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Abstract: In this paper, we recall definition of identifiability of nonlinear systems.
We prove equivalence between identifiability and smooth identifiability. This
new result justifies our definition of identifiability.
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In a previous paper (Busvelle and Gauthier, 2003), we have established that
e If the number of observations is three or more, then, systems are generically

identifiable.

e If the number of observations is 1 or 2, then the situation is reversed.
Identifiability is not at all generic.
Also, we have completely classified infinitesimally identifiable systems in the second
case, and in particular, we gave normal forms for identifiable systems. Here, we
will give similar results in the first case. Copyright© 2004 IFAC
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We consider smooth (C* or C*°, depending on
the context) systems of the form

dx
£ { = = f@e@) W
Yy = h(aﬁ,(p(ﬂf))

where the state © = xz (¢) lies in a n—dimensional
analytic manifold ! X, z (0) = @, the observation
y is Rdyfvalued, and f, h are respectively a
smooth (parametrized) vector field and a smooth
function. The function ¢ is an unknown function
of the state. In this paper, each trajectory is
supposed to be defined on some interval [0, Ty, . [.

Our goal is to estimate both state variable x and
unknown function ¢ : X — I, I being a compact
interval of R. More precisely, we want to recon-
struct the piece of the graph of ¢ visited during
any experiment. Without ¢, the problem is an
observation problem and we refer to the book from

1 analytic manifold stands for analytic connected para-

compact Hausdorf manifold
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Gauthier-Kupka (Gauthier and Kupka, 2001). In
presence of the unknown function ¢, the problem
is an identification problem, which has been in-
troduced in (Busvelle and Gauthier, 2003). Let us
recall some definitions and results from this last
paper. For this introduction, we will only consider
uncontrolled systems such as 3. Some results can
be extended to controlled systems.

Let Q = X x L [I], where
L>®[I] ={¢ :[0,T3] — I, $ measurable}
Then we can define the input/output mapping
P Q — 1= [R%]
(0,2 () — y ()

Definition 1. ¥ is said to be identifiable if Py is
injective.

As for observability, we define an infinitesimal
version of identifiability. Let us consider the first



variation of ¥z, , (where ¢ (t) = p oz (t)):
dz R
= [z, 9)

at =Tuf (x,(ﬁ)f + d@f (555927) n
§ = dah(z,0)§+doh (x, @) n
and the input/output mapping of TS

T

70,$,60,7M

Prsae.s: TuX x L [R] — L™ [Rdy}
(€,n () — 9()

Definition 2. ¥ is said to be infinitesimally identi-
fiable if Pry;, 4, is injective for any (zo, ¢ (+)) € Q
i.e. ker (Prs 40,¢) = {0} for any (xo, ¢ (+)).

1. Equivalence between “identifiabil-
ity” and “identifiability for smooth
functions”

Both identifiability and infinitesimal identifiabil-
ity mean injectivity of some mapping. Clearly
injectivity depends on the domain. Therefore, it
seems that these notions are not well defined. In
fact we show that these notions do not depend on
the domain, at least for analytic systems.

Theorem 1. (C*—case) If ¥ is infinitesimally iden-
tifiable in the class of analytic functions then it
is infinitesimally identifiable in the class of L>°—
functions.

To be more explicit, if ¥ is not infinitesimally
identifiable because there exists (2o, (-)) € Q

such that (§,n) € ker (Prsao,e), (0,m) # 0,

then there exists also (Zo, ()] € Q where $ is

analytic, and (go,ﬁ) € ker (Prs a0,), (go,ﬁ) +
0, with n analytic.

We have also the following result

Theorem 2. (C¥—case) If ¥ is identifiable in the
class of analytic functions then it is identifiable in
the class of L°°—functions.

