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Distance Functions on
Digital Pictures
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University of Maryland

(Received 25 October 1967)

Abstract—This paper describes algorithms for computing various functions on a digital picture which depend
on the distance to a given subset of the picture. The algorithms involve local operations which are performed
repeatedly, ““in parallel”, on every picture element and its immediate neighbors. Applications to the detection
of ““clusters” and “regularities” in a picture, and to the dissection of a region into “‘pieces”, are also described.

1. DISTANCE FUNCTIONS

LET A be the set of all pairs of integers (i, j). The function ffrom A x 4 into the nonnegative
integers is called

{a) Positive definite, if f(x, y) = 0 ifand only if x = y.

(b) Symmetric, if f(x, y) = f(y, x) for all x, y in A.

(c) Triangular, if f(x, z) < f(x, y)+f(y, z) for all x, y,zin A.
1f fsatisfies (a—c), it is called a distance function.

Proposition 1. If fand g satisfy (a), so do f+g and max(/, g); similarly for (b) and (c).

Proof: Let f(x, y)+g(x,y) = 0; then since f > 0 and g = 0, we must have f{x,y) =
g(x,y) =0, so that x =y. Clearly f(y x)+g(y.x) = flx, v)+g(x, y), while f(x,z)+
g(x,2) < fx, )+ f(, 2)+g0x, y)+8(v, 2) = f(x, y)+80x, »)+ f (7, 2) +8(y, 2). The proofsfor
max(f, ¢) are analogous. '

COROLLARY. Iffy, ..., f, satisfy (a), (b) or (c), so do fy + - -+ +f, and max{(fy,....fo}
Proposition 2. f{(i, j), (h, k)] = |i—h| and g[(i, /), (h, k)] = |j—K| are distance functions.

Proof: (a)(b) are clear; as for (c), note that f[(m, n), (p, )] = fllm+r, n) (p+r,q)] for
any m, so that it suffices to prove f[(,J), (h k)] < f1G ). O, O]+ flh, k), (0,0)], ie
li—h| < [il +{h], which is a well known property of absolute value, and similarly for g.

COROLLARY. d,[(i, j), (h, k)] = li—h +|j—k| and d,[(i, j), (h, k)] = max(i—Ahl,| j—kl|) are
distance functions. (d, is sometimes called city block distance.)
Proposition 3. The set of (i, j) at distance <r from (0, 0) is:
: ﬁ (a) For d,: A diamond (i.e. a square with sides inclined at +45°) with vertices at
! 0, +r)and (+r,0)
~ (b) For d,: A square (with sides horizontal and vertical) with vertices at (r, +r) and
' (=r, £1)

* Proof: (a) This is the set of (i, j) such that |{+]jl < r; thus |[jl <1, and for any such j
we have |jl—r <i <r—|j. '
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Fic. 1. City block distances (d,) from a single point.
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FiG. 2. “Square™>distances (d,) from a single point.
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Distance functions on digital pictures 35

(b) This is the set of (i, j) such that max(|il, |jl) < r, so that |j| < r, and for any such j we
have —r<i<r.

Figures 1-2 show the distances d, and d, from a single centrally located point. For
clarity, only the odd distances are printed out modulo 10, while the points at even distances
are represented by dots; the original point is blank.

Proposition 4.
h

d5[(, ), (h, k)] = max(li—hl, i—h+(i—h)— ( B} ~ [E]) k-],

i [

is a distance function, where [x] means the greatest integer not exceeding x.

Proof: If dy =0, since |i—h = 0 we must have li—h =0, so that i = h; hence
max(k—j,j—k) < 0, i.e. | j—k| = 0, so that j = k. Symmetry is clear, since interchanging
(i,j) and (h, k) just interchanges the second and third arguments of the max. As for
triangularity, note that for all (i, j), {h, k), (m, n) we have

e I e I R e B El /i

li—h li—m |m—Ah
2 72 2

by Proposition 2. Adding, we have the triangularity of the second argument of the max,
and similarly for the third argument, while the first argument is triangular by Proposition 2;
now use the Corollary to Proposition 1.

The set of (i, j) such that ds[(i, ), (0,0)] < r is approximately a hexagon centered at
(0, 0). [To see this, use the fact that d;3[(i, /), (h, k)] =

]i~hl~;~max(0,k-j~[‘i—;—ﬂ],j~k—[t~{:%il~}), if i is odd;

|i—h!+max(0,k—j——[E—_—gﬁ],j—k——[ﬁ—%ﬂ]), if i is even.]

