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JK?MW�SIâOYB � ?�J¬?qDKåÜ?qW�ä¬B@ñI?q=@õ�ä¬XY?-÷gSIJ5P�åQGIBµJ¬D (u, v) GUOVP (v, w) LIäKXQ?>W�Sè1åÜSyD³B@äKBµSIOÂSUã A GUOVP
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A ◦B

ôgBED�G�ä¬J¬GIOQD¬PNçQW�?qJ�÷�XYBEW¬X,J¬?qW�SâIOYB � ?MDÀä¬XY?�W�SIçQåY=@? (u,w) êþ`O GIPYPYB�ä¬B@SO�Lw÷w?ïçQD³?ÃäKXQ?ïOYSUä¬B@SO SUã/D³?qè1BµJ¬B@OYâVLÀ÷�XYBEW¬XîBEDjPY?�ùQOY?MPîGIDjG76}ø�ä¬çYåY=µ?
(K,⊕,⊗, 0̄, 1̄)
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0̄
GUOQP

1̄
ê�8gõ%GID¬DKSNW�BEGtäKBµOYâ
äKS�?qñI?4J¬õ�äKJ5GUOQDKB@ø
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KâI?4OQ?4J5GtäK?MDHGjåQGUJKäKBEGU=�ã�çYOQW�äKBµSIOÅ÷�XYBEW¬XÈGID¬DKSNW�BEGtäK?MD-ñtGI=@çQ?qD>ã�JKSè
K
äKS&?qñI?4J¬õ,÷wSIJ5PòJ¬?qW�ø

SIâIOQB � ?qPcê�4¼BµñI?4OïGUOÃGIçNäKSèÂGUäKSO R GUOQPÃG%÷wSIJ5P
u
LQä¬XY?/ñtGI=@çQ?�GDKDKSNW4BµGUäK?qP&äKS

u
éyõ

R
L



^`^`^

PN?4OYSIäK?MPjéCõ
[[R]](u)

LNBEDwä¬XY?è/çY=@äKBµåY=µBEW4Gtä¬B@SO�ó
⊗
ôgSUã6÷w?4BµâIXyä¬D�SIOjä¬J¬GIOQD³B@äKBµSIOVDgGI=@SOYâ/ä¬XY?

åQGtä¬X BµO
R
W�SJKJ¬?qDKåÜSIOQPNBµOYâ,ä¬S

u
ê�þ ãHD³?4ñ?4J¬GI=ÀåQGUäKXQD�BµO

R
JK?MW�SIâOYB � ? u L�äKXQ?4O [[R]](u)?qæyçQGU=EDgäKXY?�<�PYPNB@äKBµSIOüó

⊕
ôgSIã6÷w?4BµâIXyä¬D�SUã�äKXQ?
PYB���?4J¬?4Oyä-åQGtä¬XQD�W4SIJ¬JK?MD³åÜSIOQPYB@OYâ�äKS

u
ê

þ`OÈä¬XY?%?�ANåÜ?qJKBµèÂ?4Oä5D�PN?qD¬W�J¬B@éÜ?MPÅBµOÈäKXY?öåYJK?MD³?qOä�÷wSIJ¬ðÃ÷w?%çQDK?qPÅä¬XY? �4-/�7��� =���)]GIOQP
äKXY?")*�/0&D³?qèÂB@J¬BµOYâD
SO

IR+
�]äKXY?j÷w?qB@âXä¬D�çVD³?MP�SIO�äKJ5GUOQDKB�ä¬B@SOQD�GIJK?%SåYåÜSDKB�ä¬?qD
SIã�äKXY?

=@SâGUJ¬B@äKXYè%D>SUãÀåYJ¬SIéQGIéYB@=µB@äKBµ?qD��Mê�� B�ä¬XïäKXY?�äKJ¬SIåQBµWqGU=6DK?4èÂBµJKBµOYâöä¬XY?�SåÜ?4J5Gtä¬B@SO
⊗
W4SIJ¬JK?4ø

D³åÜSOQPYDgä¬S%GIJKB@äKXQè1?4äKBEWGPYPNB@äKBµSIOüóläKSöW4SIèÂåYçNä¬?äKXY?
÷g?4BµâIXä-SUãTG1åQGUäKX,BµO&ä¬XY?�GIçNäKSèÂGUø
äKSIO]LY÷w?4BµâIXyä¬D�SIO,B@OVPNB@ñCBEPNçQGI=cäKJ5GUOVD³B@äKBµSIOQD�W4SIOQD³äKB@äKçYäKBµOYâöG1åQGUäKXòGUJ¬?
GIPYPY?qPQô�LY÷�XYBµ=@?
äKXY?
⊕
SåÜ?4J5GtäKBµSIOjBEDwäKXQ?è1BµOYBµè/çYè ólä¬XY?÷w?qB@âXä-GID¬D³SNW4BµGUäK?qPöéyõjGUO�GIçNäKSè%GtäKSOöäKS%G�÷wSIJ5P

