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MOTIVATION: TAYLOR EXPANSION AND GAME SEMANTICS

Taylor Expansion

Simply-typed 𝜆-calculus Λ

Terms: 𝑀,𝑁 ∶= 𝑥 ∣ 𝜆𝑥.𝑀 ∣𝑀𝑁
Types: 𝐴,𝐵 ∶= 𝛼 ∣ 𝐴→ 𝐵

Resource calculus

Λres ∶ 𝑠, 𝑡 ∶= 𝑥 ∣ 𝜆𝑥.𝑠 ∣ 𝑠 𝒕
!Λ ∶ 𝒔, 𝒕 ∶= [] ∣ 𝑠 ∶∶ 𝒕

Substitution:
𝑠

𝑥
𝑥

𝜕𝑥( ) ⋅
[

𝑡1, 𝑡2
]

= { 𝑡1
𝑡2

, 𝑡2
𝑡1
}

Taylor Expansion

 (𝑥) = {𝑥}
 (𝜆𝑥.𝑀) = 𝜆𝑥. (𝑀)
 (𝑀𝑁) =  (𝑀)  (𝑁)!

Example:

 (𝜆𝑓𝛼→𝛼.𝜆𝑥𝛼.𝑓𝑥) = { 𝜆𝑓 .𝜆𝑥.𝑓 [] ,
𝜆𝑓 .𝜆𝑥.𝑓 [𝑥] ,
𝜆𝑓 .𝜆𝑥.𝑓 [𝑥, 𝑥] ,
𝜆𝑓 .𝜆𝑥.𝑓 [𝑥, 𝑥, 𝑥] ,…}

Game Semantics

Player
Process

Opponent
Context

⤏
⤎

Arenas ↔ Types
Plays ↔ Executions

Strategies ↔ Programs

Interpretation:

J−K ∶ 𝐴 ↦ Arena J𝐴K
Λ(𝐴) → Strat(𝐴) ⊆ (Aug(𝐴)) .

Example:

J𝜆𝑓𝛼→𝛼.𝜆𝑥𝛼.𝑓𝑥K contains:

𝑎0 ∶ ( 𝛼 → 𝛼 ) → 𝛼 → 𝛼

⊖
)qqx⊕

⊖

⊕

𝑎1 ∶ ( 𝛼 → 𝛼 ) → 𝛼 → 𝛼

⊖
)qqx⊕

4uu�⊖
� &&-⊕

𝑎2 ∶ ( 𝛼 → 𝛼 ) → 𝛼 → 𝛼 𝑎3 ∶ ( 𝛼 → 𝛼 ) → 𝛼 → 𝛼
⊖

+rry⊕

0tt|
H~~�

⊖

� %%,

⊖

� %%,⊕ ⊕

.

⊖

)qqx⊕

-ssz
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� &&-

⊖

� &&-

⊖

� &&-⊕ ⊕ ⊕

etc.

Is Taylor Expansion compatible with GS?

SIMPLY-TYPED CASE

Example:

𝜆𝑓𝛼→𝛼.𝑓 ∶ (𝛼 → 𝛼) → (𝛼 → 𝛼) .

Then the Taylor expansion is:
 (𝜆𝑓𝛼→𝛼.𝑓 ) = {𝜆𝑓𝛼→𝛼.𝑓} .

But on the game semantics side, we have
J𝜆𝑓𝛼→𝛼.𝑓K = J𝜆𝑓𝛼→𝛼.𝜆𝑥𝛼.𝑓𝑥K .

Theorem [Tsukada Ong, 2016]

For any simple-type 𝐴, there is
𝜓𝐴 ∶ Λ𝜂res(𝐴) ≅ 𝖠𝗎𝗀(J𝐴K)

s.t. the following diagram commutes.

Λ𝜂(𝐴)

(Λ𝜂res(𝐴))

(Aug(𝐴))

NF( (−))

J−K

𝜓𝐴

PURE CASE
We play in the arena 𝐔 such that 𝐔 ≅ 𝐔 → 𝐔:

⋆

0 1 2 …

00 01 … 10 11 … 20 21 …

… … … … … …

Example:

J𝜆𝑥.𝑥K (the copycat strategy on 𝐔) contains:
𝐔 → 𝐔

⊖
3uu~⊕

𝐔 → 𝐔
⊖

4uu�

V���

⊕
l���

⊖
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𝐔 → 𝐔
⊖

3uu~

U��

⊕
l���

⊖

i���

⊕
R���

⊖
⊕

𝐔
𝐔
𝐔
…

For pure 𝜆-calculus, is there a Taylor
expansion compatible with game

semantics?