Figure 3 shows the distances d; from a single point, analogously to Figs. 1-2. Figure 4
similarly shows the distances d; from a single point to the points of a “staggered” array
in which, on alternating rows, only odd numbered or only even numbered elements are
used. Note that this array can be regarded as hexagonal, since each element has exactly
six “neighbors,” two on its own row and two each on the rows above and below it.

Proposition 5. g[(i, j), (h, k)] = [2(i—h|+|j—k +1)/3] is a distance function.

Proof: If g = 0 we have 2(li—h +|j—Kk +1)/3 < %, so that li—h+|j—k < 0, proving
positive definiteness, while symmetry is clear. For triangularity, as in Proposition 2 it
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¥16. 4. Hexagonal distances from a single point (staggered array).
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suffices to prove that

Ai—hi+[j—k+D} _ i +4+D +[2(lhl+lkl+1)}
3 - 3 3 ’

Now |i —hl +|j—k| < [l +1hl+|ji+1k. If this inequality is strict, we have [i—/ +lj—k <
lil k) ] jl + 1kl — 1, so that

[ﬂh—hLijk%%H]<:ﬂﬁ—thj—M+i)

3 3
< 204+ | + Al + 1K])
3
_2(|ii+ljl+1) 2 2(|Izl+\kl+1)_2
=3 3T 3 3

< [2(11'5 +J+ 1)} N [Z(Ihl +1k+ 1)}
—_— 3 3 b

as required. Thus it remains only to consider the case where |i—h|+|j—kl =il +|hl+
| jl +1k|, so that

20i—h +1j—k+1) _ 20 +A+H 1K+
3 3

20+ 20H K+ 2
- 3 ‘ 3 3

If the fractional part of the left member is 2, or if the sum of the fractional parts of the
first two terms in the right member is not more than 2 the desired inequality follows. The
same is true if the fractional part of the left member is 1 and those of the first two terms
in the right member are not both 2. Hence we need only consider cases in which the
fractional part of the left member is 0 or 1, and those of the first two terms in the right
member are 4 and $ or are both %, i.e.

() 20i+1j+\H +1k|+1) =0 or 1(mod3);
20+ + 1 = 2(hl +]k+1) = 2 (mod 3)
(2) 20l +1jl +1hl +kl + 1) = 0 (mod 3);
2l +{jl+1) =1 (mod 3) and 2(h +1kl +1) = 2 (mod 3) (or vice versa).

i

In case (1) we have Jij +|jl+1 = Wl +lk+1 =1 (mod 3), i.e. |i| +|jl = |h{+]kl =0 (mod 3),
so that 2(i| 41 +1h +|kl +1) = 2 (mod 3), contradiction. Similarly, in case (2) we have
li+|jl = 1(mod 3) and |hl+}kl = 0(mod3), so that 2(i +17 +1hl +1kl+1) = 1 (mod 3),
contradiction.

COROLLARY. d, = max(g, d,) is a distance function.
Readily, the set of (i, j) such that g[(i, /), (0,0)] < r is a diamond with vertices at

ofs) = (2
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Indeed, this is the set of (i, j) such that

Ai+A+1] _
3 — k)

so that

3r e 3r
il < {Ej—for, if 7] > [7]

we would have

e [f5]o] o [ 42)

Moreover, for any such j we have

re. |

2Ai+i+D _ L2
3 3

< 3r/2—|ji. It follows that the set of (i, j) such that d,[(i,j), (0,0)] < r is an octagon

with vertices at
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FiG. 5. “Octagonal” distances (d,) from a single point.
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[This is not a regular octagon; the sides have the right orientations, but the wrong lengths.
Note that for r = 1 the octagon degenerates into a diamond.] To see this, note first that
from d, we have |jl < r, and for any such j, also i} < r. If |j| < [r/2] and |i| < r, we have

2+ 1+ 0] _ T2+ 0240] _ (3 )T 2 (a2 o
S e R 0 G R

so that d, < ris also satisfied. On the other hand, if [r/2] < |/l and

Ai+A+D]
3 —_— b

MS?~M<§-B]Sn

so that d, < r is also satisfied. Figure 5 shows the distances d4 from a single point.

we have

2. ALGORITHMS FOR THE DISTANCE FUNCTIONS

In this section we describe algorithms for computing distance functions d,—d, by
performing repeated local operations. To this end, we first show that these funcuons have
certain special properties.

