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- { D= [ u(t), ¢ on(z(t)))

Y h(z,u(t),pom(x(t)))

where pom: X — Z — I CR
r — z=n(r) — ¢ (x))

and Ps: X x L®[U] x L®[I] — L®[R%]
(o » wu() , () — y()

© is an unknown function of « (x)
@ is a function of time
Ps is the input/output function of X
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Definition 1: > is identifiable at

(u(.),y(.)) € L®[U] x L=[R™]
if there is at most a single couple
(zo,p) € X x L)
such that for almost all t

PZ(:UCM u, @)(t) — y(t)

and ¢(t) = pon(x(t)) for some smooth
function ¢ : 7 — 1.

> is identifiable if it is identifiable at any
admissible (u(.),y(.)).
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Definition 2:

Ta:,gof(xa u, 901 57 77)
Y dcv,goh(waua%@;fﬂ?)

where (§,m) € T X x TpI, we set

dg
TZ:{dt

P%Z(f()a 77) — diU,QOh'(fE? u, 951 Ta:,go@i(% u, 951 507 77)7 77)
Taz,goptz(foa n)

> is infinitesimally identifiable at (zg u, @) €
X x L®[U] x L™°[I] if Pty is injective V¢ > 0
> is uniformly infinitesimally identifiable if this
is true at all (zg, u, @)
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Injectivity depends on the domain for ¢.
But for (“—systems:

T heorems

> is (infinitesimally) identifiable in the class
of analytic functions

)

> is (infinitesimally) identifiable in the class
of L°° functions
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We prove that if 2 is not identifiable because
of a pair (xg,p) € X x L°° then there exists
(a’f@,é) € X x C¥ s.t. X is not identifiable.

The main tool is a modification of a lemma
from Gauthier—Kupka, Deterministic Obser-
vation Theory and Applications, Cambridge Uni-
versity Press, 2001
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Let D,® = X x (I x RF~1) be the space of
k-jets of the system X, we set(*)

=  Dpd  — RN
(z0,5%(®)) — % (y)

Definition: X is differentially identifiable of
order k if

P (21) = P (22) = (21,$1(0)) = (22, $2(0))

) j# (u) = (u(0), 4 (0),...,ul*" D (0))
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Differential
Proposition: = Identifiabilit
B Identifiability Y

T heorem:

o If dy > 3, differential identifiability of order
2n + 1 is a generic property in the class of
C'° systems.

o If dy < 3, differential identifiability 1s not a
generic property.
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Zi = (%‘»9%902»---»@f,jg(%»%)), i=1,2
Z = (41,%42)

P(Z) = P& (Z1) — P (Z2) € RF W,
k=2n+1, dy >3

Let us suppose that & is a submersion
codim®~—1(0) = k d,

Let N1 (0) = (@, ¢4 8 (i 00)),_,
codimna~1 (0) kdy—2(k—1)=Fk(dy—2)+2

kEK+2>2n-+3

AVARAV]
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2
pri (X xD*\A — (J@
(331790173327902) — (39179027.7%(332790@)) 1.2

1=1,

Multijet transversality theorem: the set of >
such that py is transversal to Md—1(0)
IS residual.

dim (X x 2\ A =2n+2

Y
generically, ps avoids Mo —1(0)
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Theorem 2. If > is uniformly infinitesimally
identifiable then

N O 1 _
|)%{h,Lf¢h,...,(Lf¢)n hb =0

i) %L?}%@h -0
iii) dgh A ... A de}”;lh - 0,
T herefore, locally, the system can be written
f 1 = X7
S dpl1 = an and Ly (x, ) # 0
rn = YP(x,9)
Y =

retour
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Theorem 3. If > meets the following condi-

tions,

N O —13\ —
) %{h Lyh,...,(Lg,)" h} =0
i) % L” h#=0

iii) dmh/\ /\de 1y #* 0,

then > is

1) locally identifiable,
2) loc. unif. infinitesimally identifiable,
3) loc. diff. identifiable of order n + 1.

