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Well-Separated Pair Decomposition

m P: set of n points in R, ¢ € (0,1)
m Dumbbell {X,Y}: two disjoint nonempty subsets of
P, its sides

B c-separated:
max{diam(X),diam(Y)} < e - dist(X,Y)

m A pairis {p,q} S P, p#q

m {X,Y} covers the pairs {z,y} withz € X,y €Y

m c-WSPD: a family W of e-separated dumbbells
covering all (3) pairs; size |WV|

m Partition WSPD: every pair covered exactly once;
cover WSPD: pairs may be covered several times

| X[ Y] pairs covered



Cover or Partition?

Problem

m Callahan—Kosaraju (CK) [CK95]:
partition e-WSPD of size O(n/e?) in O(nlogn + n/c?) time

A cover WSPD is enough for: A partition WSPD is needed for:

Background
Results
Sweep

Partition

Local Search

over Bounds m t-spanners with |[WW| edges m n-body potential fields [CK95]

EX::W% [CK93,NS07,Smi18] m Approximate distance selection

U m Approximate MST [CK93,Smi18] [BS02,Smi18]

SHRgeRly m Sparse edge sets for geometric tour m Approximate sum of all pairwise
solvers [FKKN24] distances [Harll]

m Approximate diameter [Harl1,Smil8]

m Surveys: [NS07,Smi18]
m From now on, WSPD means cover WSPD, as proposed in [BCH+-26]
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Minimum WSPD

m O(n/e?) is a worst-case bound
m Many inputs admit much smaller WSPDs

m Spanners and other structures built from a WSPD inherit
its size

Problem MINWSPD:

Given P and ¢ € (0,1), compute an e-WSPD of minimum size
OPT..

m A partition WSPD is a cover WSPD: OPT. is at most
the partition optimum, so every factor w.r.t. OPT. also
holds w.r.t. the partition optimum

Ps e . .’Tl

p3 e . ’_I D

P2 e

e B
Exponentially spread points:

n — 1 dumbbells

{p1,-- ot Apit1}}



What Was Known

m MINWSPD is NP-hard in the plane when ¢ depends on n [BCH+26]

Background

m General metrics: no n°-approximation for some ¢ > 0, unless P = NP [BCH+-26]

Results
Sweep m Greedy set cover over all maximal e-separated dumbbells: O(logn)-approximation if
pertition their number is polynomial; known on the line, open for d > 2 [BCH+-26]

ot s m R the net-tree WSPD [HMO06] is a 2°(4)-approximation [BCH4-26], the only one
stated for the separation ¢

Lower Bounds

Experiments

30 The factor is unspecified; we estimate it at 10! for d = 2
B et m Every metric: size 7TOPT,, but separation relaxed to 33e [HRR25]
Bibliography In R2, cutting the sides with a grid restores ¢: factor 7 - 474 ~ 3.4 - 107
m Bicriteria: size (1 4+ §)OPT,, separation (1 + §)e, time doubly exponential in d/d
[Fon26]

Question [BCH+-26]:

Is there a (1 + d)-approximation, or a simple O(1)-approximation, in R¢ for d > 27?




Our Results

Erefbr Setting Problem Size Separation Time Reference

Background R! cover (14 8)OPT. & nO1/6%) [BCH+26]

Results R! cover 30PT. € O(nlogn) [BCH+-26]

Sweep R* both 10 OPT. e polynomial [BCH+-26]

parion R? both 20 OPT, 29D (nlogn + OPT) exp. [BCH+26,HM06]
RY cover (1+38)OPT. (1+8)e f(d,o)n® [Fon26]

ezl Sandh Any metric cover 7OPT. 33e polynomial [HRR25]

Lower Bounds 2 2
R*, e <1/16 cover 40 OPT. € O(n®logn) sweep

Experiments R?, ¢ <1/5 both 1024 OPT. € O(nlogn + OPT) CK, fair split tree

In 3D R%, e <1/5 both 529 OPT. € O(nlogn + OPT) quadtree

G Preikns R%, e <1/5 both 252 0PT. exp. ¢ O(n log n + OPT) random quadtree
RY, & < 1/16 cover 20 OpPT, € O(n?logn) sweep