Proposition 6. Distance functions d—d; all have the following property: For any distinct
x, yin A x A, there exists z€ 4 x A such that d(x, z) = | and d(z, y) = d{x, y)— 1.

Proof: The set of (4, v) € A x A such that 4,[(i, ), (u, v)] = 1 is readily
(a) For dl : {(1- 17 j)’ (l+ 1’j)a (19]0 1)’ (l’]+ 1)}
(b) Ford,: {(i—1,j—1), (i—1,)), (i—=1,j+1), G,j-1, Gj+ D, (+1,j—1, G+1)%
(i+1,j+ 1)}
{¢) Fordy: {(i—1,j—1), (=17, (0,j— 1, j+ D (+Lj—1),(+ 1,j),if i is odd;
(=1 (= Lj+ 10— D, G+ D, (+ L), (+ 1+ 1y}, if i is even.
Letd[(i,j),(h, k)] = d,r = 1,2,3, where d > 0. In case (a), ifth < ithend,[(i—1,j),(h k)] =
d—1;ifh > i then d [(i+1,)), (h k)] = d—1;if k < j, then d,[(i,j—1), (h, k)] =d—1:and
if k> j, then d[(i,j+1), (h. k)] = d—1—where at least one of these must be true since
(i, j) # (h k).
In case (b), similarly, if i, j, h, k are related as indicated, then d,[(u, v}, (h, k)] = d—1for
the indicated (u, v):

Relations (u, v) Relations {u, v)
i<hj<k (i—1,j—1) i>hj>k (i+1j+1)
i<hj=k (i—1,7) i>hj=k g+Ln
i<hj>k (i—1j+1 i>hj<k (i+1,j—1

i=hj<k (i,j—1) i=hj>k {Lj+1h
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In case (c), analogously, we have

Relations {(u, v), i odd (u, v), i even
i<hj<k (i+1,)) (i+1,j+1)
i<hj=k (i+1,j—-1) i+1)
i=hj<k (i, j+1) j+1
i=hj>k i,j—1 (i,j—1)
i>hj<k {i-1, ) (i—-1j+1)
i>hj>k (i—-1,j-1 {i—-LNn

Note that d, does not have the property of Proposition 6. In fact, readily the set of
(1, v) such that d,[(i,j), (u,v)] = 1 is the same as for d,. Let |[i—h =|j—kl = 3; then
d4f(i, )), (h, k)] = 4, but none of the (u, v) are at distance 3 from (h, k). However, d, has a
weaker property which we can use instead :

Proposition 7. Let du(x, y) = d > 0; then there exists z such that dy(z, y) = d —1, where
di{z,x) = 1 if d is odd, and d,(z, x) = 1 if d is even.

Proof: As usual, it suffices to prove the case where y = (0, 0). Let x = (i, j), so that

d= max{li], i {WJ }

Ifd = |i] is a strict maximum, we can decrease d by 1 by taking z = (u, v) where |4 = {ij — 1,
v =j; similarly, if d ={j] is a strict maximum, we can take u =1, jo| ={j—1. If
lit = [2(il 4+ +1)/3] > 0, then readily |i| > |jl, so that ju| = |ij—1, v = j decreases d by 1
unless li|+|jl is divisible by 3; similarly if {ji = [20i+]j+1)/3] > 0, using u =1,

fv] = |jl—1; while if |§| = |j], then
200 +11+1)
3

is a strict maximum. Thus we are done unless |i| +{j| = 3r (say); but then

[2(lii+|j\+1)] _
3 ,

so that in the remaining cases d is even, and we can decrease it by 1 by taking Ju| = [i —1,
fof = |j—1.

We can now define the desired algorithms. Let B be a binary picture, i.e. an m by n
matrix (b;;) = (b{’) in which each b;; is 0 or 1. Let d be a distance function which has the
property of Proposition 6, and let f be the local operation on B defined by

f(by) = min{b,|d[(u, v), (i, /)] < 1}. .
Let B, be the set of (h, k) such that by, = 0, and let
d[(i, j), Bo] = min{d[(i, j), (h, k)}| (h, k) € Bo}

be the distance from (i, j) to the nearest element of B,. (We assume from now on that By
is nonempty.) Let ;" Y = f(b{), r =0, 1,...

