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Take Home Message

We use an adaptive variant of the Nystrom method for kernel

approximation as a drop-in replacement for dense layers in Convolutional
Neural Networks (CNN)

Usual CNN architecture with dense layer(s) :

lutional
example x {le’gy?érf na ]—[dense layers]—[ SOZJ; Zgﬂx ]—> output y

Our proposed architecture with Nystrom layer(s) :

example x —

convolutional adaptive Nystrom softmax
{ layers ]{[ approximation lJchyer output 'y

set of landmark |
examples L
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Outline

* Non-linear mappings :
- Dense (Fully-connected) neural network layers

-  Kernel methods

* Adaptive Nystrom Layer
- Standard formulation

- Multiple Kernel Learning (MKL) formulation

* Experiments
- Standard setting

- Small sample set

- Multiple Kernel Learning
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Dense (Fully-connected) layers

Each dense layer of a neural network learns a non-linear mapping of its input

Dense layer: Example : ReLU

¢dense(x) — U(WTX)

Input . Output
vector W J( ) vector

x € R¢ Wix c RP o(W'x)eRP
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Kernel methods
Vix; € X k:RY xR = R
K; ;= k(Xz',Xj) = (p(x) - ¢(Xj)>

Some kernel methods can give the feature map approximation ¢ for a kernel.

~

k(x,2) = (¢(x) - ¢(2))

~

(to keep the notations light, we drop the ~ on ¢ in the rest of the presentation)
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Kernel methods : Random features

Fast-Food (FF) :

FF is a fast approximation of the Gaussian kernel. It is a variant of the RKS method,
a general approximation method for RBF kernels.

« S, G and B diagonal random
¢FF(X) = [cos(Vx),sin(Vx)] | V= FSHGHHB Eﬁzréc;m%egl#iuon
— cos(-)

Input VvV —*% » Output
vector L y CENEEVEN vector

| Sln(-) ‘

: . 1 b | s 5
x € R Vx € R2 [cos(Vx),sin(Vx)] € R

(This mapping can be done multiple times
In parallel then concatenated)
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Kernel methods : Nystrom method

Nystrom method for kernel approximation :

The Nystrom method gives a low rank approximation of a Kernel matrix. For this
approximation, we can extract the feature map approximation of the kernel.

’h
K — {Kll K21] Vljj el...m Klli,j = k(Lth)} L C X.J.

K21 K22
Input
veqtor - _

—1 | d R Output
anys (X) — kx,LKll2 x €R |\K S e veciF:,or
kx,L = [k(X, Li,), cees k(X, Lm)] |nput . - |

subsample |

LeR™¢  kyp € R™ kL K;® € R™
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Standard formulation

CNN with Dense layer :

Dense layer

(I xhxw)

X
| conv(x) (1xd)

ﬂflatten T—>

qbdense (COTLU (X) )
(1 x D)
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Standard formulation

CNN with Fast-food layer : (Deep Fried Convnets - Yang et al. 2014)

Adaptive
Fast-food layer
A
(1xhxw) r N (1xc)
X (1 xd) y
s conv(x) | ] ) ] |
i | cos(+) i
ﬂflattenhﬂ$ ZVi () “ooo }]
S111( -
Vx € R= ‘
) ¢ pr(conv(x))
V = ——SHGIIHB (1 x D)

ovd
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Standard formulation

CNN with Nystrom layer :

Nystrom layer O(m?)
A
(1 X h xw) < : ) N
X (1 % d) 1 xm
conv(x) | kx,L (1xc)
T ] * ﬂflatten k’ H ] 7 ~ 7 Y

— - flatten [ WHH — ) | )
—— —— ) Grys(conv(x))

L conv(L) (m x d)

(m X h X w)
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Standard formulation

CNN with Adaptive Nystrom layer : Adaptive Learned via
(main contribution) ..p backpropagation
Nystrom layer
A
(1 xhxw) < a ) o
X (1 xd) xm
COHU(X) | kx,L (1xc)
T — — ﬂflattenk> H I , - o Y

— OO %flatten FWH“ — ) | )
— e ) Grys(conv(x))

L conv(L) (m x d)

(m X h X w)
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Multiple Kernel Learning (MKL) formulation

In the Multiple Kernel setting, we can learn several adaptive Nystrom layers in
parallel then merge them by concatenation or weighted sum.

Concatenation : Weighted sum :
Wik, 1, z |
¢nysmkl — ¢ny3mkl - Zazw’lk;,L
Wlkic,L =1

Kernel function examples :

* Chi2 kernel  Gaussian kernels with different sigmas
i — x;1° [Ixi — x|
k(Xi,Xj) - X; + X; k(x’iaxj) — eXp(_ Z 2 ’ )
* Linear kernel * Kernel on single feature map
k(xi,x;) = (x; - X;) k*(xi,x;) = k(conv(x;),, conv(x;),)
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Standard setting

* Datasets :

Dataset Input shape # classes | Training set size | Validation set size | Test set size

MNIST (28 x 28 x 1) 10 40 000 10 000 10 000

SVHN (32 x 32 x 3) 10 63 257 10 000 26 032
CIFAR10 (32 x 32 x 3) 10 50 000 10 000 10 000
CIFARI00 | (32 x 32 x 3) 100 50 000 10 000 10 000

* Convolutional Architectures :
- LeNet for MNIST ;
- VGG19 for SVHN, CIFAR10 and CIFAR100.

