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T = f@m )
9

z(0) = xzg unknown
v = R ®),u®)

z (t) € X state, dim(X) =n
y (t) € R% outputs (measurements)
u (t) € R% inputs (control)

Control Py, i u () — y(+)
Observation P,y zg — y (*)

Observability = P,y Injective
(uniform) (for any u (-))



Observer = algorithm wich calculate Pu_(?)

g (£(t),u(t),y(t))

>,

5(0) = ¢&p fixed

L Z (%) ¥ (€ (1), u(t),y(t))

s.t. d(z(t),z (1) =% 0
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Luenberger (linear systems)

Linear Kalman observer (from Kalman filter)

If L(x(0)) =N (Zg, FPp)
then L(z () /y(0...t)) =N (Z(t),P (1))

Extended Kalman filter (linearization)

A= ) u) and 6= (1) u )
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(Linear) Kalman filter: f(z,u) = Az + Bu and
hiz,u) =Cz

g—z — Az+ Bu+ PC'R1(y (t) — C2)
¢ = AP+ PA'+Q-PC'RICP

Extended Kalman filter

5712 = f(z,u) + PCIR 1 (y (t) — h(z,u))
d° = AP+ PA,+Q— PC,R™1C,P

(=" @) u) and 0= 2" () u 0)))
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+ It is an optimal local observer

+ It works well

- It is not an observer

+ It Is not an intrinsic tool

+ It can be used for identification purpose
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[ dx (1)

o= @@, u®)
oy = h(z(®),u®))
We consider the linearized system

{ L Terew

Ny

dt
n = dxh(& u)

and its input-output mapping

APl t (0) @ TxgX — LiS.(10,7); R

£0 —  dP(54.4(80) (¥)
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Definition

A system is called infinitesimally observable
at (zp,u) if the linear mapping dPgq v iS injec-
tive.

It is infinitesimally observable at u if the lin-
ear mapping dPgyq IS Injective for any initial
condition zg.

It is uniformly infinitesimally observable if it
IS Infinitesimally observable for any input w.
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et us consider the set S of systems >, and
define

L ( du d?u db—1y
u — \u, 9 y T T
/ dt’ dt? dtk—1

)
Then

SOy X xU x RV-Ddu o« g __, gNdy « RNdu

:Ua,jNua > — (h(.CE, U), th(ﬂf,jQU),

T L]fv_lh(xa.]Nu)7jNu)

= (GNy, i)
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Definition

A system 2 is differentially observable of or-
der N if S®% = S®pn(-,-,X) is an injective
mapping and strongly differentially observable
if S®% is an injective immersion.

Proposition Differential observability at any
order implies observability.
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dy > duy:

The set of systems that are strongly differen-
tially observable of order 2n + 1 is residual in
S,

The set of analytic strongly differentially ob-
servable systems (of order 2n + 1) that are
moreover L°°-observable is dense in S.

Observability IS a generic property.
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The following is a generic (residual) property
on S : Set k=2n+4 1.

Onany [l C X compact and u,wu, ..., u (k) bounded,the
mappings CDEJ,% . 2(t) — %y are smooth injec-
tive immersions that map the trajectories of

the system (restricted to M) to

y — <21
<1 — <2
Zk—1 = 2k
Zp = goK(zl,...,zk,u,u,...,u(k)).
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dy < dy:

ODbservability is a property of infinite codi-
mension.

Observable systems admits a (local) normal
form of observability.

If dy = 1, if the system is uniformly infinitesi-
mally observable, then, (outside a subanalytic
subset of X of codimension 1), for all z0 €
X, there is a coordinate neighborhood of z°,
(V,0,z), such that, in these coordinates, the
system ZIVmo (X restricted to Vo) can be writ-
ten as:
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( y = h(zy,u)
1 = fi1(z1,z0,u)
) w2 = fo(x1, 20,23, u)
Tn—1 = fp—1(z1,22,..,2n,u)
\ LIn — fn(il?l,wQ,...,.’l?n,U)

where moreover

on
ox1
and
i i=1,....n—1
O%;41

are never zero on Vi, x U.



dr f(x) + g(z)u
h(x)

(%

u e R

¢ : X — RV
r — (h(:z:),th(:c),...,LTf"_lh(:c))

IS a local diffeomorphism outside M, analytic
closed subset of X.

Infinitesimal observability = M has codimen-
sion > 1 and if Y C X \ M open, ¥, being
a diffeomorphism, then ® maps the system
INto canonical form of observability:



r1 = xo -
ro = X3 .
\
Ip—1 = Zn
\ zn = ¢ (z) A

ugy (z1)
ugo (z1,72)

Ugn—1 (T1,.+-,Tp—1)
u gn ()

Moreover, if the system can be written in this
form on €2 € R"™ then is is observable on (2.