JK?MW�SIâOYB � ?qPÅBµDä¬XY?öè1BµOYBµè/çYèý÷w?4BµâIXyä�SUã�GU=µ=½åQGtä¬XQD�W4SIJ¬JK?MD³åÜSIOQPNBµOYâ&ä¬S,äKXY?ö÷wSIJ5PcL�B�ê ?Iê
äKXY?�èÂSyD�äTåYJKSéQGUéY=µ?wåVGtäKXÜô�ê 4¼BµñI?4OÂGH÷w?qB@âXäK?MP�GIçNäKSèÂGUäKSO

R
S}ñI?qJ�ä¬XY?gäKJ¬SIåYBEW4GI=CDK?4èÂBµJ³ø

B@OYâVLYSOY?�W4GUOòPN?4ùQOY?
äKXY? ���+(7����� � ��� , ��SåV?qJ¬GUäKSJqLNPN?qOYSUä¬?qP�éCõ
bp(R,n)

LQ÷�XYBEW¬XòõCB@?q=µPYD
äKXY?ÂGUçNä¬SIè%Gtä¬SIOÃèÂGPN?�SUã½äKXY?1çYOYBµSIOïSUã½äKXY?

n
èÂSD³ä¼=@BµðI?4=µõ,åQGtä¬XQDHBµO

R
ê á XQBµD¼DK?4èÂBµJ³ø

B@OYâÂGU=µ=@St÷-DwçQDwäKSÂW�SIèÂåYçNä¬?¼åYJKSYPNçQW�ä5DwSUã]åQJKSéQGUéYBµ=µB�ä¬B@?MDÀéCõöW�SèÂåÜSDKB@OYâ�GIçNäKSè%Gtä¬GQLyGIOQP
äKS%DK?4=µ?qW�ä�äKXY?
èÂSD³ä�åQJKSéQGUéY=µ?Hä¬GIâÂDK?qæyçY?qOQW�?
GID¬D³SYW�BEGtäK?MP%äKS%GÂD³?qOä¬?4OQW�?ê�� B@äKX�ä¬XY?
=@Sâ
D³?qè1BµJ¬B@OYâVLMäKXY?�SIåÜ?qJ¬GUäKBµSIO

x⊕y
W�SJKJ¬?qDKåÜSIOQPYD]äKS

−log(e−x+e−y)
÷�XYBµ=@?gäKXY?�SåÜ?4J5GtäKBµSIO

⊗
W�SJKJ¬?qDKåÜSIOQPYD-äKS&è%Gtä¬XY?4è%Gtä¬BµW1GIPYPNB@äKBµSIO]ê�� XY?qOï÷g?4BµâIXä5D¼W�SJKJ¬?qDKåÜSIOQP�äKS�SIåYåÜSDKB@äK?qD

SUã6åYJ¬SIéQGIéYBµ=@B@ä`õö=µSIâyGUJ¬B@äKXYè%DqLä¬XY?
⊕
SIåÜ?4J5Gtä¬B@SO&GIèÂSIçYOä5DgäKSöGIPYPNBµOYâÂåYJ¬SIéVGUéYBµ=@B@äKBµ?qDqê

� 	gÖ
1�ÕHÙ 1�×QÙ�
��	�� 1����ÀÝ³Õ��

þ`O ä¬XY?ïåYJ¬?qDK?4Oyäj÷wSJKð�LÀåQGUJKäjSUã/D³åÜ?q?qW5X ä¬GIâIâB@OYâ�ã�S=@=µSt÷-D%äKXY?ïåYJ¬BµOQW�BµåY=µ?qDjSUã�ë>BµPYPY?4O
íÃGUJ¬ðIS}ñíòSNPY?4=ED4LMB@OyäKJ¬SNPNçQW4?qP�éyõ � ( �dê á XY?gD³ä5GtäK?MD]BµO�ä¬XY?gëHíÃí W4SIJ¬JK?MD³åÜSIOQP¼ä¬SHåQGUJKä¬D�SUã
D³åÜ?q?qW5X%GUOVP�ä¬XY?-SéQD³?qJKñUGUéY=µ?�D³õCè/éÜS=µD�ä¬S�÷wSIJ5PYDTBµOÂäKXY?>=@?4ANBµW4SIO�ê á XY?-=EGtä³ä¬?4JwW�SIOVD�ä¬B�ä¬çNäK?
äKXY?/GI=@åYXVGUéÜ?�ä

ΣL

GIOQP,W4GUäK?qâISIJ¬Bµ?qDgBµO,äKXY?
ä5GUâDK?�ä>W4SIOQD³äKB@äKçNä¬?
äKXY?/GI=@åYXVGUéÜ?�ä
ΣC