\



» set of
i; then
, has a

where

a:
L

il —1,
1. If
dby 1

u=I

m by n
has the

that By
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Proposition 8. b} = 1 for all r < d[(i, /), Bo]:

0 for all r > d[(i, j), Bo).

Proof: Since B is a binary picture, clearly b{y < 1 for any r; and once it becomes 0,
it remains 0. The Proposition is true if d[(i, j), Bo} = 0, i.e. if {7, j) € Bo, since then b)) = 0.
Suppose it proved for ail (h, k) such that d[(h, k), Bo] = s—1, and let d[(,j), Bo] = s. By
induction hypothesis and Proposition 6, we have b5~ ! = 0 for some (u, v) such that

dl(u, v), (i, )] = 1; hence bf) =

have b{} = 0 for any (h, k)e B and any r < d[(h, k

0 by definition of f. It remains only to show that we cannot

), Bo]. But indeed, if not, let g4 be the

smallest such r, and let b = 0, where g < d[{h, k), Bo]; clearly g # 0. By triangularity,

we have d{{(u, v), Bg] >

d—1for any (u, v)such thatd[(h, k), (u, v)] < 1;henceg—1 <d—-1<

d{(u, v), By}, so that by the minimality of ¢ we have b% ™" = 1, whence b{} = 1 by definition

of f, contradiction.

CorOLLARY. If d < dy, then Y "' b =

dl(i, ), Bo) for all (i, j) e B.

Proof: This distance must be less than m+n.

1 11111
1111 1111111t
1111 111 111
111t 11 1
1111 11 11
1111 11 111
1111 11 11
111 11 11
11 11 11
11 t1 11
11 11 1
11 111 11
11 11 11
111 11 11
111 111 11t
111 1111111
1111 11
1114
111
11 1
11 1
112 1
11 1
11 11
11 11
11 11
1 1 11
: 11 11
1 111
1 111
11 111
111 111
1111 11111
1 1111111
1 11111111
111 111111111
11 1 11111111111
1 111 111111111111
1 111 1131111111111
1 1111113111111
111111111111
11111114111111
1111111111111
1 1111112111111
11 11 1111113121111
111 111 1111113301811118
1 111 £11111111111113
1111 1111111111111
111y 11118 1111311111181
111 1111111031128 111111
11 11111111111111111111)
111111111111 11111111
1113111111110 1111111
11 11111111111 11111
FiG. 6. Test picture.
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In particular, the hypotheses of Proposition 7 and its Corollary hold for the distance
functions d,, d, and d5, so that the foregoing defines local operations (call them f,, f5, f3) :
whose repeated application gives rise to a picture (3 75 b{?) in which the (i, j) element is ’
the distance from (i, j) to the nearest zero in B.

We can obtain analogous results for the distance function d, by using Proposition 7:
in fact, we can readily prove
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FiG. 7. City block distances (d,) from the blanks.
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Proposition 9. Let bZ** Y = f(b3¥), k = 0,1,... ; bif*™? = f(b3*+ V), k= 0,1,... Then
by = 1 for all r < d,[(i, ), Bo}, and =0 forallr > d,[(i, /), Bol-

COROLLARY. I bl = du[(i, j), Bol for all (i, ) € B.

The results of applying these algorithms to the binary picture in Fig. 6 are shown as
Figs. 7-10, respectively.
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FiG. 8. Square distances (d,) from the blanks.
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Fic. 10. Octagonal distances {d,) from the blanks.
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3. APPROXIMATIONS TO. EUCLIDEAN DISTANCE

As shown by Figs. 1--5, the “octagonal” distance function d, is a better approximation
to Euclidean distance on 4 x A than are the “city block,” “square,” and ‘‘hexagonal”
distance functions d, —d5. In fact, it is an adequate approximation for many purposes,
particularly if (as in Fig. 6) the distances to B, never get very great. Figure 11 shows nearest-
integer Euclidean distances from a single point (0, 0)—in other words, d[(i, ), (0,0)] = d
means that d—3 < /i?+j* < d+4%. [It is interesting to note that “‘nearest integer to
Fuclidean distance™ itself is not a distance function. For example, let (i H=Q0,1,

(h, k) = (=1, —1); then J(i—h?+(j~k)? = \/g the nearest integer to which is 3, but

NS =/ h2+k2 = ﬁ, the nearest integer to which is 1, so that triangularity is
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F1G. 11. Nearest integer to Euclidean distance from a single point.
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Distance functions on digital pictures

violated. Similarly, “greatest integer not exceeding Euclidean distance” is not a distance
function, as shown by the example (i, j) = (2,3), (h, k) = (=1, —1).]