The proofs of both results are based upon the fol-
lowing lemma which is an immediate adaptation
of a lemma in (Gauthier and Kupka, 2001):

dzr
L 1. Let — =
emma e 0 f

Y. defined on X x U where X is an analytic
manifold and U a compact subanalytic subset of
RY. Let S be a closed? subanalytic subset of
X xU. Let (z(t),u(t)),epr & L trajectory of

(x,u) an analytic system

2 This lemma is also true if S is not closed but this is much
harder to prove.
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Y such that E = {t € [0,T[; (x(t),u(t)) € S}
has strictly positive Lebesgue measure (we say
that “the trajectory visits S”). Then there exists
an analytic trajectory (Z (t) , @ (t))te[oj“[ of ¥ such

that (Z (¢),a(t)) lies in S for each ¢ € [0, T{

Proof of the theorem 1.

Let Z () = (2 (-),£() ¢ (-1 (-) be a trajectory
of TY such that yrx (¥) 0, t € [0,7] but

€().n () #0.

If £(t) # 0 for some ¢t € [0,T], we consider on
TX \ {0 section}

&= f(z,p)
Tz{s = Tof (5 9) €+ Tof (2,0)
and the set

Za = A{dzh (z,0)E+dyh(z,0)n

7

0,

In| < A}

By the lemma, since we have a trajectory of 7'
that remains in Z4 for some A > 0, we can find a
C* one that remains also in Z4.

If £(-) = 0, then (x(-),¢ () is a trajectory of
Y such that (dyh,T,f) (z (), (t)) vanishes on
a set of strictly positive measure because since
£(t) =0, yrs (t) = 0 then dyh(z,u)n(t) =0
and Ty, f (2, ) n(t) = 0 for almost all ¢t € [0,T],
and 7 () is non zero on a set of strictly positive
measure set

Z ={(x,0), (doh,Tof)(x(t),p(t)) =0}

By lemma 1, we find a C*“—trajectory of ¥ in Z
(taking &y, and arbitrary 7 (-) non zero). B

Proof of the theorem 2.

Assume that ¥ is not identifiable for L*°—function
& (-). Tt means that we can find (z1,¢1(-)) #
(22,2 (+)) such that the corresponding outputs
y1 (+) and y2 (+) are equal on [0, 7). Let z1 (-) and
22 () be the corresponding trajectories defined
for ¢ € [0,7]. Then if x; (t) # 2 (t) for some
t € [0, T], we consider on (X x X \ AX)x (I x I)

the system
i1 = f(21,1)
22 { I"Q — f

(3727 @2)
and the set

Z ={(x1,22,1,2) € (X x X \AX) x I x I,
h(xlasal) - h<x2a¢2) = 0}

Z is analytic closed.We apply the lemma above to
Y5 and we obtain an analytic trajectory (21, £2) of
ZQ with §?1 (0) 7é JA?Q (O), but Y1 () = Y2 () Then
Y is not identifiable in the C“— class.



Now assume that x; (t) = x5 (t) for each ¢ € [0, T.
For A > 0, we define the closed semianalytic
subset of (X x X) x (I x I)

Zh ={(z1,22,01,2), 12> 4,
1 = T2, h(ml,@l)—h(xg,gog):()}
For a certain A > 0, our given trajectory visits Z’,
for a set of times of positive Lebesgue measure in
[0, T (eventually reversing the role of ¢; and ).
By the lemma again, we find a C¥—trajectory in
Z'y. As a consequence, theorem 2 is proved.ll

2. Normal forms

We consider again a system 3 of the form (1).
In (Busvelle and Gauthier, 2003), we have shown
that identifiability is a generic property if and
only if the number of observation d, is greater
or equal to 3 (Theorem 5 below). On the con-
trary, if d, is equal to 1 or 2, identifiability is a
very restrictive hypothesis (infinite codimension)
and we have completely classified infinitesimally
identifiable systems by giving certain geometric
properties that are equivalent to the normal forms
presented in Theorems 3 and 4 (Busvelle and
Gauthier, 2003) below.