This result is much simple than previous ones
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It g1, = gx (2?1, T2y .. Tk $k+1) then

'fijk — LTk+1 + U gg ('T].v sy Ly xk—|—l)
hence
. dg , . Jg
§p = Ep41 T u (&lel | | 3:17k_|_1€k+1
therefore
§k4-1
( (51, : --€k+1> = +

35615 1+ +3$k§

Mmake the system not infinitesimally observablel
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ESIR
Reactor

Initiator decomposition
Initiation

Propagation

Chain transfer to monomer

Chain transfer to solvent

Chain termination by combination

Chain termination by disproportionation

R4+M
P, 4+ M
P, + M
P,+ S
P, + P,
P, + P,



AWy
dt

dW g
di
dW;
di

dT’
dt

d)g

di
d)s

M
—2fkgWrpft

pV

% (Wsp —Wg) — kusWsChr

— Qnr (CPFTF_T> L UA (Tj—T>—

= oV

1
P

Cp

pVcp

P
—E@F (Aor — Xo) + =
P
S Qop — A2) + 2
PM  PS PP

kpCRWMAH

Mprep



k are given by Arrhenius law

Measured outputs are temperature 7' and den-
Sity p.



(AW
—Er = QmF (WMF W) — (kp + kyne) WyniCr
—2f deI
AW .
7> % (Wsp — WS) — kysWsCr
K Wirp = W) — kgWy

_ QmF CpF UA
— e (ngF—T> | chp(T T)

A P
W= %(Aop—m——j
Car = o Qer =)+ 2 VT
d(\/
dp—l EW]
dt — w(Tv P, WM7WS) EWS



A(t) =

\\0 Ce 0 )

C(t)={ai(t) 0 -+ 0)
O<am§ai(t)§aM

0 0 0
b (337 U) — bl(mla ’U,)——|—b2(a’)]_, L2, U)——|—bn(£€1, ooy Lmyy u)—
oxrq oxo Oxn



{X = AX + B(X,u)

Y CX
[ X1 [ X}
X = X:z X' = Xé
X X, /
ek )
C = c* C'=(10 - 0)




[ BY(X,u) )
B? (X, u)

\ B (IX, u) |

\

B (X{,u)
B (X?i, X3, u)

B (X;_&L, . ,X;)Z__l,u)
B, (X, u)

/



5@ = Az+ B(z,u) + PC'Ry Ly (t) — C2)
42— (A4 B*(z,u))P + P(A+ B*(z,u))’

dt

+Qg — PC'Ry "CP

AL 9/972_1
( A2 \ . ( ori—2 \

| At \ L

Qy = 0A"1ogA1

and

Ry s.t. A"YC'R;'ca~t =oC’R™IC



N

Az -
(A -

_I_
Qy — PC'R~1
CP

/1

\

| =

Gty

- B(z
| % 7u)
B (z,u)_)I_PPC,R_l(
AL B
* (2
yu))

Qo =
21
QA1
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T heorem
For 6 large enough and for all T" > 0O, the high-
gain extended Kalman filter satisfies for ¢t > %

| e @l < k(D) [=(F) — 2 (5)]
O —p(T)) ()

for some positive continuous functions k (T,
w (1) and p (T).



- SF
r1 = Fy(x1,20,u) 71 #£0

¢ j32 — FQ(:’C17$27$37u) aaé#o
| Tn = In(zu) €1=y—$1 52—F1($1,$2,U)
l 53 — &chQ (58173327“’)
oF,  OF,
. 57;"'1_8332 o 82% F(CE‘]_,...,CCZ‘_F]_,U)
&1 = & o o
] &2 = &+ g1+ Hyu
\én — G(SE‘,’U,,’U,)

Ref. H. Hammouri, M. Farza, Nonlinear ob-
servers for local uniform observable systems



(2 (tl;l_)
G (k)
P ()

Prediction step

Ny

|

Correction step

A(u)x + b(x, u)
C (u) = (1)

z (tg) + G (k) (yr, — C(u) 2 (tg))

P (1) C (u)' (C (u) P (t3) C () + AR)
(I —G (k) C (u)) P (t)

A(u)x + b(x, u)
(A(u) + 0" (z,u)) P + P(A (u) +b* (z,u)) + Qy



f1(X1,u)
fo(X1, X2, u)

X, =
Xo =

Let Z1 be the state of a high-gain observer for
21 with parameter 61 and Z> be the state of
a high-gain observer for >5 with parameter 6-,
X1 being an input.

For 61 and 6, large enough, (Z1,75) is an ex-
ponential observer.



