtained from x by replacing its j-th entry ti; with
ti;+mults(j) € T for all 1 < j < n. Here the indices are taken modulo m.

For example, let T = {0,1,2}, n = 3, and x; = (0,0,0), x2 = (1,0,2) € T3. If S; = {1,1,2}, then
multg, (1) = 2, multg, (2) = 1, multg, (3) =0, and hence Xls1 =(2,1,0) and xgl =(0,1,2). If Sy = {1},
then x§? = (1,0,0) and x52 = (2,0,2).

We say that an element ¢ belongs to a multiset A, and write ¢t € A, whenever mult4(¢t) > 0. We say
that two multisubsets A and B of [n] are disjoint if they do not contain common elements, regardless
of their multiplicities. In the previous example, S; = {1, 1,2} and S; = {1} are not disjoint, since both
contain the element 1.

Definition 2.4 (Block sensitivity). The local block sensitivity bsx(f) of an m-ary function f at x €
T"™ is the maximum k for which there exist k pairwise disjoint multisubsets Bj,..., By of [n] (the
sensitive blocks) such that f(x) # f(xP¢) for all i € {1,...,k}. The block sensitivity of f is bs(f) =
maxxern {bsx(f)}-

Remark 2.5. Definitions 2.3 and 2.4 imply that 0 < % < bs(f) < n. This is because it is possible
to change every entry of a vector x € T™ in m — 1 different ways, but only one of them can contribute
to the computation of the block sensitivity (because the sensitive blocks are pairwise disjoint).

Example 2.6. Let T ={0,1,2}, n =2, and f : T" — T the 3-ary function given by
F710) {(0, 1)},
@) {(0,2), (1,2), (2,2)},
f71@) = {(0,0), (1,0), (1,1), (2,0), (2,1)}.

To compute the degree of f, following Proposition 2.2, we are going to find a polynomial F € Clxy, x2]
of degree at most 2 in each variable which coincides with f at every x € {0,1,2}2. We can write F as

2 2 2.2 2 2
F(scl, 1‘2) = ago + @101 + 1120122 + ap1X2 + A20X] + A21X7T2 + A22X7X5 + Q122125 + Qo225 ,

with a;; € C. Imposing that F' represents f leads us to the following system of linear equations:

aono = 2
apg  + +  apr + + ape = 0
ago  + + 2a01 + + 4dage = 1
ago + a0 + +  ag = 2
agy + 2a19 + +  4dago = 2
ago + awo + 2a11 + 2a01 + a2 + 2a21 + 4dax + 4daiz + 4age = 1
apo + 2a10 + 4ann + 2a01 + 4daxw + 8axx + 16azx + 8ajz + 4dage = 1
apg + ayp + a1 + a1 + ax + axn + aze + a2 + apep = 2
agp + 2a10 + 2a11 + apr + 4daxy + 4dax +  4daxx + 2012 +  agpe = 2

Solving the system we get

7 3
F(z1,m0) =2+ 62129 — 7%2 ~ 222w + 323 — 3x123 + §z§ ,
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and hence deg(f) = 4.
By Remark 2.5 one has that s(f) < 4. If we consider now x = (0,1), then

Sx(f) = ‘{(Oa 0)7 (0’ 2)a (17 1)’ (27 1)}| =4,

and this implies that s(f) = 4.

Finally, we compute the block sensitivity of f. By Remark 2.5, bs(f) < 2. If we consider x; = (1,0),
then we cannot have a sensitive block consisting only of 1. Consequently, every sensitive block must
contain 2 and this yields bsx, (f) = 1 taking for example B = {2,2} as the sensitive block. In contrast, if
we consider xg = (0,1), then By = {1} and By = {2} are two disjoint sensitive blocks, and bsx,(f) = 2.
This allows us to conclude that bs(f) = 2.

As mentioned in the introduction, the degree, the sensitivity and the block sensitivity are polynomially
equivalent for Boolean functions. Before studying such properties for m-ary functions, a comment on
the choice of the set T' C C is in order. When working with Boolean functions, the set T is traditionally
T = {0, 1}, although another commonly used representation is 7' = {—1, 1}. Most complexity measures
of Boolean functions (including degree, sensitivity and block sensitivity) do not depend on the choice of
the two-element-set T C C. If one neglects constant factors, the same holds for general m-ary functions.

Proposition 2.7. Let T = {tg, ..., tm-1}, T ={t4,...,th,_1} C C sets of sizem. If f : T™ =T is an
m-ary function, then g : (T')™* — T’ obtained from f by identifying t; with t; is an m-ary function and:

* 5(f) =s(9),

* bs(f) =bs(g),

o (m—1)"%deg(f) < deg(g) < (m — 1)*deg(f).
Proof. It is clear that s(f) = s(g) and bs(f) = bs(g). To see the claim about the degree, let F' and G be
polynomials representing f and g with deg(f) = deg(F') and deg(g) = deg(G), respectively. Denote by

p, ¢ € C[z] the unique univariate polynomials of degree at most m — 1 such that p(¢;) = ¢; and ¢(t}) = t;
for all i. Then

F(z1,...,z,) = q(G(p(x1),...,p(xy))) for all (z1,...,z,) € T",
and deg(f) = deg(F) < (m — 1)2deg(G) = (m — 1)?deg(g). Similarly, one has that
G(x1,...,2n) = p(F(q(z1),...,q(xy))) for all (z1,...,z,) € (T,
and deg(g) = deg(G) < (m — 1)2deg( ) = (m — 1)*deg(f). O

As a consequence, when changing the set T' the degree can only change by a constant factor, and hence,
for proving equivalence between complexity measures, one can consider any set T C C of cardinality m.

