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äKXY?
BµOYåYçNä>SUã�ä¬XY?4BµJ�åVGUJ5D³?qJgBED�GÂ=@BµOY?qGIJ�DK?qæyçY?qOQW�?
SIã6åQGUJKä³ø SUãlø`D³åÜ?q?qW5Xöä5GUâ­Dqê

á XY?jåYJKS­éQGUéYBµ=µB�ä�õÅSUã-GÃD³?Mæ­çQ?4OQW�?öSUã-WqGtäK?qâIS­JKBµ?qD
DK?4âIèÂ?qO­äK?MP�B@OyäKSïW5XyçYOQðCD/BµD�W�SIè1ø
åYçNäK?MP/ã�çYOQW�ä¬B@S­O1SUãQä`÷gSHä`õCåÜ?qD�SUãVåYJ¬SIéQGIéYBµ=@B@äKBµ?qD �MBµO­ä¬J¬GUøcGIOQP/?�ACäKJ5Gtø`W5XyçYOYð
åYJKS­éQGUéQB@=µB@äKBµ?qDqê
<-O�BµO­ä¬J¬GUø W5XyçYOYð¼åYJ¬SIéQGIéYB@=µB@ä`õ¼BµD�äKXY?wåYJKS­éQGUéQB@=µB�ä�õHSIãYG-DK?qæyçY?qOQW�?½SIãYW4GUäK?qâISIJ¬Bµ?qD

c1,k

è%GUðyø
B@OYâjçYåïGjW5XyçYOYð,SUãTä`õCåÜ?

Ki

LÜåYJKS­éQGUéYBµ=µB�ä�õ�PY?4OYSUä¬?qPòéCõ
PI(c1,k|Ki)

êÜ<>OÃBµO­ä¬?4JKø W5XyçYOYð



^��

åYJKS­éQGUéQB@=µB�ä�õ&BED-äKXY?1W�SIOVPNB�ä¬B@S­OQGU=]åQJKS­éQGUéYBµ=µB�ä�õ&SIã�äKXY?�SNW4W4çYJKJ¬?4OVW�?
SUãÀG%åQGUJKäKBEW�çQ=µGIJ�ä�õyåÜ?
SUã
W5XyçYOYð3âIBµñI?4Oìä¬XY?

n − 1
åYJ¬?qW4?qPNBµOYâüW¬XCçYOYðNDÂS­J%WqGtä¬?4âIS­JKBµ?qD�ó�GID1ä¬XYBED%BµDöGÈåQGUJKäKBEGU=

åQGUJ5D³?­LYW4?4JKä¬GUBµO,WqGtä¬?4âIS­JKBµ?qD�B@O,äKXY?/DK?qæyçY?4OVW�?
éÜ?4BµOYâöGIOQGU=µõ � ?qP,GUJ¬?
OYSUä>B@OyäK?qâIJ5GtäK?MP&BµO­ä¬S
W¬XCçYOYðND¬ô�ê á XY?�åYJ¬SIéQGIéYBµ=@B@ä`õ,G­DKDKSNW4BµGUäK?qP,éyõ�ä¬XY?1W5XyçYOYðI?qJ>ä¬S&GjDK?qæyçY?qOQW�?/SIãÀW4GUäK?qâISIJ¬Bµ?qD
BµD�ä¬XY?jåYJ¬SNPNçVW�ä�SUã�BµO­ä¬?4J¬OQGU=wåYJ¬SIéVGUéYBµ=@B@äKBµ?qD�SIã�ä¬XY?&W5XyçQOYðND�W�SIèÂåÜSyD³BµOYâòB@ä1GIOQPüSUã�äKXY?
?�ACäK?qJKOQGI=�åQJKS­éQGUéYBµ=µB�ä¬B@?MDgSIã�äKXY?�DK?qæyçY?qOQW�?
SUã�W5XyçQOYðND�J¬?qW4SIâIOQB � ?qPcê

4¼BµñI?4O,ä¬XY?�D³?Mæ­çQ?4OQW4?
SIãTWqGtä¬?4âIS­JKBµ?qD�� �����	�	
	�	�	�	�
��� ��� ����� LYä¬XY?�D³?qâIèÂ?4ONø
ä¬Gtä¬BµSIO�åYJ¬SIåÜS­DK?qPjéyõöä¬XY?
åQGUJ5DK?4J�BµD �

�	� � ��� � � � ���	� ��� � � ��
 � � � ���	� ��� � � � � � � ���	����� ��� � � � ��� ���

