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iSO RTO)

di
oyt = h(z(®)
where u(t) € [-1, 1]P.

Time optimal control: Minimize T such that
x(T) € N, N being the target.

Following Hermes (" discontinuous vector fields
and feedback control”, SIAM J. Control, 1967),
we assume the Brunovsky stability.
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Definition

A synthesis u(t) is a Filippov synthesis iff any
solution x (t) of

dx(1

{ eI I CIORMIEION
z (0) g

in Caratheodory sense (absolutely continuous

for a.e. t) is a Filippov solution for a.e. t i.e.

dx(t)
dt

e () () convy(B(z(t),s)\N)

0>0AN=0



UNIVERSITE DE BOURGOGNE

Chemical reaction of type

A— B —C

—k1 (13) [A],
k1 (1y) [Al; — ko (T3) [Bly

£y
where k; (1) = A;e” RT

d
- [Al
{ d [B],

dt

Problem: Maximize [B] in minimal time.
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T he synthesis has only regular trajectories.
It is obviously a Filippov synthesis.

The target N
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The temperature is a state variable,
the control is the heat duty:

dT;

rFie —h (T7) Q¢

P1 P3

‘4 Singular trajectory

A bang-bang trajectory
followed by a singular arc.
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We should verify
flx@),u (@ @)) e () () convf(B(z(t),s)\N)

§>0AN=0
The main problem concern the Caratheodory
solution on the singular arc

Vs = {(y,’v): Y (aﬁva_l — 1) = 1}

with singular control

h(v) ay
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Let =z being a point on v and 6 > 0 small

enough. ~; cross B(xz,0) on two open sets

B(x,0)Nv4 et B(xz,0)Ny—. Hence, any Filippov

solution satisfy

[y =v— By + vy

v =ah(v)uy + (1 —-a)h(v)u_ = h(v) (au_|_ — (1 —a,)u_)
\ (y,v) € Txys

‘The unique solution is

NG

d

d
(v —BvYy +vy) — + h(v) us—
dy dv



rd:iz?) = f(z(),u" (Z(t)))

< dg;tt) = f(z@), v (Z()))+ Ko@) (= (t) —z (1))
r(0) = 7

L z(0) = 7

Theorem Let v* be a Filippov synthesis. Let
e>0and Ne={xe M ; d(zx, M) <e}.
For 8 large enough, the closed loop system
reach N at time T: where |T — Tz| < e.
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Proof

d
|y -

until

.
O~

Set

<

dly|
dt

y(t) =x*(t) —z (t) hence

dly d d|x* d|lx
%II =y Al = dorl il
<

eSSMAT g B2+ ,5) (y fu (£%))

—essMing_p o 5 ( ' (fu (EA) + K (¢) (x - EA)))
<.

< M (L yl)) + K] (z —T)
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Closed loop trajectory Target

up to a change of coordinates Singular
(rectification): arc
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Open loop system

dt

{d:v = Az 4 b(xz,u)
Y Cx
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(weakly) g.a.s. closed loop system
dx

g
&
dt

Ax 4 b(x,u (2))

= Az+b(z,u(2)) - S@)"1cr1(Cz — y(®))

+C'r71C - SQyS
In the sense that bounded trajectories are con-

tained in the attracting set of the unique equi-
librium point (z*, z*; S*)
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First step: On the invariant set

N ={(g,z2,5);e =z — 2= 0}

the system has a triangular form, hense (Vidyasagar,

Sontag) we can deduce the local asymptotic
stability on V.

Using a Byrnes—Isidori lemma, we can deduce
local asymptotic stability on the whole space
(from the observer exponential convergence).
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Second step: Any positive trajectory At (zg, 20, So)
such that x (¢) is bounded, is bounded.

Let 2 be the w—limit set of AT (zq, zg, Sp) (Lasalle—
Lefschetz)

- 2 Is not empty

- 1t Is a closed set

- It is a positively invariant set

- (x*,2%,58%) € Q

and the first step implies Q2 = (a*, z*; §*)
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CSTR model:;

six highly nonlinear differential

equations describing weight fraction of monomer
Whs, of solvent Wg and of initiator Wj, the
temperature 7' and the leading moments of
the molecular weight distribution A\;, t = 0,1,2

(but.A123$V}>::1-—IW]4——VVS).

Steady state

Conversion rate

Comments

stable

POOr

Usually chosed as
operating point

unstable

medium

stable

high

risk of solidification
due to high viscosity




The model can be put globally in an MIMO
observability canonical form.

Characteristic index (Isidori) are computed and
a partially linearizing state feedback is designed.

Global asymptotic stability of the zero-dynamics
IS proved

The nonlinear separation principle is applied

The controller has never been actually applied