3. AN UPPER BOUND FOR THE SENSITIVITY IN TERMS OF THE DEGREE

The goal of this section is to provide an upper bound for the sensitivity of an m-ary function in terms
of its degree. This is achieved in Theorem 1.1, which follows from generalizing [28, Lemma 7], a result
for Boolean functions, to the m-ary case:

Lemma 3.1. Let T = {to,t1,...,tm-1} CC and let f : T™ — T be an m-ary function. Then,

(m 1) deg() = /2

Proof. Denote k := bs(f) and take t = (t;,,ti,,...,t;,) € T™ such that bs(f) = bs¢(f). We assume
without loss of generality that f(t) = t;. Consider also Si,...,Sk a collection of pairwise disjoint
multisubsets of [n] such that f(t) # f(t) for all i € {1,...,k}.

We define g : {0,1}* — {0,1} as follows: we consider the polynomial P € C[z] of degree m — 1 such
that P(to) =0 and P(t;) =1fori € {1,...,m—1}. Fory := (y1,...,yx) € {0,1}* we take the multiset
Sy 1= Uy,=15; and define

9(y) = P(f(t%)).
The following facts hold:
e g:{0,1}* = {0,1} is a Boolean function,
* 9(0) = P(f(t)) = P(ty) = 0, and
e if y € {0,1}* has all its entries equal to 0 expect the i-th one, which is equal to 1, then
g9(y) = P(f(t%)) = P(f(t%)) = L.
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By [28, Lemma 5], we have that

) deate) > [ =20

Moreover, if F' denotes a polynomial representing f with deg(F) = deg(f), and 41, ..., 4, € Clxy,..., xg]
are the unique linear forms such that (¢1(y),...,¢,(y)) = t% for all y € {0,1}*, then the polynomial
G = P(F(l1,...,4,)) € Clz1,..., x| represents g. Hence,

(2) deg(g) < deg(G) < deg(P) - deg(F') = (m — 1)deg(f).
The result follows directly from (1) and (2). O
As a direct consequence of Lemma 3.1 together with bs(f) > fn(f)l (see Remark 2.5), we have the

following theorem:
Theorem 1.1. For every m-ary function f, we have s(f) <2 (m —1)3 deg(f)?.
We conjecture a polynomial relation into the other direction:

Conjecture 1.2 (m-ary Sensitivity Conjecture). For every m there exists a constant ¢ such that
deg(f) € O(s(f)¢) for every m-ary function f.

As in the Boolean case, graph theory might play an important role for proving the m-ary sensitivity
conjecture. In the next section we present a generalization of the Boolean equivalence theorem by
Gotsman and Linial, which allows us to reformulate the sensitivity conjecture for m-ary functions in
graph theoretical terms.

4. THE EQUIVALENCE THEOREM FOR m-ARY FUNCTIONS

All graphs we consider are simple, undirected and finite. For a graph G = (V, E) and a vertex v € V,
we denote by degq(v) the degree of v in G. We denote by A(G) (resp. §(G)) the maximum (resp.
minimum) degree of G. The maximum (resp. minimum) degree of the graph without vertices is —oo
(resp. +00).

Huang’s proof of the sensitivity conjecture for Boolean functions heavily relies on the equivalence
theorem by Gotsman and Linial [13]. In this section we present an equivalence theorem for the m-ary
case, which generalizes the Boolean one. Before presenting its statement we introduce some definitions,
notations and some preliminary results that will be used in the proof.

For convenience, from now on we consider T = U,, := {1,&,e%,...,e™ '} the set of m-th roots of
unity, where ¢ is an m-th primitive root of unity. In the case of Boolean functions, the set {0,1}" can be
seen as the vertex set of the n-dimensional hypercube @Q,,. In the context of m-ary functions, a natural
generalization is the Hamming graph H (n, m) whose vertex set is U, (or [0, m—1]" := {0,1,...,m—1}")
and where two vertices are adjacent if and only if they differ in exactly one of their entries. This graph
can be seen as the n-th Cartesian power of the complete graph on m vertices K,,. Some Hamming
graphs are shown in Figure 1. It is easy to see that the Hamming graph H(n,m) is (m — 1)n-regular
and the product of the entries of every vertex provides a proper m-coloring of it. We denote each set of
the resulting m-partition by C.x for k € [0,m — 1], i.e.,

n
C.x = X:(l‘l,...,xn)eug HIjZEk
Jj=1

One can associate to every m-ary function f : U — U,, a partition of the vertex set of H(n,m)
(where some parts might be empty) by just considering V. (f) := f~1(e¥) for all k € [0,m — 1]. If we
denote by H,. the induced subgraph of H(n,m) with vertex set V.x(f) for all k € [0, m — 1], then for
every vertex x € V.x(f) one has that sx(f) = (m —1)n — degy , (x). Consequently,

(3) s(f)=(m—1)n—min{d(H) |0 <k <m—1}.
Recall that the minimum degree of the empty graph is +oo.

Example 4.1. Figure 2 shows an example of three induced subgraphs Hy, H., H.> whose vertices parti-
tion Us. We observe that §(Hy) = §(H.) = §(H.2) = 3. If we consider the 3-ary function f : U3 — Us
such that f=(e7) = V(H,;), then s(f) =2-3 -3 =3.
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FI1GURE 1. Some Hamming graphs, the upper two with their proper 3 and 4-coloring, respectively

FIGURE 2. Three induced subgraphs of H(3,3) whose vertices partition U3

Let f:U" — U, be an m-ary function. For every i € [0, m — 1], denote by f.: the m-ary function

given by f.i(x) = f(x) (H?Zl x;) for all x = (x1,...,2,) € U?. The following result relates the vertex

partitions of H(n,m) associated to f and f..
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Lemma 4.2. Let f : U — Uy, be an m-ary function. For all k € [0,m — 1] one has:

M= U (CanfiE).