ê Þ�ßà
ä¬GUââIBµOYâjBµOÈDKçQW5XÈGjãlJ5GUèÂ?q÷wSIJ¬ðòW�SIOQDKBED�ä5DHBµOïùQOQPYB@OYâ�äKXY?ÂèÂSD³äåYJKSéQGUéQ=@?1DK?qæyçY?qOQW�?1SUã
D�ä5Gtä¬?qD�äKXQJKSçYâIX,÷�XQBµW5XòäKXY?�ë>íïí åQGID¬D³?MD4LQâIBµñI?4OÃGöD³?MæçQ?4OQW4?
SIãTSIéVD³?qJKñtGIéY=µ?
DKõyè/éÜS=µD
åYJKSYPNçQW�?MPjéCõöäKXY?
èÂSNPN?q=½ó�äKXY?�DK?4OyäK?qOQW�?}ô�ê

á XY?%åQGUJ5GUèÂ?4äK?4J5D¼SUã�G,ë>íïí7è%G}õÃéÜ?öPNBµñyBEPN?MPÅBµOä¬S,?qè1BED¬D³BµSIOÈåYJKSéQGUéQB@=µB�ä¬B@?MDGIOQP
äKJ5GUOQDKB�ä¬BµSIO åQJKSéQGUéYBµ=µB�ä¬B@?MD4êw<>Oî?4èÂBµD¬DKB@SO åYJ¬SIéVGUéYBµ=@B@ä�õ3BED%ä¬XY?ïåYJ¬SIéQGIéYBµ=@B@ä�õ3SUã�G ÷wSIJ5P
âIBµñI?4OîGìW4GUäK?qâISIJ¬õ ó

P (m|c)
ôö÷�XYB@=µ?Ãä¬XY?Ãä¬J¬GIOQDKB�ä¬B@SO åYJKSéQGUéQB@=µB�ä�õ BµDöä¬XY?ïåQJKSéQGUéYBµ=µB�ä�õ

äKXQGUäjGÈâB@ñI?qO W4Gtä¬?4âSIJ¬õ
x
B@èÂèÂ?qPYBµGUäK?4=µõ ã�S=@=µSt÷�GüW4GUäK?4âSIJ¬õ

y
ó
P (x|y)

ô�ê á XY?Âû�SB@Oyä
åYJKSéQGUéQB@=µB�ä�õ%SUã6GÂD³?MæçQ?4OQW�?¼SIã6W4GUäK?4âSIJ¬B@?MD

c1,n

ó´GÂD³?MæyçY?4OQW4?¼SUã6D³ä¬Gtä¬?qDwä¬XY?èÂSNPN?4=câISN?qD
äKXYJ¬SIçYâXVôwGUOQPjSUã6G1DK?qæyçY?4OVW�?¼SUã�÷wSIJ5PYD

m1,n

ó�G1D³?MæyçY?4OQW4?HSIã�SIéQDK?4J¬ñtGUéQ=@?HDKõCè/éÜSI=ED¬ôÀBED
W�SIèÂåYçYäK?qP�SIO&ä¬XY?
éQGIDKBEDgSIã�äKXY?
?qèÂBµD¬D³BµSIO,GUOQP&äKJ5GUOQDKB�ä¬B@SO&åYJ¬SIéQGIéYBµ=@B@äKBµ?qD �

P (c1,n,m1,n) = P (c1)P (m1|c1)
∏n

i=2
P (mi|ci)P (ci|ci−1)

à çQW5X%Gè1SYPN?4=dLIW4GI=@=µ?qPÂGD(�10�-/��� è1SYPN?4=dLUJ¬?4=µB@?MD�SIO1äKXQ?-íÃGIJKðIStñ
XCõCåÜSUäKXQ?qDKBµDqLIGIW4W4SIJ5PNBµOYâ
äKSö÷�XYBEW¬XïG%W4GUäK?qâISIJ¬õöSOY=@õ�PN?qåÜ?4OQPYD>SIO,äKXY?�äKXQ?�åYJ¬?qW4?qPNBµOYâöWqGtäK?qâISJKõê á XYBµD>JK?MD�ä¬J¬GIB@ONø
B@OYâòXyõCåÜSUä¬XY?qDKBEDèÂG}õÃéÜ?%J¬?4OQPN?qJK?MPïèÂSIJ¬?%D³çYåQåY=@?%÷�B@äKXYSçNä/W¬XVGUOYâB@OYâ�äKXY?Âä¬XY?4SJK?4äKBEW4GI=
� ZV¯M²M�4~�xÆ��ªy®
�Ü¯q±y«~�¯q»C�4»yx{º{x{��x{|5����~�|6«~�|¬±µ|¬~`~�|�°���¯w«I~�¯M»C�4»yx{º{xÆ��x�|¬�c±µ¯q~�~�|��q�`¯qvy�c¯q±yvU·®
|¬~�x{¶��qº}� �³�4b
»yx{º{xÆ�d¾öi��q��«~�¯q»C�4»yx{º{x{��x{|5�T®��5¾
»N|wz}|¬~`¾
�`®��qº{ºC~�|��4ºQvU·®¼»N|K~��5ut»t¾
®¼·ºÆ��x�«ºÆ¾x{v²>«I~�¯M»y�q»yx{º{xÆ��x{|5�
¯Mv|�®��5¾/»N|�vy¯4�w�q»º{|���¯H~�|5«~�|¬�`|5vt�½��ª|5�`|�zq�qº{·|5�½¯Mv1¶5¯M®
«·��|¬~KsK¹