The algorithmn for computing d, was obtained by alternating the algorithms for 4,
and d,, and is a better approximation to Euclidean distance than either of them. This
suggests that other distance functions, and perhaps still better approximations, might be
obtained by “mixing” these (or other) algorithms in other ways. In this section we show
that octagons are the best “circles” which can be obtained using only isotropic local
operations of the type used in Propositions 8-9. We also show that arbitrarily close
approximations to regular octagons can be obtained.

Let O(h, k) be the octagon with vertices at (k, +h), (=&, £h), (+h,k), and {(£h, —k),
where 0 < h < k. Note that if & = 0, this octagon degenerates into a diamond, while if
h = k, it degenerates into a square. It is easily verified that

Proposition 10. Let B = (b;;) be a binary picture in which By, = O(h, k), where h > 0, and
let C=(filby), D=(faby), and E = (f*b;), where f*(b;)= minlby,b;—y1 -1,
bi— 1,j+1s bi+ 1,j~1» bi+ 1, i+ 1). Then CO :.N—_ O(h, k+ 1), While DO - EO ;_ 0(h+ 1. k+ 1)

This proposition implies that if 4 is a distance function which is computed by iterating the
isotropic local operations f1, f; and f * in any sequence, and if the locus of points at distance
<r from a given point is an octagon (with & > 0), then so is the locus of points at distance
<s, forany s > r. We assume here and from now on that the border elements of all pictures
considered are nonzero, so that the octagons and other figures described are all contained
inside the picture.

Proposition 11. Let P be a picture resulting from the application of f,’s, /5’s and f*’s,
i any sequence, to a binary picture B in which B, is a single element. Then unless no
f2's were used, and no f; followed any f*, we have P, = O(h, k) for some 0 < h < k.

Proof: By Proposition 10, as soon as such an octagon is obtained, the following stages
are all such octagons. It thus suffices to show that when f5 is applied after any sequence of
Jfi'sand/or f*’s, or f; is applied after a sequence of (f’s followed by) f*’s, the result is such
an octagon. But readily, if & f s are applied to B followed by k f*’s, the result is congruent
to the octagon Ok, i+ k) with some of its elements deleted, no two of them horizontally
or vertically adjacent (see Fig. 12; all of the missing elements are on the boundary of the
octagon if h > 0). Application of f, then gives the octagon O(k, h-+k+ 1) with no elements
missing, while application of f, similarly gives O(k+ 1, h+k+1).

° ot b) One T; followed c) Two £,'s Zollowed
a) Flve I*'s by four f*'s by three f£*'s

555555 55555 5555
44224 55454545455 554545455
533335 ARZAZATAA 55443434455
A 2224 55332323355 443323344
531135 442212274 55332123355
42022 55331013355 442101244
$31135 442212224 55332123355
42224 55332323355 243323542
533335 AABATATAA 55443434455
4 A4 4R 55454545455 554545455
555555 55555 5555

£16. 12, Results of applying f,'s followed by /*’s to a picture containing a single zero (numbers
indicate the steps at which elements became zero).
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FiG. 13. Octagonal distances ([}, /2, f; repeated) from a single point.
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FiG. 14. Octagonal distances (f, /2, f1, f2. /i repeated) from a single point.
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By Proposition 11. an octagon is the best approximation to a circle which can be
obtained by iterating f,, /> and /* in any sequence, since an octagon is certainly “‘better”
than an octagon with deletions. Clearly any octagon O(h, k) can be obtained using a suitable
sequence of f,’s and f,’s—e.g. k—h f,’s followed by h f5’s. The (Euclidean) length of the
horizontal and vertical sides of O(h, k) is 2h, and the length of its diagonal sides istk— h)ﬁ.
Thus O(h, k) can never be a perfectly regular octagon, but it can be made to approximate
such an octagon arbitrarily closely by takirig 2//(k —h) to be a good approximation to /2.
The octagons obtained using 4, (i.c. by alternating f; and f;) are not very regular, since
for r even their horizontal and vertical sides have length r and their diagonal sides have
length (r/Z)V@, while for r odd these lengths are r—1 and (r+ 1/2)ﬁ. A more rggu}@f
octagon can be obtained by repeating a sequence of f;’s and fo’s in which the ratio of
the number of f;’s to the number of f5s is closer to \/’5. The octagons obtained by repeating
the sequence (fi, f», /1) are shown in Fig. 13; those obtained using the sequence (f;, f2,
fi, f2, f1) are shown in Fig. 14,