€[0,m—1]
Proof. Forallx = (z1,...,2,) € ,Zwehavethat fe(x) = f(x)-(z1 - x,). Taking &/ := 1 -+ 2, € U,
we have that x € Cy;, and fa(x) =¥ if and only if f(x) = =7 € U,,. O

Definition 4.3. Let {V.x |k € [0,m — 1]} be a partition of I, into m subsets (where some of them
might be empty). We denote by {p(V.x) |k € [0,m — 1]} the new partition of U, given by

p(Va) = |J (ConViy) forall ke [0,m—1].
€[0,m—1]

Figure 3 illustrates how the sets p(V.x) can be visualized as a certain cyclic rotation of the vertices
of V., through the m-partition given by the C.;’s.

FIGURE 3. Vertices of p(V,x) as a certain cyclic rotation of the vertices of V. through
the partition given by the C.;’s

For an m-ary function f : U" — U,,, we consider the partition of H(n,m) with V.« (f) = f~1(e)
for all k € [0,m — 1]. By Lemma 4.2, we have that p(V.«(f))) = f-1(e¥) for all k € [0,m — 1]. Hence,
{p(Vee () | k € [0,m — 1]} is the partition of H(n,m) associated to f-.

Example 4.4. If we consider the 3-ary function f : U3 — Us described in Example 4.1, then Figure /
shows the partition of H(3,3) associated to f.. It turns out that |f=1(1)| = |[p(V (Hy))| =8, |f71(e)| =
[p(V(H:))| =10 and | f-1 ()] = |p(V(He2))| = 9.

Remark 4.5. Note that if we consider [0,m—1]" as the vertex set of H(n,m), then a proper m-coloring
of H(n,m) is given by

Dy =<x=(x1,...,2,) € [0,m —1]" Zacj_k mod m »,
J=1
for k € [0,m —1].
Moreover, for a given m-ary function g : [0,m — 1]™ — [0,m — 1] and for every i € [0,m — 1], we

denote by gi the m-ary function given by g,(x) = g(x) +i(3_7_; #;) mod m for all x = (x1,...,2,) €
[0,m — 1]™. For each k € [0,m — 1] we take Vi(g) :== g~ (k) and denote
pVi) = U (DinVie—s) moa my(9) -
j€[0,m—1]

Then, p(Vi(9)) = gy * (k) for all k € [0,m — 1].

In the proof of the equivalence theorem we use the following lemma, which explicitly describes the
constant term of the unique polynomial of degree at most m — 1 in each variable representing an m-ary
function f : U} — U,,. This result depends on the fact that 1" = U,,, and does not hold for other choices
of T.
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FI1GURE 4. Partition associated to f. for the 3-ary function f of Example 4.1, where
H] is the induced subgraph of H(3,3) on p(V(H;))

Lemma 4.6. If f : U — Uy, is an m-ary function and F € Clxy,...,x,] is the unique polynomial of
degree at most m—1 in each variable representing it, then F(0) = E(f), where E(f) = -3 1 (%)
is the average value of f on U,.

Proof. We denote by P([n])<(m-1) the set of all multisubsets of [n] in which every element has mul-
tiplicity at most m — 1. Since F' has degree at most m — 1 in each variable, it can be written as

F(z1,...,z,) = ZIEP([”])S(nl—l) f(I) [Licr xznum(i), where f(I) € C for all T € P([n])<(m-1), and we
have that

B = Y i = Y Rk =

xEUn, xEU,

1 r multy (i
= o 2 > foIfert
xeuy, | I€P([n])<(m—-1) i€l

1D N UFD D SR 0] | i

xeuy, x€UR T€P([n]) < (m—1) iel
i 140
1 . .
= — PO+ > Fm Y [
m IeP([n])<(m-1) xeun iel
L 140
so it is enough to prove that > ;m [Lic; x;num(i) = 0 for every nonempty I € P([n])<(m—_1)-

Take I # (), assume without loss of generality that 1 € I, and take M := mult;(1). Then

Z Hwimﬂtl(i) _ nf Z SZM H xzrlnultz(i)
£=0

xeuy, iel (ebsx2,esn ) EUR, ieI\{1}

Z H x;mllt[(i) (TnzlaéM> = 0,
=0

y=(z2,...,zn)eUn" " \PEI\{1}

m—1

where the last equality follows from the fact that > ;" ut = 0 for every pu € U,,. Thus, we conclude
the result. O
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Lemma 4.7. Let f : U7 — U, be an m-ary function and denote by F,G € Clxy,...,xz,] the unique
polynomials of degree at most m —1 in each variable representing f and f.m-1, respectively. Then, F(0)
coincides with the coefficient of (x1 -+ x,)™ " in G. In particular, deg(fom-1) = (m — 1)n if and only
if E(f) # 0.

Proof. Clearly H := (21 ---x,)™ 'F is a polynomial representing f.m-1, and hence G is the reduction
of H modulo the ideal I = (z* —1,...,2" — 1). The result follows from the fact that reducing a
polynomial modulo I consists of just taking all the exponents appearing in the expression modulo m.
In particular, deg(f.m-1) = (m — 1)n if and only if F(0) # 0, and the latter is equivalent to E(f) # 0
by Lemma 4.6. (]

The next result shows how to graph theoretically construct an m-ary function f : U,: — U, of
degree deg(f) = (m — 1)n (the maximum possible degree) with prescribed sensitivity. This result will
be particularly useful in the next section.

Proposition 4.8. Let m > 2 and n,s > 1. The following are equivalent:
(1) There is an m-ary function f: U — Uy, of degree deg(f) = (m — 1)n and sensitivity s(f) = s.
(2) There are (possibly empty) induced subgraphs {H.. |0 <k <m —1} of H(n,m) such that their
vertez sets partition V(H(n,m)), > ;- ! o |p(V(Hr))| €8 #0, and

(m—l)n—mm{d( Hi)|0<k<m-1}=s.

Proof. For an m-ary function f : U — U,y,, one can consider the family of induced subgraphs {H_» |0 <

k <m —1} of H(n,m) such that V(H_) = f~!(e*). Conversely, for any induced subgraphs {H_« |0 <
k < m — 1} of H(n,m) such that their vertex sets partition V(H(n,m)), one can consider the m-ary
function f: U? — U, defined as f(x) = ¥ if and only if x € V (H_x).