Bibliography

Both: the output is a partition WSPD; R3: factor 2048
Lower bounds: sweep steps, enlarged by local search to LB > 0.99 OPT for n = 500
Local search reshape: never increases the size, uses no solver

e =1/20, n = 500: sweep 1.03OPT, CK 1.17OPT, sweep + reshape within 0.02% of
OoPT
n = 10000: sweep 1.22 LB, CK 1.55 LB, sweep + reshape 1.05LB
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The Sweep

m Process p € P in lexicographic order < (by y, then
x), and the points ¢ > p

m If {p, ¢} is uncovered: a step with anchor {p, ¢},
D = [jpq]

D
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The Sweep

m Process p € P in lexicographic order < (by y, then
x), and the points ¢ > p

m If {p, ¢} is uncovered: a step with anchor {p, ¢},
D = [|pq||

m Pieces: 5 in the half-disk BT (p,eD) (diameter
< 0.8¢D), 8 in the disk B(q,£D) (diameter
< 0.8682D)

,eD)
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The Sweep

m Process p € P in lexicographic order < (by y, then
x), and the points ¢ > p

m If {p, ¢} is uncovered: a step with anchor {p, ¢},
D = [|pq]|

m Pieces: 5 in the half-disk BT (p,eD) (diameter
< 0.8¢D), 8 in the disk B(q,£D) (diameter
< 0.8682D)

m Output every dumbbell {A;, Cj} of two nonempty
pieces: at most 5 -8 = 40

m c-separated: diam < 0.868¢D and
dist > (1 —2¢)D > 0.868 D for ¢ < 1/16

,eD)

.
e
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Approximation Factor 40

m Invariant: at the step with anchor {p, ¢}, every pair
{z,y} with min_{z,y} < p is covered

m Locality: if {X,Y} is e-separated with ¢ = dist(X,Y),
each side lies in the disk of radius ¢ around any of its
points

m Charge the step to an optimal Z = {X,Y} covering
{p,q}: X CB(p,eD), Y C B(q,eD)

m Uncovered pairs of Z have x > p: all covered by the
step

m 7 is charged once

Theorem:

For P C R? and € < 1/16, the sweep performs at most
OPT, steps and outputs an e-WSPD of size at most
40 OPT., in O(n?logn) time and O(n?) space.
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The Number of Steps Is a Lower Bound

m Pairs a, b are compatible if one e-separated dumbbell covers both

m Heredity: subdumbbells of e-separated dumbbells are -separated
= compatibility is tested on 4 points

m R,,: pairs {z,y} uncovered at the step, compatible with {p, ¢}, with =,y > p

If every step covers R,,, then the anchors are pairwise incompatible, so there are at most
OPT. steps.

m A later anchor {p’, ¢’} has p’, ¢’ = p and was uncovered: if compatible, it would lie in
Rypq

m The fixed collection of 40 dumbbells covers R, for every ¢ < 1/2

m The number of steps is a lower bound LBy on OPT,, enlarged later by local search
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Running Time

m Per point, the list of all points sorted by distance: O(n?logn)
time, O(n?) space

m A step scans two prefixes of these lists; every scanned point lies
in an output dumbbell

m n X n table of covered pairs

For e < 1/16, every pair is covered by the output of at most 360
steps, and by one output dumbbell per step.

m Anchors {p;,q;}: p; € B(z,r), ¢; € B(y,r)

m Incompatible: max{||p;pkl|,ll¢jqxll} > s> 3r/4

m Products B(p;, 5) x B(g;, 5) C R* are disjoint: at most
(11/3)* < 181 per orientation



The Greedy Sweep

m The fixed sweep outputs a dumbbell for every two nonempty pieces, even if one

Problem dumbbell covers R,;: of theoretical interest only
Background

m The proofs only use that a step covers R, with at most 40 e-separated dumbbells

Results

Greedy step:

Lol Search m Grow a dumbbell from a seed {a,b}: add a point within €||ab|| of one side and at least
:’Wervs"”"ds |lab|| from the other, maximizing the newly covered pairs of R,

Xperiments

In 3D m Seeds: all pairs of Ry, if |R,q| < 16 (then greedy set cover), otherwise {p, ¢} and then
Open Problems the closest uncovered pair of R,

LB m Fall back to the fixed collection if it is smaller (cap: 40 grown dumbbells)

m At the end, delete redundant dumbbells one at a time

For e < 1/16, the greedy sweep performs at most OPT. steps and outputs an e-WSPD of
size at most 40 OPT. in O(n?) time and O(n?) space.

m In the experiments, “the sweep” is the greedy sweep
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Extensions

Higher dimensions:

k pieces in the ball, k in the half-ball, diameter < (1 — 2¢)p: factor kh
Grid pieces: 64 - 32 = 2048 for d = 3; net pieces: less than 32¢

Same time O(n?logn) (volumes in R24); greedy sweep O(n?)