*  Number of learnable parameters :

- Range from 2 to 1024 hidden neurons in the dense hidden layer ;

— Range from 2 to 128 subsamble size for the Nystrom layer ;

- One stack of random features for the Fast-food layer.
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Standard setting

Our Nystrom layer reaches dense layers accuracy with much less parameters.
The adaptive variant performs better in most scenario.
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Small sample set

MNIST SVHN CIFAR10 CIFAR100
5 20 5 20 5 20 5 20
Dense 49.7 (4) 94.4 (0.5) | 65.6 (11.6) 81.7 (3.9) 39.1 (3.3) | 87.1 (3.7) | 19.2(2.2) | 357 (2.7)
Adaptive-Deepfried | 12.4 (3.3) | 12.4 (1.4) 16.7 (5) 21.0 (64) | 283 (9.2) | 412 (3.6) | 39(1.2) | 6.4 (0.8)
Adaptive-Nystrom-L | 48.1 (5.5) | 95.0 (0.5) | 22.4 (6.9) | 29.6 (13.5) | 12.0 (5.6) | 278 (7.6) | 12 (0.6) | 1.9 (0.8)
Adaptive-Nystrom-R | 41.2 (7.7) | 95.5 (0.3) | 42.1 (29.6) | 53.5 (33.6) | 70.8 (4.4) | 922 (0.1) | 24.7 (2.6) | 62.1 (1.2)
Adaptive-Nystrom-C | 26.4 (7.7) | 92.3 (1.8) | 89.6 (3.1) | 933 (1.3) | 67.1 (4.7) | 922 (1) | 202 (2.2) | 554 (1.9
Multiple Kernel Learning
Multiple Gaussian kernel
CIFAR1DO - Subsample size: 2 CIFAR1O - Subsample size: 4 CIFAR1D - Subsample size: 8
1.0 - 1.0 - 1.0 -
0.8 0.8 0.8 {
go‘s— EO.S* EO‘G*
g 0.4 1 g 0.4 1 g 0.4
0.2 I I 02 i 0.2
ol | [ ] )L RN [
lel le2 1.843e2 1le3 le4d le5 lel leZ 1.843e2 1le3 led leb5 lel le2 1.843e2 1le3 le4 leb5
Sigma Value Sigma Value Sigma Vvalue

—— Adaptive-Nystrom Stacked

B Adaptive-Nystrom RBF - Gaussian
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Multiple Kernel Learning

Kernel on single feature maps : CIFAR100

Model Accuracy (std) Architecture

Dense 68.0 (0.7) I hidden layer 1024 neurons
Adaptive-Deepfried 67.6 (0.5) 5 stacks
Adaptive-Nystrom 69.1 (0.2) 256 subsamples + 512 Linear Kernels
Adaptive-Nystrom 67.6 (0.2) 16 subsamples + 512 Chi2 Kernels

2D representations : CIFAR10

Linear kernel

Chi2 kernel
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Conclusions

Learns fewer parameters than standard Dense layers while not reducing
the performance ;

Total flexibility in the choice of the kernel function in contrast with the
Deep Fried Convnets ;

Modular and able to deal with Multiple Kernel Learning paradigm ;

Simple to implement with Keras or Tensorflow
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Kernel methods : Nystrom method

Nystrom method for kernel approximation :

The Nystrom method gives a low rank approximation of a Kernel matrix. From
this approximation, we can extract the feature map approximation of the kernel.

_[Kun K3, . (T T .
K = Vi,7 € 1...m Kllz] = k’(Lz,LJ), L C X;
Ko Koo ’

The Nystrom method gives :

- K B - -
K~K= [KH] K Ku K| =®e'
21

Then the Nystrém feature map is :
~ K1 —1 . 1
— 2 . —1
P = [K21 Kll = A} (I)z = ¢nys(xi) = kxi7LK11

ke = [k(x,L;, ), ..., k(x,Lp)]
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Kernel methods : Random features

Random Kitchen Sinks (RKS) :

The RKS approximates a Radial Basis Function (RBF) kernel.

Qi,j ~ N(,LL, U)

(For the Gaussian kernel)

Prics(x) = [cos(Qx),sin(Qx)]

\

Input ([~ :COS(.) Output
vector > \Q ) ) % vecfor
\ sin(-) |

\

J/

x € RY Qx c RT [cos(Qx),sin(Qx)] € RP
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Kernel methods
Vix; € X k:RY xR = R
K; ;= k(Xz'an) = (p(x) - ¢(Xj)>

Some kernel methods can give the feature map approximation ¢ for a kernel.

k(x,2) ~ (¢(x) - 6(2))

~

K~K=®d! Vi ®; = ¢(x;)

~

(to keep the notations light, we drop the ~ on ¢ in the rest of the presentation)
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