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LICS 2016
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Definition
(right) syntactic congruence of L:

u ∼L v ⇔ ∀w ∈ Σ∗, uw ∈ L⇔ vw ∈ L

Theorem (Myhill-Nerode)

L is a regular language iff ∼L has a finite index (i.e. ∣Σ∗/ ∼L∣ <∞)

▸ Allows to define the minimal automaton of L
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Sequential functions :
Syntactic congruence

Let Σ be a finite alphabet and f ∶ Σ∗ → Σ∗ be a function.

Definition
Syntactic congruence of f :

u ∼f v ⇔
⎧⎪⎪⎨⎪⎪⎩

∀w ∈ u−1dom(f ), f̂ (u)−1f (uw) = f̂ (v)−1f (vw)

where f̂ (u) = ⋀ f (uw) and ⋀ is the longest common prefix

Theorem (Choffrut )

f is a sequential function iff ∼f has a finite index
▸ Allows to define the minimal sequential transducer of f
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1Choffrut, C. (1977).Une caracterisation des fonctions sequentielles et des
fonctions sous-sequentielles en tant que relations rationnelles. Theor. Comput.
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Let Σ be a finite alphabet and f ∶ Σ∗ → Σ∗ be a function.

Definition
Left syntactic congruence of f :

u ¢f v ⇔
⎧⎪⎪⎪⎨⎪⎪⎪⎩

∀w ∈ Σ∗, wu ∈ dom(f )⇔ wv ∈ dom(f )
sup

w ∈dom(f )u−1
dp(f (wu), f (wv)) <∞

where dp(u, v) = ∣u∣ + ∣v ∣ − 2∣lcp(u, v)∣ is the prefix distance

Theorem (Reutenauer and Schützenberger)

If f is a rational function then ¢f has a finite index
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Register minimization
Known results

For rational functions :
Daviaud, L., Reynier, P., & Talbot, J. (2016).A generalised
twinning property for minimisation of cost register automata.
LICS 2016
Daviaud, L., Jecker, I., Reynier, P., & Villevalois, D.
(2017).Degree of sequentiality of weighted automata.
FOSSACS 2017

Based on finding patterns in the transducer realizing the function
Objective : Solving the register minimization problem for rational
functions using their algebraic characterization
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If X ∶= Yw we say that the register Y flows to X

Independent flows

If
p q

a ∣X ∶= Yw

then Y depends only on X and a
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Filiot, E., Gauwin, O., & Lhote, N. (2019).Logical and algebraic
characterizations of rational transductions. Log. Methods Comput.
Sci.

Bimachines can be minimized in PTIME
Left / right minimization → Tradeoff between the size of the
left and the right automaton

Corollary
For SST with independent flows :
⇒ Minimal number of registers = Number of states of the

minimal right automaton
⇒ Tradeoff between the size of the underlying automaton and the

number of registers
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