Isodiametric inequality: this analysis always gives kh > 224—1

Larger e:

m Pieces that depend on g, with a separation test for each output dumbbell
m Constant factor for every € > 0: less than 4 - 10° max{1,%}
m The number of steps is a lower bound for every &



Partition WSPD Constructions

m Quadtree: maximal e-separated pairs of same-level cells

Problem

Background m CK on a fair split tree [CK95], testing bounding boxes (CK
Results box) or point sets (CK)

Sweep

Partition Theorem: 1 cells

Lol Search For P C R? and € < 1/5, these partition e-\WSPDs have size at
Experiments e

In 3D m 529 OPT, (quadtree), 252 OPT. in expectation (randomly
Open Problems shifted and scaled quadtree)

m 1024 OPT. (CK, both tests; 576 OPT. for ¢ < 1/16)
in O(nlogn + OPT,) time, with dumbbells as pairs of tree nodes.

Lower Bounds

m Charge to an optimal {X,Y}: at the level with cell diameter
~ edist(X,Y), a side meets at most 23 cells (5 x 5 block 5 cells
without two opposite corners): 232 = 529

m Random: expected number of cells met, averaged over the
shift and the scale




Local Search: Reshape

Problem

Background

m Improves any given e-WSPD; never increases the size

Results

Sweep m Private pair of T": only T covers it; no private pairs:
Partition redundant

Local Search .. .
m Free growth: p joins X if {X U {p},Y} stays
e-separated; dist may decrease

Lower Bounds

Experiments

In 3D
Open Problems Reshape a target 7"

Bibliography

e=1/3.
With y in T, x cannot join T'.



Local Search: Reshape

Problem

Background

m Improves any given e-WSPD; never increases the size

Results
Sweep m Private pair of T": only T covers it; no private pairs:
Partition redundant
Local Search .. .

m Free growth: p joins X if {X U {p},Y} stays
e-separated; dist may decrease

Lower Bounds
Experiments

In 3D

Reshape a target T

Open Problems

Bibliography

Shrink T to the subdumbbell spanned by its private
pairs

e=1/3.
Private pairs of T'; y is released.



Local Search: Reshape

Problem

Background

— m Improves any given e-WSPD; never increases the size

Sweep m Private pair of T": only T covers it; no private pairs:

Partition redundant 5 ]

Local Search F h L. X f X Y L f’

g = Free growth: p joins X if {X U {p},Y} stays
e-separated; dist may decrease |

/

vl T

Experiments
redundant
[

In 3D

Open Problems Reshape a target 7"
Shrink T to the subdumbbell spanned by its private

pairs
Grow it freely, favoring pairs private to other
dumbbells

e=1/3.
x joins; U is now redundant.




Local Search: Reshape

Problem

Background

. . . Y-
_— m Improves any given e-WSPD; never increases the size
Sweep m Private pair of T": only T covers it; no private pairs:
Partition redundant o 4

Local Search .. .
m Free growth: p joins X if {X U {p},Y} stays
e-separated; dist may decrease

Lower Bounds
Experiments
In 3D

Reshape a target T v

Open Problems

Bibliography

Shrink T to the subdumbbell spanned by its private

pairs :
Grow it freely, favoring pairs private to other ,_
dumbbells =

Delete the dumbbells that became redundant
e=1/3.
One dumbbell fewer.




