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The zoo of multicategorical
structures




Relationships between multicategorical structures

Planar polycategory T-multicategory

. . ) pick monad for monoids + pullbacks
restrict multimorphisms ' -
restrict objects

Lambek’s multicategory g Multicategory Operad

apply unary comp. &

Symmetric operad Sy Symmetric multicategory

restrict objects

Clone o Cartesian operad B Cartesian multicategory

restrict objects
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What is an operad?

An operad O is given by:

= For each n € N, a set of multimorphisms O(n)

= An identity id € O(1)



= For each n, ki, ..., k, € N, a composition

k1

kn

Axioms: associativity, unitality

O(n) x [] O(k) = O
i=1

81

&n

n

2 ki)

i=1

81

&n




What is a cartesian operad?

A cartesian operad is given by:

= An operad O

= For each n,m € N and each function 7 : {1,...,n} — {1,..., m}, a structural
map
—-f:0(n) — O(m)

Axioms describing the interaction of the structural maps with the composition of O



o:{1,...

4y —{1,...,4}
1—1
2—~4
32
4—3




What is a clone?

A clone T is given by:

= For each n € N, a set of multimorphisms 7 (n)
= For each n € N* and each 1 < k < n, a projection pr} € T(n)

= For each n, k € N, a composition
T(n) x T (k)" — T(k)

Axioms: associativity, projection laws



Cartesian operads vs clones

COperad

Clone

Objects: cartesian operads

Objects: Clones

Morphisms: Small maps of oper- Morphisms: Maps of clones

ads which preserve the cartesian

structure

COperad ~ Clone




Traditionally, the untyped \-calculus is...

Let V be a countably infinite set of variables.

The set of terms A~ ==V | Ax.A™ | ATA™

Substitution M{N/x}

Terms are considered equal up to a-equivalence.
B-reduction  (Ax.M)N —g M{N/x}

n-expansion M —, Ax. (Mx)
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Two ways to assign...

...an arity context to a term

Multiplicative rules Additive rules
mvar 1<i<n+1 var
X1, -5 Xnt1 F X
rxkEM
TE M 2% Ebd il
EAx.M
r=m AEN I'ﬂAz(Z)app
NS r=m I'I—Napp
= MN
Xiyeo s Xn B M f:[n] — [m]
struct
21y Zm B M{Ze(1y, -5 2oy /X0 - Xn)

which allow to prove the same judgments
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Deriving - Ax.xx using the additive rules

var var
X x x F x app

xbExx
F AXx.xx
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Deriving - Ax.xx using the multiplicative rules

yEy var zkz \;:rp
y,zF yz 2] — [1]
struct
X xx

F Ax.xx abs
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The untyped )\-calculus as a closed
clone [Hyland2015]




The additive \-calculus as a clone

= For each n €N,
An) ={MeN |x,....xs - M}
= For each n, k € N, the composition A(n) x A(k)" — A(k) written

(M, Ny, ..., Ny) — M(Ny,. .., Ny

is defined by
M(Ny, ..., N,) :=

X1y.. s Xp M X1,..., Xk B Ny X1y, Xk BN,

multiSubst
X1y, Xk F



= For each n € N* and each 1 < k < n,

pry =7

X1y...,Xp E7
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= For each n € N* and each 1 < k < n,

var
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The additive \-calculus as a closed clone

Each clone 7 induces the operation

W:T(n)— T(n+1)
M — I\/I(pri’“, C,prtth

called the weakening operation.

In the case of A,

T > Xi,...,Xp X1y- ooy Xpt1 F X1 XlyeeosXntl I Xn

X1y ooy Xntl =

15
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The additive M-calculus as a closed clone

A closed clone is given by:

= aclone 7T

= a multimorphism ev € T(2)

s.t.
T(n) = T(n+1)
M — ev(W(M), priti)
is invertible.
X1, X2 |— X1 var X1, X2 |— X2 \a/;;
X1, X2 F
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The additive M-calculus as a closed clone

A(n) = AN(n+1)
M = o (W(M), pratl

is invertible?

- var F var
X1, X X X1, X X
1, X2 il 1, X2 2 app

X1, X2 H

16



The additive M-calculus as a closed clone
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The additive M-calculus as a closed clone

A(n) — N(n+1)

M — A4Xn+1

is invertible?

- var F var
X1, X X X1, X X
1, X2 il 1, X2 2 app

XiaXQ}_

16



The additive \-calculus as a closed clone

A(n) A(n+ 1)

Me (] MXn+1
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The additive \-calculus as a closed clone

A(n) A(n+ 1)

(] MXn+1

o N
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The additive \-calculus as a closed clone

A(n)

A(n+1)

(] MXn+1

—

o N
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The additive \-calculus as a closed clone

A(n+1)

(] MXn+1

—

o N
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The additive \-calculus as a closed clone

A(n) A(n+ 1)

)\Xn—i-l-MXn 1 = Me
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The untyped )-calculus as a
2-dimensional structure (PhD
project)




Recap

The untyped A-calculus as a closed clone:

A(n) =5 A(n+ 1)

The untyped A-calculus as a 2-dimensional structure (i.e. closed Cat-clone):

3PP(1;7+1)
A(n) 4 An+1)
by

For the untyped A-calculus as a 2-operad, see [MazzaPellissierVial2018].
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What if...