Λ

(Λres)

(Aug(𝐔))

 (−)

J−K

??

EXTENSIONAL RESOURCE 𝜆-CALCULUS

Extensional 𝜆-calculus

Terms of extensional resource calculus

𝑖 ∈ ℕ
Γ + 𝑥 ⊢Var 𝑥𝑖

Γ + 𝑥 ⊢App 𝑡
Γ ⊢Val 𝜆𝑥.𝑡

Γ ⊢Val 𝑡 Γ ⊢Seq ⃖⃗𝒖
Γ ⊢App 𝑡 ⃖⃗𝒖

Γ ⊢Var 𝑡 Γ ⊢Seq ⃖⃗𝒖
Γ ⊢App 𝑡 ⃖⃗𝒖

(Γ ⊢Val 𝑡𝑗)1≤𝑗≤𝑛 𝑛 ∈ ℕ
Γ ⊢Bag [𝑡1,… , 𝑡𝑛]

(Γ ⊢Bag 𝒕𝑖)𝑖∈ℕ {𝑖 | 𝒕𝑖 ≠ []} ⊆𝑓 ℕ
Γ ⊢Seq ⟨𝒕𝑖 ∣ 𝑖 ∈ ℕ⟩

We define substitution by induction on terms:
𝜕𝑥(𝑥𝑘) ⋅ ⃖⃗𝒗 = 𝑢 if ⃖⃗𝒗 = [𝑢]@𝑘, 0 otherwise.

𝜕𝑥(𝑦𝑘) ⋅ ⃖⃗𝒗 = 𝑦𝑘 if ⃖⃗𝒗 = ⃖⃖⃗[], 0 otherwise.

𝜕𝑥(𝜆𝑦. 𝑡) ⋅ ⃖⃗𝒗 = 𝜆𝑦. 𝜕𝑥(𝑡) ⋅ ⃖⃗𝒗

𝜕𝑥(𝑡 ⃖⃗𝒖) ⋅ ⃖⃗𝒗 =
∑

�⃗�=⃖⃖⃗𝒗𝟏+⃖⃖⃗𝒗𝟐
(𝜕𝑥(𝑡) ⋅ ⃖⃖⃖⃗𝒗𝟏) (𝜕𝑥( ⃖⃗𝒖) ⋅ ⃖⃖⃖⃗𝒗𝟐)

𝜕𝑥([𝑡𝑖 ∣ 𝑖 ∈ 𝐼]) ⋅ ⃖⃗𝒗 =
∑

�⃗�=
∑

𝑖∈𝐼 ⃖⃗𝒗𝒊
[𝜕𝑥(𝑡𝑖) ⋅ ⃖⃖⃗𝒗𝒊 ∣ 𝑖 ∈ 𝐼]

𝜕𝑥(⟨𝒖𝑖 ∣ 𝑖 ∈ ℕ⟩) ⋅ ⃖⃗𝒗 =
∑

�⃗�=
∑

𝑖∈ℕ ⃖⃗𝒗𝒊
⟨𝜕𝑥(𝒖𝑖) ⋅ ⃖⃖⃗𝒗𝒊 ∣ 𝑖 ∈ ℕ⟩

Reduction

(𝜆𝑥.𝑡) ⃖⃗𝒖 →𝛽 𝜕𝑥(𝑡) ⋅ ⃖⃗𝒖

𝑥0

𝑥1

𝑥1
𝑥2

𝜕𝑥( ) ⋅ ⟨
[

𝑡00
]

,
[

𝑡10, 𝑡11
]

,
[

𝑡20
]

, … ⟩ = { 𝑡00

𝑡10

𝑡11
𝑡20

,
𝑡00

𝑡11

𝑡10
𝑡20

, …}

Extensional Taylor Expansion

Taylor Expansion

 (𝑎) = 𝜆𝑦.𝑎 𝑦!