Driver and Comparison

Problem

m Targets in passes over W, each pass in a new random order, until the time budget is
exhausted

Background

Results

Sweep m Every reshape keeps W a valid e-WSPD

Partition

m Works directly on the points: no solver, never builds the set-cover instance

Local Search

Lower Bounds m No guarantee of its own, but never worse than the start:
R factor 40 from the sweep, 576 from CK (¢ < 1/16)
In 3D

Open Problems

For comparison, large neighborhood search (LNS):

Bibliography
m Remove T and its k nearest dumbbells: a set U of uncovered pairs

m Re-cover U exactly with CPLEX, among the removed dumbbells and, if |U| < u,
maximal e-separated dumbbells whose closest cross pair is in U

m Accept only if the size decreases
m Tuned: (k,u) = (16,1000) for n < 1000, (32,400) for larger n




Implementation

Problem

Background

m Three global questions, each answered in O(1) per pair or point:

Results

Swi . .
<P Is a pair private? n x n table of coverage counts

Partition

P To— Which dumbbells become redundant? Only owners of pairs whose count goes from 1 to
Lower Bounds 2
Epanmaiis m Second n x n table: XOR of the ids of the dumbbells covering the pair
n 3D m Insert/delete dumbbell k: apply @k, in the same loop as the counts
— m Count 1 = the entry is the id of the owner

m No point-to-dumbbell lists: > 10x faster for n = 10000
Which points can join? Candidates within edist(X,Y") from a kd-tree
m A point that cannot join never can later: discard it for good

Bibliography

m Points relabeled in Hilbert order: the pairs of a dumbbell are close in memory




Local Search for Larger Lower Bounds

Problem m Compatibility graph G.: the pairs, with an edge between compatible pairs
Background m Every independent set I of G, gives |I| < OPT.; the anchors give LB

Results

. m For I, a pair is free if it has no neighbor in I, tight for e € I if e is its only neighbor
weep
Partition [ARW12]

Local Search

Tere B Start from the anchors of the sweep:

Experiments

Add free pairs until none is left

In 3D

Open Problems 1-for-2 swaps [ARW12]: replace e € I by two incompatible pairs tight for e, add the
Bibliography new free pairs; repeat until no swap: LBy

30 more passes with plateau moves [PH06,GLPO08]: replace e by a random tight pair
with probability 1/2: LB

m Pairs compatible with {z,y}: one point in B(z, ¢||zy
prefixes of the sorted lists

m For e <1/16: O(n?logn + kn?) time for k passes, k < LB; — LBg + 31

), the other in B(y, ¢||zy||):




Lower Bounds in Practice

1.00 H Y ° - [
Problem 0—*4;‘_’_._‘_*‘ < 1.25 (b) J )
Background 8 1204 . 10° 7
i . 3
Results S 0.98 o4 . g - n
.. T 1.15 1 C)
S ; e < o 10! o
- 1S
Partition § ... Y 1.10 A £
o 0.96 + e +
Local Search ~~...... 2 1.05 107t o
Lower Bounds (a) "~.‘ g 1.00
Experiments T T T T T T T
200 400 600 800 1k 103 104
In 3D n n n
Open Problems
Bibliogranhy, —&— a (exact) —&— LB (plateau moves) LB; (swaps) --@-- LBg (steps)

m Where OPT is known: LB is 0.999, 0.997, 0.994 OPT for n = 200, 500, 1000 (at least
0.989; LBy: 0.98, 0.97, 0.94)

m Independence number a of G. by CPLEX (n < 500): at least 0.992 OPT; LB = « on
31 of 88

m LB/LB: 1.05, 1.10, 1.12 for n = 1000, 10000, 50000
m After the sweep, LB takes 2.7 min for n = 10000 and 82 min for n = 50000
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Setup

m C++, integer coordinates, € = 1/20 rational: exact separation tests; every output

checked by a brute-force verifier

m Sweep: the greedy sweep; CK and CK box on a fair split tree

m Inputs: 6 synthetic families and the non-uniform CG:SHOP 2019 instances [DFK+22],

n = 200, ...,50000

m Reference: OPT where CPLEX proves it (all n < 500, some n < 1000), otherwise LB
m Code and data: github.com/gfonsecabr/small-wspd-experiments

uniform

annulus

Gaussian

euro-night-0001000

clustered

paris 0001000

perturbed grid

skylake-0001000

spiral

)