á XY?�åYJ¬SIéQGIéYB@=µB@ä`õüGID¬DKSNW�BEGtä¬?qPÈä¬SïäKXQBµDÂDK?qæyçY?qOQW�?&BED/äKXQ?�åYJKSYPNçQW�ä1SIã-äKXY?�?4Ayä¬?4J¬OQGU=
åYJKS­éQGUéQB@=µB�ä¬Bµ?qD�SIãÜäKXQ?>W¬XCçYOYðND½JK?MW�SIâ­OYB � ?qP�ó PE(·)

ô�LyGUOQP1SIã�BµO­äK?qJKOQGI=YåYJ¬SIéVGUéYBµ=@B@ä¬B@?MD�SIãcGU=µ=
W¬XCçYOYðND�BµO�äKXY?�DK?qæyçY?4OVW�?��

P (
�
) = PE(

� ��� � � � ��
 � � � � � � � � ��� ��� )× PI(
�	��� � � � � )2 × PI(

��������� � � � � )

þ`O­ä¬?4J¬OQGU=>åYJ¬SIéQGIéYB@=µB@äKBµ?qDöGUJ¬?,?MD�ä¬BµèÂGUäK?MP éyõ èÂGUANB@è/çYè*=@BµðI?4=µBµXYSCSNP SIO G�äKJ5GUBµOYB@OQâ
W�SIJ¬åYçQDqLNG­Dg÷�Bµ=@=�éÜ?
DKXYSt÷�O&BµO,DK?qW�äKBµSIO (Vê �Yê á XY?
åYJKS­éQGUéQB@=µB�ä�õöSUã�GÂD³?Mæ­çQ?4OQW4?¼SIã6W5XyçYOQðCD
GUOQP%W4GUäK?qâISIJ¬Bµ?qD�BED½?qD³äKBµè%Gtä¬?qPÂçQDKB@OQâ/GUO

n
ø âIJ5GUè#èÂSNPN?q=Q=µ?qGUJ¬OY?MP1SIOöG
äKJ5GUBµOYBµOYâ�W4SIJ¬åYçQD4L

W4GU=µ=µ?qPj?�ACäK?qJKOVGU=�è1SYPN?4=dLC÷�XYBEW5X&?qOQW�SNPN?MDwäKXY?
åYJ¬SIéQGIéYBµ=@B@ä�õÂSIã6G1W¬XCçYOYðöâ­B@ñI?qOöä¬XY?
n− 1åYJK?MW�?MPNB@OQâ�W¬XCçYOYðNDqêyþ`Oöä¬XY?¼WqGIDK?>SUã�G/éYBµâIJ5GUè�èÂSNPY?4=Vä¬XY?H?4ACäK?4J¬OQGU=dLyB@OyäK?4JKø`W¬XyçQOYðÂåYJ¬SIéYø

GUéYBµ=@B@ä�õjSUã
C
BED-W�SIèÂåYçNä¬?qP,GIDgã�S­=@=µS}÷-D �

PE(
�
) = PE(

� � � ��� � ��� )×PE( 
��
� � � � )×PE(

� � � ����
 )×PE(
� � � ��� � � � � )×PE(

��� ����� � � � � )


 ���#��� � � !,) -+� * � -+���G! "$!���� " � "$� � -+� �	� )+-+��� " -����G!�á XQ?%åQGIJ¬GIè1?4äK?qJ¬D¼SIãgäKXY?
?�ACäK?qJKOQGI=yèÂSNPN?q=NGUOQP/SIãYä¬XY?gBµOyäK?4J¬OQGU=NW5XyçQOYð�è1SYPN?4=ED6GIJK?w?MD�ä¬B@è%GUäK?qP/BµO/ä�÷wS
D³ä¬GIâI?qD�SIO1G
ä¬GUâ­âI?MP¼W�S­JKåYçVDcG­DcB@=µ=µçQD³äKJ5GtäK?MP¼B@O
ùQâ­çYJ¬? %Qê � BµJ¬D³äcä¬XY?ÀW4SIJ¬åYçQDcBµD]GIOQGU=µõ � ?qP¼çQD³BµOYâ�ä¬XY?½OYS­ONø
åYJKS­éQGUéQB@=µBµD³äKBEWwñ­?4J5D³BµSIO�SUãVä¬XY?-W5XyçYOYðI?qJqL���ê á XY?�JK?MD³çQ=�äTSIãVäKXYBED½GIOQGU=µõND³BED6BµD½G¼OY?q÷ W�S­JKåYçVD
B@O%÷�XYBEW¬XöW¬XyçQOYð�éÜ?4â­B@OYOQB@OYâ�GIOQP1?4OQP%D³õCè/éÜS­=µD½GUJ¬?�BµOQD³?qJ³ä¬?qPcê á ÷gS
S­éCû�?MW�ä5D½GUJ¬?�PN?qJKBµñI?qP
ã�JKS­è äKXQBµDHW�S­JKåQçQD
�QSIO,ä¬XY?/SIOY?�XQGIOQPcLÜGU=µ=�D³?MæyçY?4OQW4?qD-SUã½WqGtäK?qâIS­JKBµ?qD�W4SIJ¬JK?MD³åÜSIOQPNBµOYâ1ä¬S
Gòä�õCåÜ?&SIã>W5XyçQOYð