In both cases, by Formula (3), we have that

s(f)=(m—1)n—min{d(H) |0 <k <m—1}.

Also, taking g = f. we have that f = (f.)em-1 = gem-1. By Lemma 4.7, it follows that deg(f)
)

= (m-1)n
if and only if E(g) # 0. Finally, by Lemma 4.2, we have that E(g) = -1- Y/ ' p(V(H))| €, and the

result follows. O

Now we can prove the equivalence theorem.

Theorem 4.9 (Equivalence theorem for m-ary functions). Let h: N — R be a function and m a
positive integer. The following are equivalent:
(1) For any collection of (possibly empty) induced subgmphs {H.» |0 < k < m—1} of H(n,m)
whose vertex sets partition V(H(n,m)) and Y ;" |p( (H.x))| €* #0, it holds

(m—1)n —min{d(H) |0 <k <m—1} > h(n).
(2) For any m-ary function f: U — Uy, s(f) > h( deg(f))

Proof. First of all, we transform statement (1) into the equivalent statement (1’) concerning m-ary
functions:

(1) For any m-ary function f : U — U,, with E(f) # 0, there is a vector v € U, such that

h(n) < sy(fem-1).

We begin by proving that (1) = (1). Let HhH ey Hom—1 be m induced subgraphs of H(n,m)
such that their vertex sets partition U, and >, \p( (H.))| €8 # 0.

We define the m-ary function f : U7 — Uy, glven by f~ ( k) = V(H_) for all k € [0,m — 1]. Then,
by Lemma 4.2 we have that f=1(e¥) = p(V (H_x)) for all k € [0, m — 1]. Moreover,

04 i p(V(Ho))| e = > fo(x) =m™ E(f.),
k=0

xeU,n

being E(f.) the average value of f. on U,'. Then E(f.) # 0 and, by (1'), there is a vector v € U,

satisfying h(n) < s,((fe)em-1) = Su(f)-
Now, by Equation (3),

(m—1n—min{d(H.) |0 <k <m—1} =s(f) > s,(f) > h(n).
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Now we prove that (1) = (1'). Let f : U,* — Uy, be an m-ary function with E(f) # 0. We define H.,«
as the induced subgraph of H(n,m) on (f.m-1)"%(e¥) for all k € [0,m —1]. By Lemma 4.2, p(V (H_)) =
((fom—1)e)"H(eR) = f1(eP) for all k € [0,m — 1], and hence 37" |p(V (Hzi))| € = m"E(f) # 0.

By (1), we get that

min{§(H.)|0<k<m—1} < (m—1)n—h(n),
so there must be some &/ € U, and a vertex v € V(H,;) such that degy (v) < (m — 1)n — h(n).
Furthermore, since V(H,;) = (fom-1)7"(¢7) for all j € [0,m — 1], we have that degy  (v) = (m —1)n —
Sy (fem-1). Hence (m — 1)n — 8y (fom-1) < (m — 1)n — h(n), and we conclude that hg(n) < 8y (fom—1).

We now rewrite statement (2) in an equivalent way:

(2") For any m-ary function f : U, — U, s(f) < h(n) implies that deg(f) < (m — 1)n.

We start by showing that (2) = (2’). Let f be an arbitrary m-ary function with deg(f) > (m — 1)n.
Then we have that deg(f) = (m — 1)n (because deg(f) < (m —1)n). Let us prove that s(f) > h(n). By
(2), we have that s(f) > h (ﬁdeg(f))7 and thus

stz

Now we prove that (2') = (2) by contradiction. Assume that (2’) holds and that there exists an
m-ary function f with s(f) < h (ﬁdeg(f)). Then, by (2), deg(f) < (m —1)-"5deg(f) = deg(f), a
contradiction.

At this point, it is enough to show that statements (1’) and (2’) are equivalent for any function
h: N — R and any natural number m.

deg(f)) = (g m = 1) = i)

m—1

(1) For any m-ary function f : U7 — U, with E(f) # 0, there is a vector v € U, satisfying
B(n) < Su(fors).

(2") For any m-ary function f : U, — U, s(f) < h(n) implies that deg(f) < (m — 1)n.

We begin by proving (2') = (1'). Let us see that E(f) = 0 for any m-ary function f such that
h(n) > sy(fem-1) for all v € U,;;. We have that s(fom-1) = max,cyn 5,(fem-1) < h(n), and by (2) this
implies that deg(f.m-1) < (m — 1)n. Then, by Lemma 4.7 we are done.

It only remains to prove (1) = (2'). Since deg(f) < (m — 1)n for every m-ary function f, deg(f) <
(m — 1)n is equivalent to deg(f) # (m — 1)n. Take an m-ary function f with deg(f) = (m — 1)n,
and let us prove that s(f) > h(n). Taking g := f., we have that g.n—1 = f. Hence, applying
Lemma 4.7 to g, we have that E(g) = E(f.) # 0. Then, by (1’) there is a vector v € U, satisfying that
h(n) < su((fe)em—1) = 54(f), and we directly conclude that s(f) = maxxeyn sx(f) > su(f) > h(n). O

Example 4.10. The three induced subgraphs Hy, H., H.> whose vertices partition Us and were studied
in Examples 4.1 and 4.4 satisfy that Zi:o Ip(V(Ho))|ed = 92 +10e4+8=ec—-1#0, and 2-3 —
min{d(Hy),6(H.),0(H.2)} = 3. As a consequence, if there exists h : N — R satisfying (any of) the
conditions of Theorem 4.9 for 3-ary functions, then h(3) < 3.