</

us-night-0001000



github.com/gfonsecabr/small-wspd-experiments

Problem 25
Background CK box
Result 2 e CK
esults -
o] —e— Sweep
c
Sweep o 1.75 o o iy OO —»— Sweep + reshape
o | p T
Partition D [ T Rl AP PTLLL CK + reshape
L 15 -0 0%
Local Search ~
X
Lower Bounds ‘@ 1.25
Experiments
1 4

In 3D

Open Problems

Bibliography

m Open markers: the reference is LB (half-filled: on some instances)
m n = 500: sweep +3% (at most 9%), CK +17%, CK box +21% over OPT
m n = 10000: sweep 1.22LB, CK 1.55LB; n = 50000: 1.38LB and 1.76 LB

m The sweep is smallest on every input and n, except the perturbed grid for n = 200,
1000, 4000




Quality per Input

Problem
Back - 4 4
ackground 2.0 9 cK Sweep Sweep + reshape
Results
g 1.8 1 - -
Sweep g
. Q164 4 4
Partition ‘g =
Local Search = 1.4 4
ey B I
- w124 -
Experiments
In 3D 1.0 1 1
T T T T T T
Open Problems 103 104 103 104 103 10*
Bibliography n n n
Gaussian —e— uniform clustered —e— CG:SHOP  —e— perturbed grid —e— annulus spiral

m Mean size divided by the reference, per input

m Sweep + reshape, n = 50000: from 23 dumbbells per point (spiral) to 981 (perturbed
grid)
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Running Times

, | (@) time P e o = 1 (b) memory
0% 9 £ S 10! o
0 / 2]
aE) 10° AT T e g
=1 1S
1072 - est®®” ® 100 4 A7
Nl 9] 3
o ?® g E
T T T T T
103 104 104
n n
—& - Exact (CPLEX) —e— Sweep CK box —+#— Reshape from the sweep
v CPLEX time limit -4 CK Sweep + reshape Reshape from CK
to 1.001 OPT

m CK: 0.5s for n = 10000, 4's for n = 50000

m Sweep: 0.3s for n = 1000, 15s for n = 10000, 5 min for n = 50000
m n = 50000: CK, the sweep, and reshape use up to 8, 15, and 22 GB
m OPT: 15s median for n = 1000 where CPLEX proves optimality



Local Search over Time

n=200 n=1k n =10k n =50k
Problem 1.10 1.25
l NS
Background : \ 1.6 1 1.8 4 \\
Results o 1.08 T 1.20 ‘\ \\ ‘\
9] 1 \ 154 \
Sweep c A \ 1 1
Q 1.06 4! 1154 1 \ 1.6 1 1
Partition ] 1 \ 1.4 4 \ \
‘@ 1 1 1 1
Local Search = 1.04 A : 1.10 - ‘| 1.3 1 ¥ 1.4 - r
Lower Bounds 9 : \ l\ ’ ||
N 1.2 o
Experiments v 1.02 A : 1.05 ‘| ‘\
In 3D W \‘ 114 1.2
Open Problems 1.00 1 T T 1.00 _| T T T T T T T T T T
Bibliography 1071 10? 1072 10° 10?7 10° 10 102 10° 10°10' 102103
time (s) time (s) time (s) time (s)
LNS = Reshape == from CK

= from the sweep

m Reshape ends at most as large as LNS from the same start on every instance, and
reaches the final size of LNS within 1% of the budget

m LNS improves CK from 1.66 to 1.39 times the reference for n = 10000 (1000s), and
from 1.89 to 1.82 for n = 50000 (5000 5s)
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Local Search: Summary

Sweep + reshape, n < 1000 with known OPT (164 instances):

m On average 0.002%, at most 0.02% above OPT
m Reaches OPT on 101: all 22 for n = 200, 13 of 22 for n = 500, 1 of 13 for n = 1000
m LNS from the sweep: 0.23% on average, up to 1.5%; reaches OPT on 18

Larger n:

m n = 10000: 1.05LB on average, at most 1.10LLB (sweep alone: 1.221LB)
m 1 = 50000: 1.11 LB on average, at most 1.22 LB (sweep alone: 1.38 LB)

m Budgets: 100s for n < 1000, 1000s for n. < 10000, 5000 s above



Which Start?