Ki

ó´÷�XYBEW¬X3÷w?�WqGU=µ=gåQGtäKäK?qJKOQD5ô/GUOQP S­Oüä¬XY?�SUä¬XY?4J1XQGUOVPìG ,! �(�-����
W�SIJ¬åYçQD�B@Oì÷�XQBµW5Xì?4ñI?qJKõüW¬XCçYOYðüSNWqW�çYJ¬JK?qOQW�?öBED�J¬?4åY=EGIW4?qPüéCõüGÅD³õCè/éÜS­=wJ¬?4åYJ¬?qDK?4OyäKBµOYâ
äKXY?&W¬XCçYOYð�ê á XYBED/W�S­JKåQçQD
BµD�è%GIPY?%SIã�DK?qæyçY?4OVW�?qD�SUã�WqGtä¬?4âIS­JKBµ?qD
GUOVP�W5XyçYOYð�DKõyè/éÜS­=µD
JK?qåY=µG­W�BµOYâ
DK?qæyçY?qOQW�?MD�SUãcW4GUäK?qâISIJ¬Bµ?qD6âIJ¬SIçYåÜ?MP/BµO­äKS�W5XyçQOYðND4ê á XQ?�ùQJ¬D³ä½SIéNû�?qW�äÀBµDTçVD³?MP/ä¬S
W�SIèÂåYçYäK?ÂBµO­ä¬J¬GUø W5XyçQOYðÃåYJ¬SIéQGIéYB@=µB@äKBµ?qDÂó´éyõÅW4SIOyñ­?4J³ä¬BµOYâ&äKXY?öW5XyçYOYðïâ­J¬GIèÂèÂGIJ¬DH÷�J¬B�äKäK?qO
ã�SIJöä¬XY?ïOYS­ONødåQJKS­éQGUéYBµ=µBµD³äKBEW,ñI?4J5D³BµSIO SIã
ä¬XY?ÅW¬XCçYOYðI?qJ&PN?MDKW4JKBµéÜ?qP BµO D³?MW�äKBµSIO (Vê��ÃBµO­ä¬S
åYJKS­éQGUéQB@=µBµD³äKBEW-W4SIO­ä¬?�ACä³ødã�J¬?4?-â­J¬GIè1è%GIJ¬D¬ô�÷�XYB@=µ?-ä¬XY?¼D³?MW�SIOVPÂSIOQ?-BEDÀçQDK?qPÂã�S­Jw?qD³äKBµèÂGUäKBµOYâ
B@OyäK?4JKø`W¬XCçYOYðND�åYJ¬SIéQGIéYB@=µB@äKBµ?qDqê

á XY?�?qD³äKBµè%Gtä¬B@S­OÃSUã½BµO­ä¬?4JKø W5XyçQOYð,åYJKS­éQGUéQB@=µB�ä¬Bµ?qDHD�ä5GUJKäKBµOYâöãlJ¬SIè ä¬XY?�XyõCéYJ¬BEPÃW�S­JKåYçVD
BµD�BEPN?4O­ä¬BEW4GU=¼ä¬SìäKXQ?È?qD³äKBµè%GtäKBµSIO SIã

n
ødâ­J¬GIè*åYJKS­éQGUéQB@=µB�ä¬Bµ?qD�PN?qD¬W�J¬B@éÜ?MP BµO D³?MW�äKBµSIO�%Qê

"$# ªy|K~�| � u � u 
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á XY?qDK?
åYJ¬SIéQGUéQB@=µB@äKBµ?qD�GIJK?¼J¬?4åQJK?MD³?4OyäK?MPjéyõ&G�äKJ5GUOQD¬PNçQW4?4J
ólä¬XY?
?�ACä¬?4J¬OQGU=cèÂSNPN?4=lôw÷�XYSyD³?
D�ä¬JKçQW�äKçYJ¬?öBED�D³BµèÂB@=EGUJ�ä¬Sòä¬XQGtä�SIã