A(n+1)

MXn+]_ [ ]
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What if...

A(n+1)
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What does it take to have this adjunction?

1. Each A(n) has to be category.

Objects {M €A™ | x1,...,x, = M}

Morphisms A set-theoretic relation over the objects?

21



What does it take to have this adjunction?

1. Each A(n) has to be category.

Objects {M €A™ | x1,...,x, = M}

Morphisms

Chains of reduction terms p:=epy | a1 ap
Reduction terms  « ::= C[rp]
Base reduction terms rp, = Spm | v

One-hole contexts C ::=— | Ax.C | CM | MC

21



’What are the and

of these chains of reduction terms?

xtkM TEN
M Bun: (AxX-M)N — M{N/x}

g

r=m
MEnp: M — Ax. (Mx)

Ui

MxFa:M— N
M= Ax.a: Ax.M — Ax.N

abs

rFa:M— M r=N

Right
FEaN:MN— MN  SPPRIE

lrFa: M—> M r=nN

Left
[ Na: NM— NV SPPEe

(F F Qj M,' — Mi+1)1§i§n+1

r

ay--an My — Mo

r-=m

r

EMZM—>M

id

comp

22



More precisely,
ANn)(M,N) :={p|x1,....,.xa Fp: M — N}

Composition

A(n)(M, N) x A(n)(N, P) — A(n)(M, P)
(p,p) =0

Identities

idM = €M

23



What does it take to have this adjunction?

2. The abstraction and application must be functors.

A(n+1)

24



Let p be a chain of reduction terms and let N € A~. The right chain application pN is
defined by induction on p.

emN = emn

(a1 an)N:=(a1N)- - (ayN)

2



A(n+1)
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Let p be a chain of reduction terms and let x € V. The chain abstraction Ax.p is
defined by induction on p.

AX.€EM = Exx.M

Ax.(ag - ap) = (Ax.ag) - - (Ax.ap)

27



What does it take to have this adjunction?
3. A(n + 1)(Mxyi1, N) = A(n)(M, Axq11.N)

A(n+1) A(n)

MXn+1 [}

e Axpt1.(Mxg41)
Ne

28



What does it take to have this adjunction?

3. A(n+ 1)(Mxps1, N) =2 A(n)(M, Axos1.N)

A(n)

28
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What does it take to have this adjunction?

3. A(n+ 1)(Mxps1, N) = A(n)(M, Axos1.N)

(77M : )\Xn+l-p)xn+1 : BM*anrz,x,,Jrl —p
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What does it take to have this adjunction?

3. A(n+ 1)(Mxps1, N) = A(n)(M, Axos1.N)

(MM - AXns1- )Xn+1 - BM*Xn+2,Xn+1 -

29



What does it take to have this adjunction?

3. A(n + 1)(Mxps1, N) = A(n)(M, Axps1.N)

(771\/1 : 6)\Xn+1.(Mx,,+1))Xn+1 : /BM*X,H_Q,X,H_l —

29



What does it take to have this adjunction?

3. A(n+ 1)(Mxpt1, N) = A(n)(M, Axp11.N)

(nM)Xn+1 : 6M*X,,+2,X,,+1 —

(M) Xn+1
Mxp 1@ > o (Axpt1.(Mxpt1))Xnt1

v/

€Mx,

IBM*XM»Z sXn+1

\J
o Mxp i1
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Recap

We dispose of:

= For each n € N, a category A(n) of terms and chains of reduction terms

" and \ are adjoint functors.

What's missing to have a closed Cat-clone? ~~ a composition and projection maps

30



The composition

n

A(n) x H/\(m) — A(m)

i=1
M, Ny, ..., N, — M{N/X}

31



ME5N

where p{7/X} is defined as

The composition

M, 2 Ny

9

A(n) x H A(m) — A(m)

i=1
) I\/Ing Nan{ﬁ/)_{}

31



The composition

A(n) x H A(m) — A(m)

ME&N , M3 N,

where p{7/X} is defined as

M{M/3}

| i3}
N{R1/R}

| i3y
NN/}

i=1
M, 23 N, — p{p/%}
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The untyped )-calculus as the initial closed clone

Let 7 be a closed clone.

Jif

What's 7 In particular,

= For each n € N, a functor A(n) — 7 (n) defined by induction

It's the interpretation of the untyped A-calculus in a closed Cat-clone.

32



Take-away messages




Take-away messages

Cartesian operads ‘ Clones

Multiplicative, untyped A-calculus ‘ Additive, untyped A-calculus
= The clone of the additive, untyped A-calculus:

= Homsets of terms

= Multivariate substitution as the composition

= Terms up to (-reduction and 7-expansion ~~ closed clone
= The closed Cat-clone of the additive, untyped A-calculus:

= Homcategories of terms and chains of reduction terms
= Substitution as the composition
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Thank you! Any questions?
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