n=1k n =10k
Problem
1.3 4 o=~ O= == from CK

Background ) 1.6 FEIII Ny = from the sweep
Results E \\

(0]
Sweep 6 1.2

[ 1.4 o
Partition o
Local Search I 1.1 o 124

N .
Lower Bounds o
Experiments

1.0 1
e R e L e e e e e R 1.0 e e
— 1072 107! 10° 10! 107 107! 100 10! 102 103
pen Problems
R — total time (s) total time (s)
clustered spiral = uniform - perturbed grid
—— annulus = CG:SHOP Gaussian

m Same total time (build + reshape): best is CK + reshape, although CK is larger than
the sweep

m It beats the sweep’s output before the sweep ends (418 of 436 instances); afterwards,
sweep + reshape is at most 0.73% smaller

m But the proven factor is 576 for CK + reshape, against 40 for sweep + reshape
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From Cover to Partition

m Process the dumbbells of a cover WSPD one by one
m U: pairs of the current {X, Y} that no earlier dumbbell covers

m Group the points of X with the same partners in Y among U: each group X’ with
partners Y’ gives {X’,Y'}, separated by heredity (same with X and Y exchanged;
keep the smaller split)

m Order: fewest pieces first (lazy priority queue), ties by size

m Merge pass: replace {S, 01}, {S,02} by {S,01 U O} if e-separated; applies to every
partition WSPD (CK, quadtree)

m No size guarantee

Optimal WSPDs, n = 500:

Converted, they give partition WSPDs of size at most 1.0125 OPT., which bounds the
partition optimum on these instances
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Partition WSPDs

2.25 4 Quadtree + merge
o -&- CK
2 2.00 4 —— CK + merge
g 175 —e— Sweep + reshape, converted + merge
"@ ' --x-- Sweep + reshape (cover)
~ -
° 1.50
N
N 1.25 A
1.00 A

m Sweep + reshape, converted: 1.015, 1.13, 1.18 times the reference for n. = 1000, 10000,
20000 (cover: 1.003, 1.05, 1.06)

m CK: 1.24, 1.55, 1.66; after merging 1.11, 1.46, 1.59; never smaller than the converted
WSPD

m Quadtree: larger than CK despite its smaller proven factor



Experiments in Three Dimensions

Problem

Background

Results ha If‘ ba”)

m Separate implementation; sweep with the grid pieces (64 cubes in the ball, 32 in the

Sz m Inputs: 6 synthetic families and samples of 4 Stanford scans [Sta], n = 200,...,10000,

Partition 180 instances

Local Search

Lower Bounds

Experiments
uniform Gaussian clustered perturbed grid

In 3D

Open Problems

Bibliography

spherical shell bunny armadillo dragon

m OPT proven on all 90 instances with n < 1000; there, LB > 0.986 OPT

conical spiral

D

Buddha




Results in Three Dimensions

Problem
Background 1.6 K box
Results 1.5 - 4 .. CK
Sweep ] o-"oﬂo' —e— Sweep
$ 1.4+ o_,.b"‘ —w— Sweep + reshape
Feriten 3 o CK + reshape
o 1.3 - o
Local Search = e
~ | e T e 3
Lower Bounds 8124 e
“ e ?
Experiments L1q e soange
n 50 1.0 1 s (e =t . s - AP E———— e S S
Open Problems T T T T T T
200 500 1k 2k 5k 10k
Bibliography N

m n = 500: sweep +1.4%, CK +12%, CK box +15% over OPT

m n = 10000: sweep 1.13LB, CK 1.49LB, CK box 1.61 LB

m Reshape: at most 0.03% above OPT where known; 1.021 LB for n = 10000
m Converted partition WSPD: 1.055 LB for n = 10000, against 1.49 for CK
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Background

Result:
o Open problem:
Sweep

Partition The approximation factor of the greedy sweep for small € is between 1.503 (observed for
Local Search jupiter-0020000, ¢ = 1/20) and 40 (proved for e < 1/16). What is it?

Lower Bounds
Experiments

m Smaller proven factors in the plane, for cover and partition WSPDs?
In 3D

m The greedy sweep in O(n?logn) time?

Open Problems
Bibliography m An approximation guarantee for reshape?
At most 0.02% above OPT where OPT is known

m How close is LB to OPT for large n?
m A PTAS that keeps the separation ¢ [BCH+26]?
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