Theorem 3. (dy, = 1) If ¥ is uniformly infinites-
imally identifiable, then, there is a subanalytic
closed subset Z of X, of codimension 1 at least,
such that for any ¢ € X\ Z, there is a coordinate
neighborhood (z1,...,%n, Vi,), Vay € X\Z in
which ¥ (restricted to V) can be written:

.fl = T2
: 0
18 G0y = om and 2-9(z,¢) # 0
. 2
Yy =T

Theorem 4. (d, = 2) If ¥ is uniformly infinites-
imally identifiable, then, there is an open-dense
semi-analytic subset U of X x I, such that each
point (g, o) of U, has a neighborhood Vj, x I,
and coordinates x on V;, such that the system X
restricted to V, x I,,, denoted by Z\on «I. , has
one of the three following normal forms:

%0’

-type 1 normal form:

Y1 = 1 Y2 = T2
T = T3 ) = T4

Tog—3 = Tok—1 Togp—2 = Tk
Y918 Zok—1 = for—1(x1, ..., Taky1)

T2k = T2k+1
Tp—1 = Tn

1 9 n
with % # 0.
-type 2 normal form:

Y1 =T Y2 = T2
561 = I3 1.32 = X4

Top—3 = Tor—1 Tor—2 = Tor

Top1 = Y(w,0) d2p = For(21,...,

Yo, T2r41, Y (T, 0))

Topgp1 = Forgi(n,. ..,
Tor 12,9 (7, 9))

i‘nfl : anl(wi(‘ra 30))

with 52 # 0, 282 #£0,..., 252=L £ 0

? 0x2r41 oxy,

-type 3 normal form:

Y1 =T Y2 = T2
.’i‘l = I3 j?g = T4
a3
Tp-3 = Tpn-1 Tp_g = Tn
i'nfl = fnfl(xﬂp) zn = fn(gj7(p)

with 22 (fu-1,fn) # 0

In fact, see (Busvelle and Gauthier, 2003), these
sufficient conditions are also almost (in a local
sense) necessary.

In (Busvelle and Gauthier, 2003), we did not
give an identifiability normal form for identifiable
systems with d,, > 3, but we proved the following
result:

Theorem 6. If d, > 3, identifiability is a generic
property.

We will now gives normal forms for generic iden-
tifiable systems. Let us consider a smooth system
¥ with 3 observations (we present the case d, =3
but all results below are also true for systems with
more than 3 measurements, i.e. d, > 3):

dx

v oy = hi(z,e)
Y2 = h2 (x,go)
ys = ha (x,p)

2.1. Injectivity

First, let S* be the open dense set of systems
Y = (f, h) such that the set

Z:{IGX, %(I,@)#O V(pGI}
9
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has the following Property (P): it is a connected
open dense subset of X wich is also locally con-
nected in X (in the strong sense that its inter-
section with any open connected subset of X is
connected). For a system ¥ € S*, we consider
¥ = |, the restriction of ¥ to Z. If ¥ is dif-
ferentially identifiable of order k (in the sense of
(Busvelle and Gauthier, 2003)) then the mapping

@% : (x, ©yenny gp(k_l)) — (y, . ,y(k_l))
is injective: this follows from the fact that if

. . def. ,_ _
gk =k then (z1,01) = (z2,92) = (Z,9) by

identifiability and then

. o oh ,_ __ .
v = L¢h(z,0) + 9o (T,0) ¢1

oh ,_

:th(.f,@)-i-%(l‘,(ﬁ)gbg

oh =
and since %% does not vanishes on Z, we conclude
¥»
that ¢1 = ¢9. By induction jf,l = j!;Q. The
following theorem is now a consequence of the
genericity of differential identifiability, proved in

(Busvelle and Gauthier, 2003):

Theorem 6. There is a residual set S** of systems
such that ¥ = X|, has the following property:

<I)22n+1 is injective

2.2. Immersivity (We give only the sketch of the
proof)

Let us fix hg : X x I — R, hg3 € H where
H is the open-dense subset of C* (X x I) of
h

=3 does not vanishes out of
¢

a closed submanifold of codimension 1 of X x I.