Passer la preuve
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Let k <n be the first k such that d,L%h # 0:

(

y =
1 = Zo---
> { Tp_1 = wyg
iy = Lh(z,0) = fr(z,0) -
\ Tn, = fn(z,p)
(z = f(z,p)
Yy = £
T> K é:l — 52
Ek—1 = &k
\ fk — dmfk;(xa@)f‘ngofk(an@)??
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A feedback n = —

9 1n
If aQOLf(_p

|

Y

S~

Y

dy f1. (2, 00) & .

dQOfk (LU, 900)
O gives % — 0 which contradict observability.

h =0 at (x, )

N oo S.t. dpfr (T, 00) 7+

XxI D Ez{(x,go);dganh:O}

LT

X D Ik
Hardt's theorem = dop

r1, *1

€1,

&1

L2,

&

Tn

En

f

¥ (z, 0 (x))
dgyp (x, ¢ (x)) + 0
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. . -1
Define E; = {dxhi,defsph,,;, el hi, 1,2}
and N (I) =rank(E;) at a generlc pomt.

k is defined by

N (O)N (1) -+ N (k— DN (K)N (k+ 1) <N (k+ m)
0] 2 2k—2 | 2k | 2k+ 1 2k +m
(2k+m < n)

The order of the system is the first integer r
such that d@L (hl,hg) = 0.
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Lemma: If > is uniformly infinitesimally iden-
tifiable then (1) 2k4+m =n

(2) r<k4+m
Proof:

(e f(x,90) :
. contradict
(1) o = g =cCte ¢ & g(z, &, 90)

|y h(z, 00) observability
(2) { ;j

Définition 5. A system X is regular if (1) and
(2) holds.

f(x)
h(x)

contradict identifiability
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(y1 = @ y2 = @2
T1 = x3 To = x4
\
Tp—3 = Tp—1 Tp—2 = In
i Cb’n—]. — fn—l(mago) ZE’I’L — fn(as,go)

with 22(fn—1, fn) # O

N (I) increases by steps of 2 until the last
derivative and apparition of o.



,
Y1 = 1 Yo = 25
T1 = 3 D = X4
Tok—3 = T2p—1  T2k—2 = T2k

¢ Top—1 = for—1(®1,..., Top+1)
Top = Zop+1
Tp—1 = Zn

. In = folz, )

. afn
with Bo Z= 0.

N (I) increases by steps of 1 when ¢ appears
for the first time, ~ single-output case.

retour



Y1 = I Y2 = x>

1 = I3 o = x4

Tor-3 = T2p-1 T2r-2 = T2y

Tor—1 = Y(x, ) L2 = Iop(x1,...,Tor41, Y (2, 9))
Topt1 = Fopy1(z1,...,Z0p40, (2, ¢))
a:jn—l — Fn—l(maw(xa@))

.Y, OFs, OF, _1

w appears when N (I) increases by steps of 2.

retour

retour FCC
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If r= k before the last derivative:
o k—1 k—1 k
If dgpLiE@hl + (0, we obtain ¢ using y; and

Ty - - ,Tp USING Yo
— Type 2

If d@L%hl = 0, we obtain ¢ using y»

— Typel
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If dy > 3 then identifiability is a generic prop-
erty (cf. theorem 3).

Let us consider for simplicity d,; = 3:

[ dx

dt
T U
Yo
L U3

f(z,o(x))

hi (z, p(x))
ho (z, p(x))
h3 (z, p(x))
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Cka : (ZIZ‘, O, ..., go(k_l)) — (y, e 7y(k—1))

Theorem The set of systems such that, in
restriction to Z x I, CDQZ?H_l is an injective im-
mersion, is residual.

where ¥ = ¥|7, Z a large set.
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Outside a bad small subset, > may be written

Y = 1 = (z%,z%,z%)

31 = 2°

Zk_l — Zk

sk = F(zl, .,zk,cp(k))
Moreover

and
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Qutside a bad small subset, > may be locally
(around (x, p)) rewritten

Y = 1l = (z%,z%)
31 = 22
sk—1 — Lk
% = F(zl,...,zk,yg,...,ygk)>
and
— CD(zl,...,zk,yg,...,ygk_l))
p = W(x,y3)



- HF
1 = F1(z1,22,u) a1, 7 O
- OE!
¢ L2 = F2($17$273337u) 833;#0
| tn = Fn(2,u) €1=y—$1 52—F1($1,$2,U)
l 53 — aszQ (33173927,“)
5,  OF,
. ‘fz—l—l—ax; o 3;3@ F(:Clv"'vxi—l-lvu)
T2 ap
] &2 = &+ gt + Hyu
\é’n/ — G(SU,”U,,U/)

Ref. H. Hammouri,

M. Farza, Nonlinear ob-

servers for local uniform observable systems retour