Remark 4.11. Although the equivalence theorem for m-ary functions looks different from its Boolean
version, it is a generalization of it. Indeed, if m = 2, then U,, = {—1, 1}, and if one denotes H{ (respect.
H' ) the induced subgraphs with vertices p(V (Hy)) (respect. p(V(H_1))), in Theorem 4.9 one has that

n —min{d(Hy),5(H_1)} = max{A(H;),A(H )}

(see Figure 5), and the condition Z;Z_Ol lp(V(H.))| € # 0 is translated to |V (H})| # |V (H',)|. Hence,
for m =2 and taking G := H|, condition (1) can be equivalently restated as:

For any induced subgraph G of Q, such that |V (G)| # 2"~ 1, then max{A(G), A(Q, — G)} > h(n),
where Q, — G denotes the induced subgraph of Qn with V(Q, — G) =V (Q,) \ V(G).

The equivalence theorem allows us to translate the sensitivity conjecture for m-ary functions into an
equivalent graph theoretical problem.

Conjecture 4.12. For every positive integer m there exists p > 0 such that for any collection of
(possibly empty) induced subgraphs Hy,H., ..., H.m—1 of H(n,m) whose vertex sets partition U, and
" p(V(He))| €8 # 0, it holds

(m—1)n —min{d(H.»)|0 <k <m-—1} € Q(n") .
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e C_, el Cc,

FI1GURE 5. Theorem 4.9 generalizes Gotsman-Linial’s Boolean equivalence theorem

Remark 4.13. Note that when m = p is a prime number, the m-th cyclotomic polynomial is ®,(x) =
2Pl 4 aP2 4. 42+ 1 € Q). Hence, Zf;ol a;e’ = 0 with ao, . ..,a,—1 € Q if and only if ag = -+ =
ap—1. As a consequence, when m is a prime number, the condition "ZZ:Ol |p(V(H.x))| €8 # 07 in the
statement of Conjecture 4.12 can be replaced by the equivalent condition “there exists k € [0,p — 1] such
that |p(V (Ho))| # p"~ 1.

In the next section, we prove that if m is a prime number and Conjecture 4.12 holds for m-ary
functions, then p < 1/2.

5. QUADRATIC SEPARATION BETWEEN THE SENSITIVITY AND THE DEGREE

Chung, Firedi, Graham and Seymour [8] provided an induced subgraph of the n-dimensional hyper-
cube with 27" ~1 +1 vertices whose maximum degree is strictly smaller than /n+ 1. By Gotsman-Linial’s
equivalence theorem, this resulted in the existence of Boolean functions with s(f) < /deg(f) + 1.
Huang [17] later proved that s(f) > /deg(f) for every Boolean function f. The goal of this section
it to extend the construction in [8] to the Hamming graph H(n,m) and use the equivalence theorem
for m~ary functions to produce m-ary functions with low sensitivity and high degree. For convenience,
in this section we work with the set [0,m — 1] instead of {1,¢,...,e™!}; consequently, we denote the
vertex set of H(n,m) by [0,m — 1]™.

Let m,n > 2. There is a natural bijection between the set P([n])<mn—1) of multisubsets of [n] with
multiplicity at most m — 1 and [0, — 1]*. This bijection sends I € P([n])<m-1) to the n-tuple
(multz(1),...,mult;(n)) € [0,m — 1]", and lets us identify the vertices of H(n,m) with elements of
P([n])g(mqy

For A C [n] and j > 1, we denote by AY) the multisubset of [n] with the same elements as A, all
of them with multiplicity j. In P([n])<(m,—1) we consider the partial order given by inclusion, where
P C @ if the multiplicity of every element in P is smaller than or equal to its multiplicity in Q). For every
multisubset P € P([n])<(m—1) we denote by 1 {P} its filter, i.e., the set T {P} = {Q € P([n])<(m-1) :
P C @}, and for F' C P([n])<(m-1) we denote 1 F' = Upep T {P}.

Lemma 5.1. Let m,n > 2, and let {A,..., A} be a partition of [n] into k nonempty sets. We denote
F; =1 {Agl), Ag)7 e ,AS)} and consider the following induced subgraphs of H(n,m):

o Gp_1 is the induced subgraph on F,,_1,

e G, is the induced subgraph on F; \ Fi4q for i€ {1,2,...,m — 2}, and

o Gy is the induced subgraph on P([n])<(m—1) \ F1.
Then {V(G;)|0 <i<m — 1} constitute a partition of V(H(n,m)), and

0(Gi) = (m —1)(n — k) + i(k — max(|Ay], ..., |Ax])) for 0 <i<m —1.

In particular, (m — 1)n — min{d(Gy),...,0(Gm-1)} = (m — 1) max(k, |A1|,...,|A4k|)-

Proof. It is clear that V(Gy), V(G1), ..., V(Gm—1) constitute a partition of V(H(n,m)). Let us compute
the values 6(Go),d(G1),...,0(Gm-1)-
Take B € V(Gy,—1). Then there is at least one index ¢ € [k] such that Agmfl) C B. If there are

two indices verifying the previous property, then all the neighbors of B are in G,,,—1 and degg, _ (B) =

-b C B, then changing the multiplicity in B of

any element of A;, (from m — 1 to any value in [0, m — 2]) one gets a multiset not containing Aggn_l)
anymore, and hence degg _ (B) = (m — 1)(n — |A4]). As a consequence, 6(Gr—1) = (m — 1)(n —

max(|A],. .., |Ax])).

(m — 1)n. If there is only one index iy such that AE;”



12 S. ASENSIO, I. GARCIA-MARCO, AND K. KNAUER

Take now B € V(Gy). Then B does not contain A; for any ¢ € [k]. If there are at least two elements
in each A; which do not belong to B, then all the neighbors of B are in Go and degg, (B) = (m — 1)n.
On the other hand, for each i € [k] such that B does not contain exactly one element of A;, then we
can add to B this missing element with all possible multiplicities to get (m — 1) vertices adjacent to B
and not in Gg. Since this can happen for all ¢ € [k], B has at most (m — 1)k neighbors not in Gy, and
there are vertices attaining this bound. Hence, §(Go) = (m — 1)(n — k).