^��
ã�J¬GIè1?q÷wSIJ¬ð,éyõÃè%GIðyBµOYâ&äKXY?ÂXCõCåÜSUäKXQ?qDKBµDHä¬XQGtä�G�WqGtäK?qâISJKõòPN?4åÜ?qOQPYDSIOïä¬XY?1ä�÷wS�åYJ¬?�ø
W�?qPYB@OYâ&W4GUäK?qâISIJ¬Bµ?qD��Nä¬XYBED-ä�õCåÜ?/SUã½è1SYPN?4=gó+�&-��10�-/���
ô-BED-äKXY?�SIOY?/èÂSD³ä¼W�SIèÂèÂSIOY=µõ�çQD³?MP
ã�SIJwä¬XY? Þgßà GID¬DKB@âOYèÂ?4Oäwä5GIDKð�êyþ`O&G/äKJ¬B@âJ¬GIè�èÂSNPN?q=�LNG�D³ä¬GUäK?¼OYS�=µSIOYâ?4JgW4SIJ¬JK?MD³åÜSIOQPQD
äKS%GÂWqGtä¬?4âISJKõLyéYçNä-äKSöG1åQGUBµJ�SUã�W4GUäK?qâISIJ¬Bµ?qD4ê

a : B/− log P (a|B)

b : A/− log P (b|A)

b : B/− log P (b|B)

a : A/− log P (a|A)
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åQGUJ5D³?LYW4?4JKä¬GUBµO,WqGtä¬?4âISJKBµ?qD�B@O,äKXY?/DK?qæyçY?4OVW�?
éÜ?4BµOYâöGIOQGU=µõ � ?qP,GUJ¬?OYSUä>B@OyäK?qâIJ5GtäK?MP&BµOä¬S
W¬XCçYOYðND¬ô�ê á XY?�åYJ¬SIéQGIéYBµ=@B@ä`õ,GDKDKSNW4BµGUäK?qP,éyõ�ä¬XY?1W5XyçYOYðI?qJ>ä¬S&GjDK?qæyçY?qOQW�?/SIãÀW4GUäK?qâISIJ¬Bµ?qD
BµD�ä¬XY?jåYJ¬SNPNçVW�ä�SUã�BµOä¬?4J¬OQGU=wåYJ¬SIéVGUéYBµ=@B@äKBµ?qD�SIã�ä¬XY?&W5XyçQOYðND�W�SIèÂåÜSyD³BµOYâòB@ä1GIOQPüSUã�äKXY?
?�ACäK?qJKOQGI=�åQJKSéQGUéYBµ=µB�ä¬B@?MDgSIã�äKXY?�DK?qæyçY?qOQW�?SUã�W5XyçQOYðND�J¬?qW4SIâIOQB � ?qPcê

4¼BµñI?4O,ä¬XY?�D³?MæçQ?4OQW4?
SIãTWqGtä¬?4âISJKBµ?qD�� �����	�	
	�	�	�	���� ��� ����� LYä¬XY?�D³?qâIèÂ?4ONø
ä¬Gtä¬BµSIO�åYJ¬SIåÜSDK?qPjéyõöä¬XY?
åQGUJ5DK?4J�BµD �

�	� � ��� � � � ���	� ��� � � ��
 � � � ���	� ��� � � � � � � ���	����� ��� � � � ��� ���

á XY?�åYJ¬SIéQGIéYB@=µB@ä`õüGID¬DKSNW�BEGtä¬?qPÈä¬SïäKXQBµDÂDK?qæyçY?qOQW�?&BED/äKXQ?�åYJKSYPNçQW�ä1SIã-äKXY?�?4Ayä¬?4J¬OQGU=
åYJKSéQGUéQB@=µB�ä¬Bµ?qD�SIãÜäKXQ?>W¬XCçYOYðND½JK?MW�SIâOYB � ?qP�ó PE(·)

ô�LyGUOQP1SIã�BµOäK?qJKOQGI=YåYJ¬SIéVGUéYBµ=@B@ä¬B@?MD�SIãcGU=µ=
W¬XCçYOYðND�BµO�äKXY?�DK?qæyçY?4OVW�?��

P (
�
) = PE(

� ��� � � � ��
 � � � � � � � � ��� ��� )× PI(
�	��� � � � � )2 × PI(

��������� � � � � )