4. APPLICATIONS OF DISTANCE FUNCTIONS

The following applications of distance functiops illustrate the importance of using
functions which approximate Euclidean distance reasonably closely.

(a) Cluster detection

Let P be a binary picture containing a scattering of 0’s, some of which are grouped
into clusters, as shown by the W’s in Fig. 15. Let P” be the binary picture in which
p = 0if and only if d[(i, j), P,] < r, where d is a distance function. Let P9 be the binary
picture in which p&¥ = 0ifand only if d[(i, j), P§] = s. We can think of P'” as “expanding”
each zero in P into a “disk” of radius r, and of P"* as “‘re-contracting’ the set of zeros in
P by s. In particular, taking s = r, it is clear that the disk in P which arises from an
isolated zero in P re-contracts into an isolated zero in P, (In fact, readily P§"” 2 Py for
any r.) On the other hand, if there is a cluster of zeros in P, the expansion process (for
sufficiently large r) will “fuse” it into a solid mass of zeros, and the re-contraction will
leave a central core of this mass intact. Figures 16-17 show the P and P> which arise
from the P of Fig. 15, using the distance function f;. (One clearly wants to use a distance
function which is as Euclidean as possible, so that the “closeness” required to define a
cluster will not depend strongly on direction.)

The clusters which are detected by the foregoing procedure become sparser as r
increases. If there is no prior information about expected degrees of sparseness, one can
construct P™7 for a range of r's. Any connected component of zeros in P"" whose area
is large compared to r* must arise from a cluster of zeros in P.

(b) Elongated part detection

A procedure exactly “dual” to the foregoing can be used to detect elongated parts of a
connected set of zcros in a binary picture P. Let Q") be the binary picture in which
g =0 if and or.y if d[(i,j), P—P,) = r, and let Q¥ be the binary picture in which
¢ = 0 if and only if d[(, j), Q9] < s. In effect, Q¥ contracts the set of zeros in P by r
steps, and QU then re-expands the zeros by s steps. Readily, Q§” < P, for any r; let
0" be the b'nary picture in which J§" = P,—Q%". Then any connected component of
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FiG. 19. Hexagonal re-expansion of Fig. 18, one step.

zeros in 0" whose area is large compared to r? must be elongated, since every point of
it is at distance at most r from its complement. [The “duality” of the cluster and elongated
part detection procedures can also be expressed as follows: Inside a cluster of 0’s, the set
of I's is everywhere elongated.]

Figures 18-19 show the Q¥ and QY resulting from the P of Fig. 17, again using f;.
(Here too the importance of using a near-Euclidean distance is clear.) Note that this
procedure will eventually (as r increases) detect any elongated part of Py, no matter how
wide; it does not depend on the elongated parts having a narrow range of widths (“‘strokes,”
“tracks™ and the like). The contraction/re-expansion process is somewhat analogous to,
but simpler and probably more effective than, the “‘skeleton” process for detecting
elongated parts of objects proposed by ROSENFELD and PraLTz.(!

{c) Regularity detection

A process of expansion and re-contraction can also be used to detect “regularity” in a
scattering of zeros—i.e. near-constancy of the distances between near neighbors. For
A\
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example, let r;; be the smallest r for which pii" 1 # 0. (Readily, piy" ™1 # 0 means that
(i, j) is inside a cluster of zeros of “‘sparseness” <r.) We call r;; the radius of fusion at (i, ).
Intuitively, a region in which the zeros are regularly distributed will have a relatively
constant radius of fusion. Such regions can thus be detected by appropriately level slicing

this radius. The radii of fusion for the picture in Fig. 20 are shown in Fig. 21.
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Fi1G. 20. Random point pattern.