Now let i € {1,...,m — 2} and B € V(G;). Then there is some j € [k] such that A;i) C B but

AlHY ¢ B for all s € [k]. Let us compute how many neighbors of B are not in G;.
First, we compute the number of neighbors of B not in F;. If B contains more than one multiset
A( 2 , then B has all its neighbors in F;. Assume that there is only one index jg such that A ) CB. In

order to obtain a neighbor of B which does not contain A§-0), we have to change the multlphmty in B of

any element of A;, to any value in [0,7 — 1]. Hence B has at most i|A;,| neighbors not in F;.

Now we compute the number of vertices adjacent to B in Fj; 1. If we change the multiplicity of only
one element of B and as a result we obtain a new multiset B’ such that A C B’ for some s € [k],
then all the elements of A, already have multiplicity at least ¢ + 1 in B except one, which is the one
whose multiplicity we have to change to any value in [i + 1,m — 1] (m — ¢ — 1 different possibilities).
Since this can happen with every A;, we conclude that B has at most k(m — ¢ — 1) neighbors in Fj .
As a consequence,

0(G;) > (m — Dn —i(max(|A1], ..., |Ax])) — k(m — 1 —1)
for all 4 € [0, m — 1], and there are vertices achieving this bound. Hence, 6(G;) = (m—1)(n—k) +i(k —
max(]A1],...,|Ax|)) and the result follows. O
If one takes a partition {A1,..., Ax} of [n] such that max(k,|A1],...,|Ax|]) = [v/n], applying the

previous lemma one gets that
(m — 1)n — min{§(Gy),d(G1),...,0(Gm-1)} = (m —1)[/n].

Now we are going to prove that, when m is a prime number and n is a perfect square which is a multiple
of m?(m — 1)2, then this construction also satisfies that Y, |p( (Gr))| €® # 0, and hence one may
apply Proposition 4.8.

Proposition 5.2. For every prime p > 3 and every perfect square n = N? with N =0 mod p(p — 1),
there e:m'stp induced subgraphs Go, G1,...,Gp—1 of H(n,p) whose vertex sets partition V(H(n,p)) such

that S04 o(V(G))| € # 0 and (p— 1)n — min{3(Go), 8(G1), - ., 8(Gy-1)} = (p — 1)v/.
For proving this result we will use some lemmas:

Lemma 5.3. Let m,{ > 2 and s € Z, and denote

Hf::‘{(a:l,...,xg)e [0,m — 2] le_s modm}|.

Then,
2(472)/2(m —1)%) (m—2) if £iseven ands+{£#0 modm
=0 )
o SED2(m—1)%) (m—2)+1  if Ciseven ands+{£=0 modm,
) (2P m - 12 m—2)+ 1 if Cis odd and s+ £ %0 mod m,
ZESB)/Q(m —1)%2+) (m - 2) if £isodd and s+4=0 mod m.
Proof. The result follows by induction on ¢ applying the recursive formula
m—2
m= S ney
k=0

and the fact that for £ = 1 one has that H! = 1 if s # —1 mod m, and H! = 0 if s = —1 mod m,
which lead us to the table in Figure 6, in which the entry in the i-th row and the j-th column is equal
to H; It is clear that each row satisfies that its entries are all equal except one, and the one which is
different corresponds to the case in which i 4+ j =0 mod m. 0
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0 1 2 m—3 m— 2 m—1
1 H(% =1 1 1 s 1 1 0
e
2 HZ=m—2 m—2 m—2 m—2 om-—1 m—2
»
3 H3=(m—=2)(m—1)4+1 [(m=2)(m—-1)+1| (m=-2)(m—=1)+1| - |(m—2)(m—1)| (m=2)(m—-1)+1| (m—=2)(m—-1)+1
m—1 _— -
]
>
m H(7)n . H{n Hé“ e H,',rLLS H::Z;Q H:vywl 1
mt1 e e S R
Vd

FIGURE 6. Table T with T;; = HJ’

Lemma 5.3 provides the exact values of H’. However, in the proof of Proposition 5.2 we only use
that H: — Hf € {—1,0,1}, and that H’ = H{ whenever s + ¢ # 0 mod m and t + ¢ # 0 mod m.

A theorem due to Lucas (see, e.g., [11,23]) provides the value of the binomial coefficient (%) modulo a
prime in terms of the p-adic expansion of M and N. A direct consequence of this result is the following:

Corollary 5.4. Let p be a prime and let M € N be a multiple of p. If N € N is not a multiple of p,
then (%) =0 mod p . As a consequence, if N1,...,Ng € N satisfy that Ny + ---+ Ny = N and N; is
not a multiple of p for some i € [1,s], then

M 0 mod
= m .
Ni,...,N, oap

Lemma 5.5. Let p > 3 be a prime number, t € [p — 2], N a multiple of p(p — 1) and s € Z. Then,

Ai\;::‘{(xl,..., ~) € 0,8V Zmz_s modp}|

s a multiple of p.
Proof. We observe that A, = AY

proof in two cases.

t.(s mod p)» SO We may assume that 0 < s < p— 1. We separate the

We first assume that s # 0. We observe that for every (z1,...,zn) € Ai\fs and every permutation
o:{1l,...,N} = {1,...,N} one has that (z4(1),...,Ze(n)) € Aé\fs. Hence, if y; denotes the number
of entries among x1,...,xy that are equal to ¢, then there are (1/0 N yt) different elements that can be

obtained permuting the entries of (z1,...,zy). Since z1 +---+2ax = 0yo + - - - + ty; = s (mod p), then
there exists j such that y; # 0 mod p. Since IV is a multiple of p, applying Corollary 5.4 we have that
N N _
(y0 _____ yf) =0 mod p.
We assume now that s = 0. We have that Y *_ ! AY; = (t+1)N =V . Since N is a multiple of p—1
and 1<t<t+1<p-1, by Fermat’s little Theorem one has that (t+ 1N =t¥ =1 mod p. Then

tO— -y 1AN 0 mod p. 0

Proof of Proposition 5.2. Consider the partition of [n] into the sets A7 = {1,...,N}, A2 = {N +
1,...,2N},..., Ay = {N? = N +1,...,N?} and consider the induced subgraphs Gy,...,Gp_1 de-
scribed in Lemma 5.1 (see Figure 7).