þ`Oä¬?4J¬OQGU=>åYJ¬SIéQGIéYB@=µB@äKBµ?qDöGUJ¬?,?MD�ä¬BµèÂGUäK?MP éyõ èÂGUANB@è/çYè*=@BµðI?4=µBµXYSCSNP SIO G�äKJ5GUBµOYB@OQâ
W�SIJ¬åYçQDqLNGDg÷�Bµ=@=�éÜ?
DKXYSt÷�O&BµO,DK?qW�äKBµSIO (Vê �Yê á XY?
åYJKSéQGUéQB@=µB�ä�õöSUã�GÂD³?MæçQ?4OQW4?¼SIã6W5XyçYOQðCD
GUOQP%W4GUäK?qâISIJ¬Bµ?qD�BED½?qD³äKBµè%Gtä¬?qPÂçQDKB@OQâ/GUO

n
ø âIJ5GUè#èÂSNPN?q=Q=µ?qGUJ¬OY?MP1SIOöGäKJ5GUBµOYBµOYâ�W4SIJ¬åYçQD4L

W4GU=µ=µ?qPj?�ACäK?qJKOVGU=�è1SYPN?4=dLC÷�XYBEW5X&?qOQW�SNPN?MDwäKXY?åYJ¬SIéQGIéYBµ=@B@ä�õÂSIã6G1W¬XCçYOYðöâB@ñI?qOöä¬XY?
n− 1åYJK?MW�?MPNB@OQâ�W¬XCçYOYðNDqêyþ`Oöä¬XY?¼WqGIDK?>SUã�G/éYBµâIJ5GUè�èÂSNPY?4=Vä¬XY?H?4ACäK?4J¬OQGU=dLyB@OyäK?4JKø`W¬XyçQOYðÂåYJ¬SIéYø

GUéYBµ=@B@ä�õjSUã
C
BED-W�SIèÂåYçNä¬?qP,GIDgã�S=@=µS}÷-D �

PE(
�
) = PE(

� � � ��� � ��� )×PE( 
��
� � � � )×PE(

� � � ����
 )×PE(
� � � ��� � � � � )×PE(

��� ����� � � � � )

 ���#��� � � !,) -+� * � -+���G! "$!���� " � "$� � -+� �	� )+-+��� " -����G!�á XQ?%åQGIJ¬GIè1?4äK?qJ¬D¼SIãgäKXY?
?�ACäK?qJKOQGI=yèÂSNPN?q=NGUOQP/SIãYä¬XY?gBµOyäK?4J¬OQGU=NW5XyçQOYð�è1SYPN?4=ED6GIJK?w?MD�ä¬B@è%GUäK?qP/BµO/ä�÷wSD³ä¬GIâI?qD�SIO1G
ä¬GUââI?MP¼W�SJKåYçVDcGDcB@=µ=µçQD³äKJ5GtäK?MP¼B@OùQâçYJ¬? %Qê � BµJ¬D³äcä¬XY?ÀW4SIJ¬åYçQDcBµD]GIOQGU=µõ � ?qP¼çQD³BµOYâ�ä¬XY?½OYSONø
åYJKSéQGUéQB@=µBµD³äKBEWwñ?4J5D³BµSIO�SUãVä¬XY?-W5XyçYOYðI?qJqL���ê á XY?�JK?MD³çQ=�äTSIãVäKXYBED½GIOQGU=µõND³BED6BµD½G¼OY?q÷ W�SJKåYçVD
B@O%÷�XYBEW¬XöW¬XyçQOYð�éÜ?4âB@OYOQB@OYâ�GIOQP1?4OQP%D³õCè/éÜS=µD½GUJ¬?�BµOQD³?qJ³ä¬?qPcê á ÷gSSéCû�?MW�ä5D½GUJ¬?�PN?qJKBµñI?qP
ã�JKSè äKXQBµDHW�SJKåQçQD�QSIO,ä¬XY?/SIOY?�XQGIOQPcLÜGU=µ=�D³?MæyçY?4OQW4?qD-SUã½WqGtäK?qâISJKBµ?qD�W4SIJ¬JK?MD³åÜSIOQPNBµOYâ1ä¬S
Gòä�õCåÜ?&SIã>W5XyçQOYð

Ki

ó´÷�XYBEW¬X3÷w?�WqGU=µ=gåQGtäKäK?qJKOQD5ô/GUOQP SOüä¬XY?�SUä¬XY?4J1XQGUOVPìG ,! �(�-����
W�SIJ¬åYçQD�B@Oì÷�XQBµW5Xì?4ñI?qJKõüW¬XCçYOYðüSNWqW�çYJ¬JK?qOQW�?öBED�J¬?4åY=EGIW4?qPüéCõüGÅD³õCè/éÜS=wJ¬?4åYJ¬?qDK?4OyäKBµOYâ
äKXY?&W¬XCçYOYð�ê á XYBED/W�SJKåQçQD
BµD�è%GIPY?%SIã�DK?qæyçY?4OVW�?qD�SUã�WqGtä¬?4âISJKBµ?qD
GUOVP�W5XyçYOYð�DKõyè/éÜS=µD
JK?qåY=µGW�BµOYâDK?qæyçY?qOQW�?MD�SUãcW4GUäK?qâISIJ¬Bµ?qD6âIJ¬SIçYåÜ?MP/BµOäKS�W5XyçQOYðND4ê á XQ?�ùQJ¬D³ä½SIéNû�?qW�äÀBµDTçVD³?MP/ä¬S
W�SIèÂåYçYäK?ÂBµOä¬J¬GUø W5XyçQOYðÃåYJ¬SIéQGIéYB@=µB@äKBµ?qDÂó´éyõÅW4SIOyñ?4J³ä¬BµOYâ&äKXY?öW5XyçYOYðïâJ¬GIèÂèÂGIJ¬DH÷�J¬B�äKäK?qO
ã�SIJöä¬XY?ïOYSONødåQJKSéQGUéYBµ=µBµD³äKBEW,ñI?4J5D³BµSIO SIãä¬XY?ÅW¬XCçYOYðI?qJ&PN?MDKW4JKBµéÜ?qP BµO D³?MW�äKBµSIO (Vê��ÃBµOä¬S
åYJKSéQGUéQB@=µBµD³äKBEW-W4SIOä¬?�ACä³ødã�J¬?4?-âJ¬GIè1è%GIJ¬D¬ô�÷�XYB@=µ?-ä¬XY?¼D³?MW�SIOVPÂSIOQ?-BEDÀçQDK?qPÂã�SJw?qD³äKBµèÂGUäKBµOYâ
B@OyäK?4JKø`W¬XCçYOYðND�åYJ¬SIéQGIéYB@=µB@äKBµ?qDqê