T
B@OüùQâ­çYJ¬?)�jGUOQPü÷�XYS­DK?%äKJ5GUOVD³B@äKBµSIOQD/GIJK?ö=µGIéÜ?4=µ?qP

÷�B�ä¬XìW4GUäK?qâISIJ¬Bµ?qD
SIJ�W5XyçYOYðüDKõyè/éÜS­=µDqê á XY?j?MD�ä¬BµèÂGUäKBµSIOüSIã�BµO­ä¬J¬GUø W5XyçYOQðÅåQJKS­éQGUéYBµ=µB�ä¬B@?MD
BµD%PNSIOQ?�éyõ è%GtANBµè/çYè1ød=µBµðI?4=µB@XQSCSNPcê 4
B@ñI?qO GÈW5XyçYOYð

Ck

GUOVP
n
PNB��Ü?qJK?qO­äöDK?qæyçY?4OQW4?qD

SUãHW4Gtä¬?4â­SIJ¬B@?MDöó
s1
L
s2
L�ê4ê4ê

sn

ô�J¬?4åYJ¬?qDK?4OyäKBµOYâÅGU=µ=gåÜS­D¬D³BµéY=µ?jåQGtäKäK?qJKOQD/ã�SIJ�ä¬XYBµD�ä�õyåÜ?�SUã
W¬XCçYOYð�LcSIéQDK?4J¬ñI?qPÃBµO�GjäKJ5GUBµOYB@OQâ�W4SIJ¬åYçQD4L

ni

PY?4OYSUä¬?qD¼äKXY?ÂOCçYè/éÜ?4J
SUãgSNW4W�çQJKJ¬?4OQW4?qDHSUã
äKXY?
D³?MæyçY?4OQW4?

ci
ê á XY?HåYJ¬SIéQGIéYBµ=@B@ä�õ1SUã�äKXQ?¼DK?qæyçY?4OVW�?

si

?qæyçQGI=µDwB�ä5DwJ¬?4=EGtä¬B@ñI?-ã�J¬?qæyçY?qOQW�õ��
P (si) =

ni∑
n

k=1
nk

ê á XYBEDgåQJKS­éQGUéYBµ=µB�ä�õ%BµDgäKXQGUä�SUã]äKXY?
åVGtäKX,W�SIJ¬J¬?qDKåÜSIOQPNBµOYâ�äKS
si

BµO&äKXY?
GUçNä¬SIè%Gtä¬SIO

Ki

ê
þ`O­ä¬J¬GUø W5XyçQOYð3èÂSNPN?4=EDjGUOVP äKXY?ï?�ACä¬?4J¬OQGU=>èÂSNPN?4=¼GUJ¬?ÃW�S­è/éYB@OQ?qP ÷�B@äKXYBµO G DKB@OYâ­=@?

äKJ5GUOQD¬PNçQW4?4J�çQDKB@OYâòäKXQ?3-/� �$)*��=7�
�D���K�wSIåÜ?qJ¬GUäKBµSIO�PN?MDKW4JKBµéÜ?qP�B@O � ��
�� ê á XYBED/DKçYéQD�ä¬B@äKçNä¬?qD
äKXY?jGUçNä¬SIè%Gtä¬SIO

Ki

ã�SIJ�?qG­W¬XÈäKJ5GUOQDKB�ä¬BµSIO ���9= ��BµOÈäKXY?ö?�ACä¬?4J¬OQGU=½è1SYPN?4=dê á XY?%J¬?qDKçY=@ä³ø
B@OYâÃä¬J¬GIOQD¬PNçQW�?qJ/BµD1W4GU=µ=µ?qP

PP
ólã�S­J�åYJ¬SIéQGIéYBµ=@BED�ä¬BµW%åVGUJ5D³?qJ5ô
GUOQPüXQG­D�GUéÜSIçYä

10
äKBµèÂ?qD

è1S­JK?�D�ä5Gtä¬?qD-GUOVP&äKJ5GUOQDKB�ä¬B@S­OQDgä¬XQGUO
T
LNä¬XY?
äKJ5GUOQD¬PNçQW4?4J�?qOQW�SNPYB@OYâÂäKJ¬BµâIJ5GUè åYJ¬SIéQGIéYBµ=@B@ø

