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Introduction

- { e = f(z,u(t), pon(a(t)))
y = h(z,u(t),pom(x(t)))

where ponm: X — Z — I CR
r — z=m(z) — @(r(x))

and Psr: X x L®[U] x L®[I] — L*[R%]
(zg , uw() , @) —  y()

w is an unknown function of « (x)
» is a function of time
Ps- is the input/output function of X



" A
Identifiability
Definition 1: > is identifiable at
(u(.), y(.)) € L®[U] x L®[R%]
if there is at most a single couple
(2o, @) € X x L=(I)
such that for almost all t

Ps(zo,u, 9)(t) = y(t)

and ¢(t) = ponw(x(t)) for some smooth
function ¢ : Z — 1.

>_is identifiable if it is identifiable at any
admissible (u(.),y(.)).



"
Infinitesimal Identifiability

Definition 2:

dg
TZ:{dt

T.CB,(,Of(aja U, C)Or 57 77)
Y deph(x, u, p; &,n)

where (&,1) € T X x T,I, we set

Phs(€0,m) = dagoh(x,u, @; Teobi(z,u, 3; £9,n),n)
Tx,goptz (507 77)

> is infinitesimally identifiable at (zg, u, @) €
X x L®[U] x L*®°[I] if PLs is injective Vt > O
> is uniformly infinitesimally identifiable if this
is true at all (zo, u, @)



"
Differential Identifiability
Let D, = X x (U x RFE—Ddu) x (1 x RF—1) be

the space of k-jets of the system >
(3% (u) = (u(0),u/ (0),...,uk=1) (0))), we set

P2 Dy — R
(z0,7%(w), j%(®)) — 3% (y)
Oy Dpd x Dyd — Ry x Rkdy

b

(21,22)  — (P (21), P (22))

Definition 3: > is differentially identifiable of
order k if

> . A
Py 5 (21,22) € A = (#1,61(0)) = (22,$2(0))




Genericity (without control)

Differential
Proposition. = [dentifiabilit
= Identifiability .

Theorem 1.

o If dy > 3, differential identifiability of order
2n + 1 is a generic property in the class of
C°° systems.

o If dy < 3, differential identifiability 1s not a
generic property.

Passer la preuve




"
Proof of genericity 1/2

Zi = (4,06 s - - » 0, 38 (3, 03) ), 1= 11,2
Z = (21, 22)

®(Z) = & (Z1) — - (Z2) € RF W,
k=2n+1, dy >3

Let us suppose that & is a submersion
codim®~—1(0) = kd,

Let N1 (0) = (wiawiajg(afia@i))i:l 5

codimnao~1 (0) kdy—2(k—1)=Fk(dy—2)+2

>
> k+2>2n+43




"
Prooft of genericity 2/2

2

pr: (X xD*\A — (J@
(xlvgolaxQ?(pQ) — (%a@iajg(wi,@i))i:lg
Multijet transversality theorem: the set of >

such that py is transversal to M1 (0)
IS residual.

dim (X x )2\ A =2n + 2

Y
generically, ps avoids NMe—1(0)



Single-output case

Theorem 2. If > is uniformly infinitesimally
identifiable then

N O —1 _
) %{h,%h,...,(%)n hb=0
N O

i) %L%@h = 0

iii) deh A ... A danso_lh - 0,

J
T herefore, locally, the system can be written
xr1 = &5
S Epo1 = and Ly (x, ) # 0
Y =

retour



Single-output case, pseudo-converse

Theorem 3. If > meets the following condi-
tions,

N O 1 __

) ag{h,Lf@h,...,(Lf@)” h} =0

N rn

i) a(po@h = 0

i) dgh A ... A de"}@—lh £ 0,

then 2 Is

1) locally identifiable,

2) loc. unif. infinitesimally identifiable,
3) loc. diff. identifiable of order n + 1.