é_f = A(t)z+b(z,u) — S@)"LC @) r~HC () z — y(t))
@ = —(A(t) + b*(2,u))'S — S(A() + b* (2, u))
+C @) r~1C (t) — SQyS

(1

\

1
0

)

Ol

Qp = 0°A"1QAa™t

If 6 is large, high-gain observer (HGEKF)
If 9 ~ 1, Classical Extended Kalman filter (EKF)
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There exist A\g > 0 such that for any 0 < A\ <
Ag, there exist 0y such that for any 6 (0) > 6,
for any S (0) > ¢ Id, for any compact K C R",
for any z(0) € K then if we set ¢ (t) = z(t) —
x(t) forany t>0

eI < RO )e ™A@ (0) £ )]l (0) 12 (1)
where
AB(0) £, A) = 0 (0)2(n—D+3 (—380(0)(1—e™)

and a is a positive constant and R(\,¢) is a
decreasing function of c.

Passer la preuve
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Ch fvariables 4 £ T &
dange o1 variaples ﬁ :%APA (P:S_l)

+ time change dr = 6 (t) dt

We set ¢ = 2z — x = error then we calculate

e (T)S (m)e (7).
Observability give us af < S5 (1) <8I then

(S (T)e(t) — 0= ¢e(1) — 0

When 7+ < T

||5 (T)||2 <40 (T)Q(n_l) H (¢) e_(ale(T)—GQ)T ||8 (O)HQT



UNIVERSITE DE BOURGOGNE

We use N observers in parallel. At times k7T :

e a new observer is initialized with 8 (kT") = 6g,
e the older observer is killed.

Therefore, at any time ¢, we have N observers
initialized attimes k71T, (k—1)T...(k— N+ 1)T
where k = L%J
State estimation: the estimation given by the
observer with smallest innovation ||y — CZ|.
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19F

18

1.7

161

15

14}

13r

1.2F

11r

6 for 5 observers

15
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T

13r

N

11r N \

1

L L
0 5 10 15

g for the youngest observer is

14 e MET) (9 — 1) > 14+ e M (65— 1)
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2
19f
18}
17}
16}
15F
14f

1.3F
1.2+
N\M\
0 5 10 15

g for the oldest observer is

1+ e—)\(t—kT—I—(N—I—l)T) (90 . 1) ~ 1
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Main idea: Modify 6 s.t.
- 0 exponentially decrease if everything seems
ok (previous result)
- § exponentially increase when something goes
wrong

do

— = I'(t,0
= F(t,0)

where
- F(t,0) ~ X(1 —0)

If estimation Z is closed to state x
- F(t,0) ~ (Omax — 0)

If Z Is far from state x
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Lemma

We consider a system in its canonical form of
observability.

L et a:(l) :Bg c R™.

Let us consider the outputs y; (t) with initial

conditions z?, i = 1,2.

VI >0 VYu€ L} Usgm) 3IAp >0




do F(6,T)
A(l—-0)+ K (fmax—0) I

QL
o~
]

where
T = [Lrly(s) = Gr(s)]?ds
= |y — @t—TH%P(t—T,t)
and
) g_ﬁ = A)E(r) Fo(E(7),u)
 EG-T) = Z2(t-T)
LG (1) = CWE)
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= =X(1 — 5(D) (1 - 0) + K 5(Z) (bmaz — 6)

where s Is a sigmoid function:

1
1+ e BE-—mM)

s(I) =

002 . . . . 1

0.018 F . 09t
0.016 F . 08
0.014 . 07}
0012 . 06
001+ . 05t
0.008 AT
0.006 /j

I T ]
0.004 WW i, nak
0.002 . 01
0 1 1 1 1
0 5 10 15 20 2

1
5] a 0002 0.004

1 1
0.008 0.008 0.m



d_Z
&
dt

o
L dt

A()Z +b(Z,u) + STIC'R;H(CZ — y(t))
—(A(w) +6(Z,u))'S — S(A(u) +b* (Z,u))
+C'Ry1C — SQyS

A(1-6)+ K (fmax—0) Z

with Qyp = 6A—1QA~1 and Ry =6"1R.

Theorem For A small enough, K large enough,
and Omax large enough, this observer is an ex-
ponentially converging persistant observer.



25 . . T : :
2
T 15
=
T
=2
®
8 1
0.5 s Measured value
: Extended Kalman filter
——— High-gain Kalman filter 8=2
——— Adaptive—gain extended Kalman filter
n 1
o] 5 10 15 20 25
Time

Measured value
Extended Kalman filter

———— High-gain Kalman filter 8=2

— Adaptive—gain extended Kalman filter

L 1

7.5 2 a5
Time

g