By Lemma 5.1 we have that V(Gy), ..., V(G,_1) partition V(H (n, p)) = P([n])<@p-1), and (p—1)n—

min{d(Go),0(G1),...,0(Gp=1)} = (p — 1)/n.
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V(Gp_1) =t {AP™D, AP~ ATy — N 4 (Al

AP}
V(Gpo2) = (U, 1 {AP DI\ V(Gpo1)

S .. S
Agp—l) Agp_l) Ag\l;—l)

L] [ ] [ ]
AP AP AE=2)

o o L)
AP A3 - Ay

V(Go) = P(n)<p) \ (1V(G))
FIGURE 7. V(Go),...,V(Gp-1) as elements of the poset P([n])<p—1)

It only remains to prove that Zf;ol Ip(V(G;))| €t # 0. Since p is prime, by Remark 4.13 this is
equivalent to proving that [p(V(Go))|;. .., |p(V(Gp=1))| are not all equal. Indeed, we are going to show
that |p(V(Gp=1))| Z |p(V(G1))| mod p. This will follow from:

(1) [p(V(Gp-1)) NV(Gp1)| = |p(V(G1)) NV (Gp)] € {1, —1},

(i) [p(V(Gp-1)) NV (Go)| = |p(V(G1)) N V(Go)| = 0, and

(iii) [p(V(G:)NV(G;)|=0 modpfor1 <i<p—-2and0<r<p-1.
We recall that, by Remark 4.5, we have that

p(V(Gy)) = U—3(D; NV (Gi_j))

for every i € [0,p — 1], where the indices are taken modulo p and D; = {x = (z1,22,...,2,) €
0,p—1]"| >r ,z; =j mod p}.
Let us prove (i), taking into account that

Ip(V(Gp1)) NV (Gp)| = [p(V(G1)) NV (Gpr)| = [Do NV(Gpa)| = [D2 NV (Gpa)l-

We observe that if B € 1 {Agp 71)}, then its last entry is free in the following sense: if we change its
last entry by any value (or, in other words, if we change the multiplicity of n in B), then we obtain new

elements of 1 {Aﬁ”‘”}, and each of them belongs to a different D;. In particular, | 1 {Agp_l)}ﬂD0| -7
{AP"Y A Dy| = 0. The same happens if we take an element of + {A¥ ™} \ (U;;ll 0 {Agp_l)}) for

all i € {2,...,N — 1}, so we just have to focus on what happens with the elements of 1 {A%’fl)} \
(U5 1 4AP DY)

The entries of every element of V(H (n,p)) can be separated in N blocks according to the different
sets A1, Ao, ..., Ay to which their indices belong. If the first element of the block corresponding to
Apn_1 is not equal to p — 1, then the last entry of that block is free. So we can assume that this first
element is equal to p — 1, and repeating this reasoning we get that the elements of V(G,_1) that are
not equally distributed among Dy, D1, ..., D,—1 must be of the form

p—1,...;,p—Lxy,p—1,....,p—1,%, ... ,p—1,...,p—1,%ny_1,p—1,...,p—1,p—1).
N N N N

To compute which of these elements belong to Dy, we want that Z;V:_ll xj+(p—1)(N=1)2+(p—1)N =0
N-1
j=1

mod p. Since N =0 mod p, this is equivalent to ) *; =1 mod p, and following the notation of
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Lemma 5.3 there are exactly H 1N ~1 such vertices. Furthermore, for Dy, we want that Z;V;ll x5+ (p—
1)(N—=1)2+(p—1)N =2 mod p; i.e., we want that Z;V:zl *; =3 mod p, and there are exactly Ha' '
such vertices. Moreover, since N is a multiple of p one has that N —1+1 =0 mod p and, since p > 3,
N —143#0 mod p; thus, by Lemma 5.3,
PV (Gpe)) AV (G| = |o(V(G1)) NV (Gpor)| = HY T = HY ™ € {41, -1},
Let us prove (ii), starting with the fact that
[p(V(Gp-1)) NV (Go)| = |p(V(G1)) N V(Go)| = [Dp—1 NV (Go)| = [Dr NV (Go)l.

As in the previous case, we separate the entries of these vertices in IV blocks. The vertices of Gy have at
least one entry equal to 0 in each of the N blocks. If the first entry of the first block is equal to 0, then
the last entry of that block is free. Hence we can assume that this entry is not equal to 0. Repeating
this idea we get that the elements of V(Gg) that are not equally distributed among Dg, D1, ..., Dp_1
must be of the form

1 1 2 2 N N
(*17"'5*N—17O7*17"'a*N—1307"'7*17"'a*N—130)7
—_—
N N N

where *f € [1,p — 1]. If we subtract one unit to every nonzero entry of the previous vector, then we get
that
N(N— N(N—
|Dp1 NV(Go)| = [D1 N V(Go)| = BV — HY D

p—1 )
which equals 0 by Lemma 5.3.

Let us prove (iii). We are going to show that [p(V(G,))NV(G;)| =0 mod p for all r € [0, p—1] and
all j € [1,p— 2] or, equivalently, that [D;,NV(G;)| =0 mod p for all s € [0,p—1] and all j € [1,p—2].

We observe that all the elements x € V(G;) can be uniquely built by choosing:

k € [1, N] (here k indicates the smallest index such that x contains Agj ))7
cly--scho1 €0,p— 1NN\ [5,p — 1V,

Chg1s--en € [0,p— 1N\ [j+1,p— 1]V, and

considering x = (¢1, ..., Ck—1,b,Ckr1---,CN)-

Hence, by Lemma 5.5, for a given k € [1,N], ¢1,...,ck—1 € [0,p — UV \ [1,p — 1]V, cks1,..-,cN €
[0,p— 1V \ [ +1,p— 1]V, the number of elements x = (c1,...,ck—1,b,Cx41-..,cn) € DsNV(G,) is a
multiple of p. Thus, |Ds N V(G,;)| =0 mod p.