5. PATH COUNTING

In this and the next section we describe other types of functions on a digital picture
which depend on distance to a subset.

Let S be any subset of A x 4. By a d-path of length r from (i, j)to S, where S is a subset
of Ax A and d is a distance function, is meant an r+ I-tuple (io, jo), - - -» (i,,Jj,) such that
(igsJo) = (i,)); (irnj,) is in S; and d{(i;—1,Js-1), (i,,j)] =1, 1 <s < r. For example, if
d = d,, each element of a path is a horizontal or vertical neighbor of the preceding
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FiG. 21. Radii of fusion for Fig. 20.

element, so that the path can be regarded as a series of horizontal and vertical “steps.”
If d = d,, diagonal steps are also allowed ; if d = d,, they are allowed only at every other
step. For d = dj;, the path can be regarded as a series of steps on a hexagonal grid. Note
that a d-path can cross or even retrace itself repeatedly, and that it may pass through the
set S many times.

Let C, be the set of elements (h, k) in the binary picture C such that ¢, = 1, and let
N{(i, j) be the number of d-paths of length r from (i, j) to C;. Let g, be the local operation
defined by
gd(cij) = Z Cups

di(u, ), (i, P1=1
and let ¢{) be the (i, j) element of the picture obtained by applying g, to C r times, i.e.
=¥y AN r=12...,
dltu, v}, (4, =1

where ci) means c,,.
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Proposition 12. ¢7 = NY(i, j).

Proof: This is clear for r = 0, since the number of d-paths of length 0 from (i, j) to C,
is 1 if (i, j))e Cy, and O otherwise. (This is why the set was taken to be C,, rather than C,
as in Section 2.) If it is true for r—1, its truth for r follows from the fact that any path of
length r from C,; to (i, j} consists of a path of length r—1 from C, to exactly one of the
(u, v)’s, together with the step from (1, v) to (i, j). {This argument is valid even if not all of
the (u, v)’s are inside the picture.)

In short: Repetition of the local operation g, generates a stack of integer-valued pictures
C" = (cf}),r = 0,1,..., in which ¢{} is the number of d-paths of length r from C, to (i, j).

Knowledge of the number of paths of each length from any point to a given set S is of
interest in the following type of situation: Suppose that every point of S has a certain
effect on each of its neighbors, and that this effect is transmitted from neighbor to neighbor,
with attenuation at each step. Then the total effect at the point (i, j) is given by an expression
of the form Za,N"(i, j), where a, is the magnitude of the effect due to a single point after
attenuation along an r-step path. (The transmission of the effect is assumed here to be
instantaneous.) Processes of this type have been considered in connection with the study
of lateral inhibition in neural networks (e.g. BEDDOES et al.?).

To get an idea of the convergence properties of ) N, j), suppose that S consists of a
single point, which we may assume without loss of generality to be (0, 0).

Proposition 13. The number of d,-paths of length r from (0, 0) to (i, ) is

[ A
NYj) = | r=i+] ) : ( r—li—ji }
2 2

| 2 /

o . r\ . . . . .
where the binomial coefficient ( ) is defined to be 0 if x is not an integer or is not in the
interval [0, r]. X

Proof: This is evident for » = 0; suppose it true for r— 1. Then by definition of 24,
we have

r—1 \ r—1 r—1 / r—1
NYG ) = r—1—|i+j—1] (r-jl—}i——j—~1| +lr—1=li+j+ 1 r—1—]i—j+1]

2 /o 2 \ 2 2

| r—1 | r—1 \ r—1 ‘ r—1 \

+ r-—l—-li+j—1t> (r—l—-[i——j—t—ll + |l r=1—li+j+1{lr—1=]i—j—1]

2 /A 2 x 2 2
r—1 r—1
= r=1—ji+j—] +| r—1~}i+j+1
\ 2 | \ 2 /
( r—1 [ r—1
Xfdr=1=li—j—1 | +|r—1—]i—j+1]

\ 2 . 2
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The Proposition then follows from the following
LEMMA.

a—1 ’\ / a—1 [ a
a—l-ib+1|}+ a—1—lb—1| = | a—|b]

2 2 j 2

for all positive integers a and all integers b.
Proof: If[b+ 1] 2 a—1 (mod 2), each of these binomial coefficients is zero ; we may thus
suppose that (a—1)—|b+ 1| = 2k {say). We consider three cases:

(1) If b = 0, then a = 2k +2, and we must show that
(2k+1) 12k+1) (2k+2)
+ = ;
k k 7 k+1

but since
(2k+1) (2k+ 1)
k1 ksl
this is just the familiar recﬁrrence relation for the binomial coefficients.
(2) If b > 0, we must show that

=l

which is the familiar recurrence relation if k+1 > 0, and every term of which is

zero f k+1 < 0.
) -1
+ =1 ]
k k—1 k

(3) I b < 0, we must show that
COROLLARY. Let a, < (442)7", where ¢ > 0: then Za,N{'(i, j) converges for all (i, ).