Passer la preuve




"
Proof of the single-output case 1/2

Let k < n be the first k such that d,L%h # 0:

(

v = o
B = &
> S Tl = T
T = L?($7@)=fk($,w)---
\ Tn = fn(z,p)
(z = f(=0)
Yy = &1
T2 4§ &1 = &
k-1 = &k
e = dafi (@)t dofi (2, 0)n




"
Proot of the single-output case 2/2

d
A feedback n = — zJi (%, 0) § in g s.t. dyf (x,00) #
dQOfk (397900)

O gives % — 0 which contradict observability.
If 2% h =0 at (xz, )

O™ fo
XxI > E={(z,9); dpLh =0}
L
X O NE

Hardt's theorem = dop

g = &, &1 = &, ... &n

WV (z, o (x))
dgtp (z, ¢ (x)) + 0



Two output case: definitions of k and r

Define E; = {dxhi,defwhi, y .,dx_Lff;li?z-, | = 1,2}
and N (I) =rank (E;) at a generic point:

k is defined by

NN INk - DN &N &+ D) IN &+ m)

O 2 2k—2 | 2k | 2k 41 2k +m

(2k+m < n)

The order of the system is the first integer r
such that dsoL?gp (h1,ho) £ 0.



Classification

Lemma: If > is uniformly infinitesimally iden-
tifiable then (1) 2k+m =n

2) »r<k+m
Proof:

r z f (@, %0) contradict
(1) o = pg =cCte { & g (x, &, 90)

y h (2, 00) observability
(2){:5 f (2)

h ()
Définition 5. A system X is regular if (1) and
(2) holds.

contradict identifiability



" J
Type 3: r=k and n=2k

(1 = @ y2 = @
1 = x3 T = x4
\
Tp-3 = Tp—1 Tp—2 = In
i jjn—]. — fn—l(my(p) x’n — fn(ZC,QO)

with 22(fn—1, fa) # O

N (I) increases by steps of 2 until the last
derivative and apparition of .



" J
Type 1: >k

f

Y1 = Yo = x5
1 = 3 A7) = x4
Tog—3 = Togp-1  T2p-2 = T2k
¢ Zop—1 = fop—1(x1, ., Tog+41)
Lo = Tok41
L In = fo(z, )

. 3fn
with ) = 0.

N (I) increases by steps of 1 when ¢ appears
for the first time, ~ single-output case.

retour



Type 2: <k
Y1 — €] Y2 — &L2
1 = x3 o = x4
Top-3 = T2r-1  T2p-2 = T2
L2p—-1 — w(iU#P) x_Q’)“ — FQT(xla"'axQT—I-l?w(xacp))
Lor4+1 — FQ’)“—I—].(ZU]_?' "73327“+27w(x790))
a:jn—l — Fn—l(ﬂfaw(%@))
LIn = Fp(z, )
- oY OF>, oF,_1
with 50 = O,—amzr+1 = 0,...., G Z= 0

w appears when N (I) increases by steps of 2.

retour

retour FCC



" A
=k and 2k<n

If r =k before the last derivative:
dghi A -+ A dmLﬁp Lhy A deff;th A deﬁth %0
If d(pLﬂDhl = 0, we obtain ¢ using y1 and

Tk, - - Ty USING Yo
— Type 2

If dgoLnghl = 0, we obtain ¢ using y»

— Typel




Canonical form for observer construction

- OF

vy = Fp(x1,70,u) o1, 7 0

. EY2
¢ L2 = FQ(.’L']_,QS‘Q,QZ‘?),’[L) 3585#0
| In = Fn(z,u) €1=gF= r1, & = F1(x1,20,u)

l 53 — WlFQ (39173327“)
OF aF

y o1 = B (e )

R T
) &2 = &3+ i+ Gl

\ En = G(x,u,)
Ref. H. Hammouri, M. Farza, Nonlinear ob-
servers for local uniform observable systems,
to appear

retour



Canonical form of observability

dx
{dt — Az + bz, u)
y =C(t)x
(0 ax(t) O -~ 0 )
ag(t) ' :
A(t) = 0
an (1)
\O 0 )