By (i), (ii) and (iii) we can conclude that

V(G| = (VG| = S (0(V(Gyt)) N V(G| = p(V(G1)) N V(Gi)]) = 1 mod p,
=0
and hence |o(V(Gy-1))| # [o(V(G1))]. O

Proposition 5.2 imposes several conditions on the values of m and n (m > 3 is a prime and n = N2
is a perfect square which is a multiple of p?(p — 1)2), and our proof heavily relies on these hypotheses.
However, we believe that the same type of results can be proved for general values of m and n.

As a consequence of Proposition 5.2 together with Proposition 4.8 we have the following result,
which in particular implies that if the p-ary sensitivity conjecture (Conjecture 1.2) holds, then ¢ > 2.
Equivalently, this also implies that if Conjecture 4.12 holds for p-ary functions, then p < 1/2.

Proposition 5.6. For every prime p and every positive integer D, there exists ng such that for all
n > ng there is a p-ary function f: {1,e,...,e?P~1}" — {1,¢,...,eP~1} with deg(f) > D and

s(f) =V (p—1)deg(f) .
Proof. Take ng = N? a perfect square such that N = 0 mod p(p — 1) and ng > D/(p — 1). By
Proposition 5.2 together with Proposition 4.8, there exists a p-ary function g : {1,¢,...,eP~1}"0 —
{1,e,...,eP71} of degree deg(g) = (p — 1)ng > D and sensitivity s(g) = /(p — 1)deg(g). Now, for
n > ng, we consider f : {l,e,...,eP71}" — {1,¢,...,eP71} given by f(x1,...,2,) = g(x1,...,Tp,) for
every (x1,T2,...,2,) € {1,¢,...,eP71}". Since f and g have the same sensitivity and degree, the result
follows. O

This result together with Proposition 2.7 yield the following.

Theorem 1.3. For every set T C C of prime cardinality |T| = p and every positive integer D, there
exists a p-ary function f: T™ — T with deg(f) > D and s(f)?/(p — 1) < deg(f).
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6. CONCLUSIONS

The main open problem is the m-ary sensitivity conjecture (Conjecture 1.2) and its reformulation in
graph theoretical terms (Conjecture 4.12). The statement of Conjecture 4.12 is a bit intricate due to
the additional property concerning the values |p(V(H,x»))|. We present a stronger conjecture in more
natural terms:

Conjecture 6.1 (Strong m-ary Sensitivity Conjecture). Let m be a positive integer and € an m-th
primitive root of unity. There exists u > 0 such that for any partition of H(n,m) into (possibly empty)
induced subgraphs Hi, ..., Hy, with Y i~ |V (H;)| € # 0, we have

max{A(Hy),...,A(Hp)} € Q(n*) .
Let us quickly see that indeed:
Proposition 6.2. Conjecture 6.1 implies Conjecture 4.12.

Proof. Assume that Conjecture 6.1 holds, and consider m induced subgraphs Hi, H,..., Hom-1 of
H(n,m) such that their vertex sets partition V(H (n,m)) and ZZBI |p(V(H_i))|e" # 0. Denote by H!,
the induced subgraph with V/(H.;) = p(V (H:)). Since we are assuming that Conjecture 6.1 holds, then

max{A(H}),...,A(H.L.-1)} € Q(nH)

for some p > 0.

We observe that for all v € V(H (n,m)) there exist r, s € [0,m—1] such that v € V(Hr), v € V(HL.),
and degy . (v) + degg: (v) < (m — 1)n because the neighborhoods of v in H.r and H.. are disjoint.
Hence, :

(m—1)n —min{6(H.x)|0 <k <m—1} > max{A(H}),...,A(HL.-1)}
and the result follows. O

Note that if m is a prime number, then the condition Y/, |[V(H;)| " # 0 in Conjecture 6.1 reduces
to requiring that not all H; have the same order (see Remark 4.13). For m = 3 this leads to the
conjecture in the introduction:

Conjecture 1.4. There exists > 0 such that for any partition of the Hamming graph H(n,3) into
three (possibly empty) induced subgraphs Hy, Ho, Hs not all of the same order, it holds:

max{A(H;), A(Hz), A(Hs)} € Q(n*) .

Concerning Conjecture 6.1, there are some recent works in which the authors study the maximum
degrees of induced subgraphs of the Hamming graph H(n,m). For example, denoting by a(G) the
independence number of a graph G, Dong [10] constructed an induced subgraph of H(n, m) on more than
a(H(n,m)) = m"~! vertices whose maximum degree is strictly smaller than \/n + 1. This construction
was later improved by Tandya [32], who was able to prove that H(n,m) has an induced subgraph on
m™~ 1 + 1 vertices with maximum degree 1 whenever m > 3.

For m = 3, Potechin and Tsang [30] provide upper bounds on the maximum number of vertices of
an induced subgraph with maximum degree at most 1. They show that if U C V(H(n,3)) is disjoint
from a maximum size independent set of H(n,3) and the induced subgraph on U has maximum degree
at most 1, then |U| < 3"~! 4+ 1. This shows that a construction by Garcia-Marco and Knauer [14]
is largest-possible. Potechin and Tsang also provide an induced subgraph of H(n,3) with 37~ + 18
vertices with maximum degree equal to 1 and which is almost optimal in several senses. However, it
seems that from these constructions no partition into induced subgraphs of small maximum degrees can
be obtained, if they are not allowed to be all of the same order. Finally, note that our graph theoretical
Conjectures 1.4, 4.12, 6.1 can all be seen as special variants of so-called defective colorings, see [34] for
a survey. However, our imbalance requirements on the color classes seem to be novel.
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