á XY?�?qD³äKBµè%Gtä¬B@SOÃSUã½BµOä¬?4JKø W5XyçQOYð,åYJKSéQGUéQB@=µB�ä¬Bµ?qDHD�ä5GUJKäKBµOYâöãlJ¬SIè ä¬XY?�XyõCéYJ¬BEPÃW�SJKåYçVD
BµD�BEPN?4Oä¬BEW4GU=¼ä¬SìäKXQ?È?qD³äKBµè%GtäKBµSIO SIã

n
ødâJ¬GIè*åYJKSéQGUéQB@=µB�ä¬Bµ?qD�PN?qD¬W�J¬B@éÜ?MP BµO D³?MW�äKBµSIO�%Qê

"$# ªy|K~�| � u � u 
 u � �4vC° � ��~�|���ªy|��³�q²q�]¶5¯4~`~�|5�`«N¯Mvy°x{vy²w��¯g��ª|�¶�����|5²M¯4~�x�|¬�gÐtË&%�ËKÏ('*)�+NËKÏKu,+NÎ.-�+yu
/ ËKÏ10¬u,2CÏ�Ë�2IÎqÑ3)�%4)�Î5+/�qvC°76}Ð98�Ë;:<%4) / Ë�~�|5�`«N|5¶K��x{z}|5ºÆ¾t¹
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	�
� ©�<Q© \�ªy|�®
¯U°I|5ºY¶5¯Mv� �`~�·y¶¬��x{¯Mv1� �³�q²M|¬�

á XY?qDK?åYJ¬SIéQGUéQB@=µB@äKBµ?qD�GIJK?¼J¬?4åQJK?MD³?4OyäK?MPjéyõ&G�äKJ5GUOQD¬PNçQW4?4J
ólä¬XY?
?�ACä¬?4J¬OQGU=cèÂSNPN?4=lôw÷�XYSyD³?
D�ä¬JKçQW�äKçYJ¬?öBED�D³BµèÂB@=EGUJ�ä¬Sòä¬XQGtä�SIã

T
B@OüùQâçYJ¬?)�jGUOQPü÷�XYSDK?%äKJ5GUOVD³B@äKBµSIOQD/GIJK?ö=µGIéÜ?4=µ?qP

÷�B�ä¬XìW4GUäK?qâISIJ¬Bµ?qD
SIJ�W5XyçYOYðüDKõyè/éÜS=µDqê á XY?j?MD�ä¬BµèÂGUäKBµSIOüSIã�BµOä¬J¬GUø W5XyçYOQðÅåQJKSéQGUéYBµ=µB�ä¬B@?MD
BµD%PNSIOQ?�éyõ è%GtANBµè/çYè1ød=µBµðI?4=µB@XQSCSNPcê 4B@ñI?qO GÈW5XyçYOYð

Ck

GUOVP
n
PNB��Ü?qJK?qOäöDK?qæyçY?4OQW4?qD

SUãHW4Gtä¬?4âSIJ¬B@?MDöó
s1
L
s2
L�ê4ê4ê

sn

ô�J¬?4åYJ¬?qDK?4OyäKBµOYâÅGU=µ=gåÜSD¬D³BµéY=µ?jåQGtäKäK?qJKOQD/ã�SIJ�ä¬XYBµD�ä�õyåÜ?�SUã
W¬XCçYOYð�LcSIéQDK?4J¬ñI?qPÃBµO�GjäKJ5GUBµOYB@OQâ�W4SIJ¬åYçQD4L

ni

PY?4OYSUä¬?qD¼äKXY?ÂOCçYè/éÜ?4J
SUãgSNW4W�çQJKJ¬?4OQW4?qDHSUã
äKXY?D³?MæyçY?4OQW4?

ci
ê á XY?HåYJ¬SIéQGIéYBµ=@B@ä�õ1SUã�äKXQ?¼DK?qæyçY?4OVW�?