Let Zp, {(x,go), %—’(‘; (x,0) = O} and let Zj,,
be the complement of Zj, in X x I.

Consider the immersion 1 Zn, = X x
R, (z,¢) — (x,y3 = hs (z,¢)). Let W}, denote
the (open) image of 1.

mappings such that

Consider now locally defined systems 3 on W, :

('I,y;})
(,y3)
(xayd)

b))

T =f
U1 f:ll
U2 = ha
By the book (Gauthier and Kupka, 2001), there
are bad sets B in jg (the set of k—jets of these
systems), relative to immersivity. These bad sets
are pulled back by 1 in the set of k—jets of systems

S on Zn,, B = ;! (B)

T = f(xv(p)
Xq v =M (QT,QD)
y2 = h'2 (:Casa)
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If & > 2n, codim (B) > n + 1. By the transver-
sality theorems, the set of ¥ that avoid B is
residual. Notice that a system avoiding B has the
following property, in restriction to Z,: the map
(z,p,. .., @* D) = (y,9,...,y* V) is immer-
sive (this point is not completely obvious).

Now, taking just the intersection of 3 residual sets
of this type (constructed with hq, ho and hg), we
get the following theorem:

Theorem 7. (d, > 3) The set of systems ¥ €
S* such that, in restriction to Z x I, <I>§ :
(x,(p,...,ga(k’l)) — (y,y,...,y(k’l)) is immer-
sive, is residual.

Corollary 1. The set S*™** of systems such that,
in restriction to Z x I, ®% : (9:, @yt gp(’cfl)) s
(y,9,...,y*~Y) is an injective immersion, is
residual.

It follows from this result that systems in S*** can
be embedded into systems of the form

1 1 .1 .1
) =z = (21322723)
21 = 22
sh=1 _ _k
ko =F (zl, . ,zkfl,go(k))
with
(z,5%0) = H (z',...,2"")
and

y® =@ (x,<p, e go(k))

in restriction to arbitrary compact subsets of Z.

There is also another normal form, local only,
useful for the practical identification purpose:
systems are immersed by <I>§ into systems of the
form (generic canonical form, d, = 3):

1 1 .1

Yy =z = (21322)
3 22
sh=1 _ Lk
. _ k
Zk :F(Zl,...,zk 17y33"'7yf(3))
and
(k—1)

)

This normal form holds for the systems in
the residual set S locally around each point
(x,p) € Z x 1.

1 k—1
x:q)(z,...,z Ly Y3y e s Y

Finally, we proved:



Theorem 8. (d, > 3) If ¥ is an infinitesimally
identifiable generic system (X € S***), then there
is a very small subset Z of X (in the sense of
Property (P), Section 2.1), such that for any
xo € X\Z, there exist a smooth C*°—function
F and a (g,g’, . ,g(2”))fdependant embedding
@, yen (z) such that outside Z, trajectories of
Y20, are mapped via ®; . into trajectories
of the following system

le ng
T T A2, —, = 23, )
dt dt
dZQn o
Y3q 4 ar
2z
Zz-’_l =F (zla ey Z2n+17ga e ’g(2n+1))
y==
where z;, 7 = 1,...,2n 4+ 1 has dimension d, — 1,
and with .
T= e (2) (2)
o =V(z,9)

(g is a selected output, such as y3 in previous
proofs)

Practical considerations. Several explicit con-
structions of high—gain observers can be applied
to ¥sy in order to recover an estimation Z (¢) of
z (t) knowing y, § and its derivatives ((Busvelle
and Gauthier, 2003; Gauthier and Kupka, 2001)).
Then z and ¢ are recovered using (2). In (Busvelle
and Gauthier, 2003), we explained how to apply
the same type of observers to non generic systems
21 and 22’1'.
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