äKBµ?qDqLVXYSt÷w?qñI?4JMLQ÷w?1GID¬D³çYèÂ?qP,äKXVGtä¼B�ä¼?qOQW�SNPN?MD>=@S­OYâI?qJ³ø`PNBED�ä5GUOQW�?�PY?4åÜ?4OQPY?4OQW4B@?MD-ã�S­J>äKXY?
?qD³äKBµèÂGUäKBµSIO1SUã�÷�XYBµW5X1S­çYJ�äKJ5GUBµOYBµOYâ
PYGUä¬G¼÷wS­çY=EP�XQGMñI?�éÜ?q?4OÂDKåQGIJ¬DK?Iê á XY?qJK?4ã�SIJ¬?g÷w?�W4SIONø
PNçQW�ä¬?qP�GÂD³?qJKBµ?qDgSUã�?4ANåÜ?4J¬B@èÂ?4Oyä¬D�B@O�÷�XYBEW¬X�÷w?
J¬?4åY=EGIW4?qPöäKXY?¼ä¬J¬GIOQDKPYçQW�?qJ

T
÷�B�ä¬X

PP
L

çQD³BµOYâ1ä¬XY?
ä¬GIâIâIBµOYâ1èÂSNPN?q=
bp(M ◦ E ◦ PP, 1)

ê

�������1" �1������) -���� � " � )�� � � � � ��� ��� "$! � � þ`OyäKJ5Gtø-GUOQPïBµO­ä¬?4JKø W5XyçYOQðòåYJ¬SIéQGIéYBµ=@B@äKBµ?qD
GUJ¬?
?qD³äKBµèÂGUäK?MP SIO 3@-/���#�üGUOQPüä¬XY?�OY?4÷ ä5GUâIâ­B@OQâÃèÂSNPN?q=

bp(M ◦ E ◦ PP, 1)
ó
M2

ô/÷gGID
GUåYåY=µBµ?qP äKS:3'������ê�>>BED¬GUåYåÜS­B@OyäKBµOYâI=µõILÀ÷w?òã�S­çYOQP ä¬XQGtäÈó

M2

ôÂåÜ?4JKã�SIJ¬è%D%SIOY=µõ DK=@BµâIXyäK=µõ
éÜ?�ä³ä¬?4J�äKXVGUO

M1

ó
2.05%

ô�êMF-?qñI?4JKäKXY?q=@?MDKDqL�äKXY?½èÂSNPN?q=UBEDcBµO­ä¬?4J¬?qD³äKBµOYâ�B@O
äKXVGtä]B�ä�ã�çQOQW�ä¬B@S­OQD
GID�G�ä¬GIâIâ­?4J�GUOQP�GÂW5XyçYOQðI?4J-GUä�äKXQ?�DKGIè1?¼ä¬B@èÂ?Iê

íòS­JK?�BµO­ä¬?4J¬?qD³äKBµOYâI=µõILQäKXQ?�ä�÷wSjèÂSNPN?4=EDHPNSIO�� äHè%GIðI?
äKXQ?�D¬GUèÂ?�èÂBED�ä5GUðI?qDqê
M2

W�SIJKø
JK?MW�ä¬D

30%
SIãHäKXQ?ò?4J¬JKS­J¬D�è%G­PN?,éCõ

M1

éYçNäöè%GIðI?qD%GU=µèÂS­D³äöGIDÂè%GUOCõ SIã¼B@ä¬D%St÷�O�ê
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á XY?jOY?q÷ ä`õCåÜ?&SUã-?4J¬JKS­J¬D
XQG}ñI?öñUGUJ¬B@S­çQD�WqGUçQDK?qDqL]èÂS­D³ä�SUã-÷�XYBEW5XìGUJ¬?öJ¬?4=EGtäK?MPÈä¬SÃäKXY?
XyõCåÜSUä¬XY?qDKBµD�÷w?
èÂG­PN?¼äKXVGtä�äKXY?
ã�SIJ¬è SIã6GÂW5XyçYOYðÅó�äKXY?�DK?qæyçY?qOQW�?
SUã�WqGtäK?qâIS­JKBµ?qDw÷�XYBEW5X
W�SIOVD�ä¬B�ä¬çNäK?�GöW¬XCçYOYðYô�BµD>B@OVPN?4åÜ?4OVPN?4O­ä¼SUã�ä¬XY?�W�SIOyäK?�ACä>BµOò÷�XQBµW5X,ä¬XY?/âIBµñI?4OÃW¬XyçQOYð�SNW�ø
W�çYJ5D4ê á XYBED�XyõCåÜSUä¬XY?qDKBEDgBED�GUO,GUåYåYJ¬S}ACBµè%Gtä¬B@S­O�û�çQD�ä-=µB@ðI?¼ä¬XY?
íÃGIJKðIStñÂXCõCåÜSUäKXQ?qDKBµDqê á XQ?
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