si

?qæyçQGI=µDwB�ä5DwJ¬?4=EGtä¬B@ñI?-ã�J¬?qæyçY?qOQW�õ��
P (si) =

ni∑
n

k=1
nk

ê á XYBEDgåQJKSéQGUéYBµ=µB�ä�õ%BµDgäKXQGUä�SUã]äKXY?åVGtäKX,W�SIJ¬J¬?qDKåÜSIOQPNBµOYâ�äKS
si

BµO&äKXY?
GUçNä¬SIè%Gtä¬SIO

Ki

ê
þ`Oä¬J¬GUø W5XyçQOYð3èÂSNPN?4=EDjGUOVP äKXY?ï?�ACä¬?4J¬OQGU=>èÂSNPN?4=¼GUJ¬?ÃW�Sè/éYB@OQ?qP ÷�B@äKXYBµO G DKB@OYâ=@?

äKJ5GUOQD¬PNçQW4?4J�çQDKB@OYâòäKXQ?3-/� �$)*��=7��D���K�wSIåÜ?qJ¬GUäKBµSIO�PN?MDKW4JKBµéÜ?qP�B@O � ���� ê á XYBED/DKçYéQD�ä¬B@äKçNä¬?qD
äKXY?jGUçNä¬SIè%Gtä¬SIO

Ki

ã�SIJ�?qGW¬XÈäKJ5GUOQDKB�ä¬BµSIO ���9= ��BµOÈäKXY?ö?�ACä¬?4J¬OQGU=½è1SYPN?4=dê á XY?%J¬?qDKçY=@ä³ø
B@OYâÃä¬J¬GIOQD¬PNçQW�?qJ/BµD1W4GU=µ=µ?qP

PP
ólã�SJ�åYJ¬SIéQGIéYBµ=@BED�ä¬BµW%åVGUJ5D³?qJ5ô
GUOQPüXQGD�GUéÜSIçYä

10
äKBµèÂ?qD

è1SJK?�D�ä5Gtä¬?qD-GUOVP&äKJ5GUOQDKB�ä¬B@SOQDgä¬XQGUO
T
LNä¬XY?
äKJ5GUOQD¬PNçQW4?4J�?qOQW�SNPYB@OYâÂäKJ¬BµâIJ5GUè åYJ¬SIéQGIéYBµ=@B@ø

äKBµ?qDqLVXYSt÷w?qñI?4JMLQ÷w?1GID¬D³çYèÂ?qP,äKXVGtä¼B�ä¼?qOQW�SNPN?MD>=@SOYâI?qJ³ø`PNBED�ä5GUOQW�?�PY?4åÜ?4OQPY?4OQW4B@?MD-ã�SJ>äKXY?
?qD³äKBµèÂGUäKBµSIO1SUã�÷�XYBµW5X1SçYJ�äKJ5GUBµOYBµOYâPYGUä¬G¼÷wSçY=EP�XQGMñI?�éÜ?q?4OÂDKåQGIJ¬DK?Iê á XY?qJK?4ã�SIJ¬?g÷w?�W4SIONø
PNçQW�ä¬?qP�GÂD³?qJKBµ?qDgSUã�?4ANåÜ?4J¬B@èÂ?4Oyä¬D�B@O�÷�XYBEW¬X�÷w?J¬?4åY=EGIW4?qPöäKXY?¼ä¬J¬GIOQDKPYçQW�?qJ

T
÷�B�ä¬X

PP
L

çQD³BµOYâ1ä¬XY?ä¬GIâIâIBµOYâ1èÂSNPN?q=
bp(M ◦ E ◦ PP, 1)

ê

�������1" �1������) -���� � " � )�� � � � � ��� ��� "$! � � þ`OyäKJ5Gtø-GUOQPïBµOä¬?4JKø W5XyçYOQðòåYJ¬SIéQGIéYBµ=@B@äKBµ?qDGUJ¬?
?qD³äKBµèÂGUäK?MP SIO 3@-/���#�üGUOQPüä¬XY?�OY?4÷ ä5GUâIâB@OQâÃèÂSNPN?q=

bp(M ◦ E ◦ PP, 1)
ó
M2

ô/÷gGID
GUåYåY=µBµ?qP äKS:3'������ê�>>BED¬GUåYåÜSB@OyäKBµOYâI=µõILÀ÷w?òã�SçYOQP ä¬XQGtäÈó

M2

ôÂåÜ?4JKã�SIJ¬è%D%SIOY=µõ DK=@BµâIXyäK=µõ
éÜ?�ä³ä¬?4J�äKXVGUO

M1

ó
2.05%

ô�êMF-?qñI?4JKäKXY?q=@?MDKDqL�äKXY?½èÂSNPN?q=UBEDcBµOä¬?4J¬?qD³äKBµOYâ�B@OäKXVGtä]B�ä�ã�çQOQW�ä¬B@SOQD
GID�G�ä¬GIâIâ?4J�GUOQP�GÂW5XyçYOQðI?4J-GUä�äKXQ?�DKGIè1?¼ä¬B@èÂ?Iê