 (𝑀𝑁) = 𝜆𝑦. (𝑀)( (𝑁)! ⋅ 𝑦!)
 (𝜆𝑎.𝑀) = 𝜆𝑎. (𝑀)

Notations:

𝑦! =
⋃

𝜇∈ℳ𝑓 (ℕ)
⟨𝑖(𝑦)𝜇(𝑖) ∣ 𝑖 ∈ ℕ⟩

𝑖(𝑦) = 𝜆𝑧.𝑦𝑖 𝑧
!

Example:

 (𝜆𝑏.𝜆𝑎.𝑏 𝑎) = {𝜆 𝑏𝑎𝑥.(𝜆𝑦.𝑏 ⃖⃖⃗[]) ⃖⃖⃗[] ,
𝜆 𝑏𝑎𝑥.(𝜆𝑦.𝑏 ⃖⃖⃗[]) ⟨[𝜆𝑧.𝑎 ⃖⃖⃗[]],…⟩ ,
𝜆 𝑏𝑎𝑥.(𝜆𝑦.𝑏 ⃖⃖⃗[]) ⟨[𝜆𝑧.𝑎 ⃖⃖⃗[], 𝜆𝑧.𝑥1 ⃖⃖⃗[]],…⟩ ,
…}

Compatibility (WIP)

We have:
 (−) ∶ Λ → ΣVal

NF(−) ∶ ΣVal → ΣValNF
J−K ∶ Λ → (Aug(𝐔)) .

We also have an isomorphism:
𝜓 ∶ ΣValNF ≅ (𝖠𝗎𝗀(𝐔)) .

And the following diagram commutes.

Λ

ΣVal

(Aug(𝐔))

ΣValNF

 (−)

J−K

J−K

NF(−)

𝜓

Resource Category

Resource Category

A resource category is a symmetric monoidal closed category  enriched over
commutative monoids (0,+) with:

• ∀𝐴 ∈ , there exists a bialgebra structure (𝐴, 𝛿𝐴, 𝜖𝐴, 𝜇𝐴, 𝜂𝐴).
• ∀𝑓, 𝑔 ∶ 𝐴→ 𝐵,

𝑓 ⋅ 𝑔 = 𝛿𝐴

𝑓

𝑔

𝜇𝐵

• ∀𝐴 ∈ , there exists a chosen idempotent id∙𝐴 ∶ 𝐴→ 𝐴 the pointed identity.
For any 𝑓 ∶ 𝐴→ 𝐵, 𝑓 is pointed, written 𝑓 ∈ ∙(𝐴,𝐵), iff id∙𝐵◦𝑓 = 𝑓 .

• For any 𝒇 ∈ ℳ𝑓 (∙(𝐴,𝐵)), the following diagram commutes:
𝐴 𝛿𝐴 //

Π𝒇
��

𝐴⊗𝐴
𝑔
��

𝐵 𝛿𝐵
//𝐵 ⊗ 𝐵

where 𝑔 =
∑

𝒇=𝒇𝟏+𝒇𝟐

Π𝒇𝟏⊗ Π𝒇𝟐 .

• For any 𝒇 ∈ ℳ𝑓 (∙(𝐴,𝐵)), 𝜖𝐵◦Π𝒇 = 1 if 𝒇 is empty, 0 otherwise.
(and several other coherence axioms...)

Extensional Objects:
Consider  a resource category with 𝑜 ∈  fixed.
An extensional situation in  is given by two objects 𝐔ℕ,𝐔 ∈  along with isos:

𝐔 ≅ 𝐔ℕ ⊸ 𝑜 𝐔ℕ ≅ 𝐔⊗ 𝐔ℕ

Interpretation:
J−Kres ∶ Γ ⟼ (𝐔ℕ)Γ

Var(Γ),Val(Γ) ⟶ ∙(Γ,𝐔)
App(Γ) ⟶ ∙(Γ, 𝑜)

Substitution:
𝜕𝑥(J𝑡Kres) ⋅ J ⃖⃗𝒖Kres ∶= J𝑡Kres ◦𝑥 J ⃖⃗𝒖Kres

Soundness
Consider ⃖⃗𝒖 ∈ Seq(Γ), then for any 𝑡 ∈ Λres(Γ + 𝑥), we have:

J𝜕𝑥(𝑡) ⋅ ⃖⃗𝒖Kres = 𝜕𝑥(J𝑡Kres) ⋅ J ⃖⃗𝒖Kres

WIP: Games and Rel are resource categories.