Ct)=(a(t) 0 -~ 0)
0 < am<a;(t) <ap

o, o, o,
b(xz,u) = b1(z1,u) —+b2(x1, 22, u) —+bn(x1, ... Tn,u)——
ox1 0xo Oxn



" A
Modified Extended Kalman filter

F o= Az +b(zu) - SO @) 1O (1) 2 — y(1))

t
@ = —(A(t) + b*(2,u))'S — S(A(t) + b* (2, u))
+C @) r~1Cc () — 5QyS
(1 \
A — '] QQ p— QQA_]'QA_]'

L Gy

If 0 is large, high-gain observer (HGEKF)
If 0 ~ 1, Classical Extended Kalman filter (EKF)



" A
Modified Extended Kalman filter

% = A(t)z +b(z,u) — S@E)"LC @) r1(C (t) 2z — y(t))
@ = —(A(t) + b*(2,u))'S — S(A(t) + b* (2, u))
+C @) r~1C () — SQyS
40 — \(1 — 6)
(1 \
A = 28 Qo =0°A" QA
\ ("1

If 0 is large, high-gain observer (HGEKF)
If 0 ~ 1, Classical Extended Kalman filter (EKF)



" J
Theorem
There exist A\g > 0 such that for any 0 < A <
Ao, there exist 6y such that for any 6 (0) > 6,
for any S (0) > ¢ Id, for any compact K C R",

for any z(0) € K then if we set e(t) = z(t) —
x(t) forany t>0

[e(D)]]? < R(A, e)e™ A0 (0), ¢, \)||e (0) |7 (1)
where
A6 (0),t,\) = 0 (0)2(n—D+3 —50(0)(1—e™)

and a is a positive constant and R(\,¢) is a
decreasing function of c.

Passer la preuve




" A0
Proof
r — Aczx

Change ofvarlables{ p — %APA (P _ S_l)

+ time change dr = 6 (t) dt

We set ¢ = 2z — x = error then we calculate
Te(m)YS (1) e (7).
Observability give us af < S (1) < 3I then

Te(r)S(Ne(r) — 0= e(r) — 0
When 7+ < T

le (M2 < 0 (r)2(~ D | (¢) e (@10T)=a2)7 |0 (0)||2



"
Parallel high-gain and non-high-gain EKF

We use N observers in parallel. At times kKT :

e a new observer is initialized with 0 (kT") = 09,
e the older observer is Killed.

Therefore, at any time ¢, we have N observers
initialized at times k7T, (k—1)T ... (k— N+ 1)T
where k = L%J
State estimation: the estimation given by the
observer with smallest innovation ||y — CZ||.



"

Parallel Extended Kalman Filter

2 \
1.9+
1.8F
1.7+
1.6 \ T
1.5+ J
1.4+
1.2} \ \
1.1t i

1 ‘

0 5 10 5

time

6 for 5 observers



"
High-gain Extended Kalman Filter

\

AN
\

1 !
0 5 10

_—

e

g for the youngest observer is

14 e MET) (95 — 1)y > 14+ M (65 — 1)



" A
Standard Extended Kalman Filter

/
.

AN

1 L L
0 5 10

2

6 for the oldest observer is

1+ e—)\(t—kT—I—(N—I—l)T) (90 . 1) ~ 1



Extended Kalman filtering equations

Our diffeomorphism & = ¢ (x,u) depend on u
supposed to be smooth, hence:

1o
7 = Do (va () f (wut () ) 69"(%@’ )i
= F (& u,u)

i€ = F (&,u,0) + PCTR™L (y — CE)
4P = F* (& u,u) P+ PF* (€ u,i) + Qg — PCTR™1CP



In the original coordinates

Since Cyy () = Cz, equations are those of a
modified extended Kalman filter

g =1 @wW+pCTR™ (y — CF)
P = (@u)p+pf* @ uw) + g (@)
$ o —ph* (Z,uw) RTIR*(3,u) p
+D, (&) D3, - (ph* (@, w)" R71 (h(3,u) —p)) p
+pD3, - (ph* (@ )" R7Y(h(&,u) —y)) Dyl (BT

\

where gy () = Dy, (2) 1 Qg (D% (5)_1>T

The two last lines (transposed) correspond to
the change of coordinate.