íòSJK?�BµOä¬?4J¬?qD³äKBµOYâI=µõILQäKXQ?�ä�÷wSjèÂSNPN?4=EDHPNSIO�� äHè%GIðI?
äKXQ?�D¬GUèÂ?�èÂBED�ä5GUðI?qDqê
M2

W�SIJKø
JK?MW�ä¬D

30%
SIãHäKXQ?ò?4J¬JKSJ¬D�è%GPN?,éCõ

M1

éYçNäöè%GIðI?qD%GU=µèÂSD³äöGIDÂè%GUOCõ SIã¼B@ä¬D%St÷�O�ê



�w^

á XY?jOY?q÷ ä`õCåÜ?&SUã-?4J¬JKSJ¬D
XQG}ñI?öñUGUJ¬B@SçQD�WqGUçQDK?qDqL]èÂSD³ä�SUã-÷�XYBEW5XìGUJ¬?öJ¬?4=EGtäK?MPÈä¬SÃäKXY?
XyõCåÜSUä¬XY?qDKBµD�÷w?
èÂGPN?¼äKXVGtä�äKXY?ã�SIJ¬è SIã6GÂW5XyçYOYðÅó�äKXY?�DK?qæyçY?qOQW�?SUã�WqGtäK?qâISJKBµ?qDw÷�XYBEW5X
W�SIOVD�ä¬B�ä¬çNäK?�GöW¬XCçYOYðYô�BµD>B@OVPN?4åÜ?4OVPN?4Oä¼SUã�ä¬XY?�W�SIOyäK?�ACä>BµOò÷�XQBµW5X,ä¬XY?/âIBµñI?4OÃW¬XyçQOYð�SNW�ø
W�çYJ5D4ê á XYBED�XyõCåÜSUä¬XY?qDKBEDgBED�GUO,GUåYåYJ¬S}ACBµè%Gtä¬B@SO�û�çQD�ä-=µB@ðI?¼ä¬XY?
íÃGIJKðIStñÂXCõCåÜSUäKXQ?qDKBµDqê á XQ?
D³?qOäK?qOQW�? � )*�������=�>?���������9�8
�� 
��%>��!�-�� � �'��-�)+� �%-��&��=)*���������Mó � , � �%���=�>?��������� � �!���#�'�#�4����� ���
(  9�#,'� � �7�'��-������ÆôBµDG&âSCSNPïW4GIDK?�BµOÅåÜSIBµOäMêcþ`OïäKXQBµD
W4GD³?LF�%>��!�-�� �HBED¼J¬B@âXä¬=@õ,ä5GUâIâ?qP
åQGID³ä1åQGUJKäKBEW�BµåY=µ?&éyõüèÂSNPN?4=

M1

L�÷�XYB@=µ?
M2

ä¬GIâD�B�ä%GIPtû`?MW�ä¬B@ñI?ê á XY?�JK?MGIDKSIOüBED/ä¬XQGtä
M2

âJKSçYåÜ?qP �"
� 
 �%>��!�-�� �
GID
G�ñI?4J¬é�W¬XCçYOYð�L�éYçNä�W¬XQSDK?�ä¬XY?öW4GUäK?4âSIJ¬õ,SIã ��>����-�� �
÷�B�ä¬XYSIçNä½ä¬GIðCB@OYâ
B@OyäKS�GW4W�SçYOäTäKXY?>W�SOä¬?�ACä½÷�XY?4J¬?gä¬XY?-W5XyçQOYð/SYW4W�çQJKJ¬?qPcê ß O1äKXY?-SUä¬XY?4J
XQGUOQPÈäKXY?öèÂSNPN?q=

M1

ä¬GIðI?qD�GIPYñtGUOyä¬GIâI?1SIãgäKXQ?Âã´GW�ä�äKXVGtä ��>�����-�� �
BEDã�SI=µ=µS}÷g?qPÈéyõÈG
åYJK?qåÜSDKB�ä¬B@SO�GUOQP,Gtä³ä¬JKBµéYçNä¬?qD�B�ä�ä¬XY?
JKBµâIXyä-W4GUäK?4âSIJ¬õIê

����� � ! -�� � � " -+��� ! ��� - �#� ��� � � "�� �G� �("$!�� - �,� ��� � �1" �1������) -����
� ��*#!��G� �

þ`O
SIJ5PN?4Jcä¬S>PN?qGI=I÷�B@äKX
äKXY?À=@BµèÂB@ä¬Gtä¬B@SOQD�SIãCèÂSNPY?4=ED
M1

GUOQP
M2

÷w?½XQG}ñI?½W4SIè/éYBµOY?qPäKXY?
ä`÷gSH÷�B@äKXYBµO1G¼D³BµOYâ=@?gW4SIèÂåY=µ?�A�èÂSNPN?4=4�

bp(bp((M ◦E◦PP ), n)∪(bp(M ◦E◦T ), n), 1)
L
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