"
Application: Fluid Catalytic Cracker (FCC)

L
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Reactor model

SCH’I"CLT’)"CL — SCRC (Trrg o T’)"CL) _l_ Stthf (th o T’I"CL)

1
th = B Rer = Ker PraHrq
1+ 7
100P,o H A _ ke ( Acr )
2 rallra B ce K. — exp [ —
CCCLt == RCC,’QCO6 kCC exp ( RTTCL> cr CcatC’IQC.l5 Ry,

HTGCSC = R (Cfrc — Csc) + Rcf

Rcf = Rece + Rad Rad — FCthf Ree = KeePraHra
Kce ( Ace )
Kee = exp | —
“ Ccathgc'06 P RTra



Regenerator model

ScHrgTrg — ScRc (Tra — T?"g) ‘|‘ SaRai (Tai o TT‘Q)
"+‘t£>&4513ﬂ£]15361)

R _P/rgHrg
_ at . — Ry
fep = 525 (21 OfQ) Ofgl= 21exp (Kl + L )
od orUre

Kor =unknown function of Ti4.

K,q = 6.34 107 °R2,

HrgCrc = RC (CSC — O’I“C) o Rcb



New form of the system

1
o
x3
T4
T5

p (T; u)

-

(T’rg, T’ra, C’rc, Csc, cf )
Tfrg, 1ra, th (Cfr'c, T?“CL) 8ﬁi; Ci‘i) =&

O Cer 2 4
a3(t)x3 2 (21,22

aa(t)xa %e
+f3 (1,22, 23,9 (x, 0 (21) ,u) ,u,u)

as(t)xs + fa (v1,22,73,74)
F (x)

Here, v = R, ¢ = Kor and w(z) = 1yg = 1.
U — (Raia PTCL)



Tuning

We use a second order system to estimate K,

B K
l.e. o — @)
dt3

We use three parallel extended Kalman filters
such that

e 0y = 3 (starting value for each observers)

e Oy = 2 (minimal value of # ensuring high-
gain)

e Time between two consecutive initializations:
2 hours



"
EKF with two outputs

At last,

. . Cse F,
g == (Tf)ﬂg, RCb7 Kofr, Kofr, Tfr'a, th, CSC, CCf)
rc rc

and
A1 = diag (1,9, 92, 03, 1,9,92,93)

with Qg = 02A~1gA—1
and Ry = (CA~IC) R(CA1C)



" A
Simulations

Colored noise (Ornstein—Uhlenbeck process) on

both measured variables T4 and Tiq.

I
20

Unknown parameter F; Control variable R,;
Aor

K, = 1.16 102 exp
R( 1 1)
866.7  Trg




Constants of the model

Reactor operating conditions
Hrq =1.85 1074, Py = 211.7,
Feed properties

Rtf = 41, th = 4928, Stf — 3140’ MO B ara iy

Cat.recirculation P
R, = 290, S, = 1047, 7]‘
Heat constants |
AHe = 4.65 10°, AHy, = 1.7410°, ]
AHpq =3.02 107, R =8.314 _
ker = 8.31 1072, Aer = 6.28 104,
kee = 2.66 1074, Aee = 4.18 104 i
Regenerator operating conditions
Hpg = 1.53 10°, Ppy = 254.4, T
Air properties hir

Rai = 20, Tai = 394, Saz' = 1130

Py
Fraslionalian

U

|
r’

-l ——— Founts ran

La hisdia



"

Simulation using Matlab/Simulink

r ) >> burning (Reb)
Comparator \_’.
thetais)
! 02 reaction rate constant (Kor)
foe_ekf -

L

EkF3 L]

to be continued...
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