Proof: NU(i,j) < 2727 = 4" if r > 0: hencé

which follows analogously.

4 4
La NP, j) < Z4(4+e)™" = 1/(1~ ) _ate

d+¢ e

In short: An effect which falls off by a factor of more than 4 at each step has a finite
magnitude at any point, even though it is summed over all paths of all possible lengths to
the point. Similar results hold for d,-paths and d;-paths.

Under some circumstances it may be of interest to consider only d-paths which do not
pass through the set C,. Readily, the number of such paths of length r is just d{}, where

1 {1 ~1 -
dij' =dj), and df = Y o, r=23...
dl(u, v), (i, PI=1

Cuv

f,
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In other words, this number is obtained by omitting from g,, except at its first application,
any terms corresponding to elements of C;.
It may also be of interest to count the shortest d-paths from (i, j) to Cy, which may be

done as follows: Let

o = e if ey~ # 0;

= dr=b e =0,
dltu, o), ()] =1 :
where &9 = ¢;;. Thus if ¢;; = 1, ie. (L ))€ C,, we have ¢} = 1 for all r; while if ¢;; = 0,
we readily have ¢ff = Oaslongasr < di(i, j), C1], and thereafter it has a constant, nonzero
value. Since a shortest path from C, to (i, j)is a shortest path from C, to any point on the
path, it follows readily that this constant value is just the desired number of shortest paths.

6. POINT COUNTING

We next consider the problem of counting the number MG, j) of points (h, k) of the
given set S such that d[(i, j), (h, k)] = . Knowledge of this number is of interest in a situation
where each point of § has an effect on other points which depends on their distances from it.
The total effect of S on the point (i, j) is then given by an expression of the form Za,/ Y3, 1)
where a, is the magnitude of the effect which a single point of S has on a point at distance
r from it.

It is interesting to note that MY'(i, j) cannot in general be computed, even forr =2,
by twice iterating any isotropic local operation. To see this, consider the four pictures
shown in Fig. 22, where the points of § are indicated by asterisks. Since each of the points

*a
l) aba*
a8
®
*8. =
2) aba
a2,
&%
*a Y
3) 2vd
*» T a® = -
&+
-
LI @
a
4) ab:
+ - a =
#*

F1c. 22. Examples showing that M, j) cannot in general be computed using isotropic local
operations (hexagonal grid).

marked “a” has exactly one neighbor in S, any isotropic loca! operation f must give each
qf them the same value a. Similarly, the points marked 5" have no neighbors in §, so that
fmust give each of them the same value b. Thus when fis applicd a second time, the points
marked “*b” and their six neighbors have the same values in each of the four cases, so that
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the “b” points must again all be given the same value by the second application of f. Thus
this value cannot be equal to the number of points of S at distance 2 from the ‘" (since
this number is different in each case}, no matter how fis defined.

We now show that MY, j) can be computed using simple nonisotropic local operations.
Let H"(i.j) = {(i.j—7r), (i, j+7)} be the set of points at distance r from (i, j) in the horizontal
direction. Then readily we have (see Fig. 23)

HY(i, j—1)w HYG, j+ 1) = H2(, j) v HOG, j)
HW(, j—1) n HYG, j+1) = HOG, j)
and
HO%, j—1)u HOG, j+ 1) = HTP Y ) o HO7VG, )
HOU j—D)n HGj+ D) =¢  r=23...

#

11,30 = {a,3-2), 02,33
g (1, 541) = {(i,j),(i,j+2)}
1) (1, = {(1,5-2). (2,392}
19 (1,3) = {1.3)}

H(r)(i,j—l) {(i,j_r_l),(i,j+r—l)}
H(r)(i,j+l) = {(i,j-r+l),(i,j+r+l)}
H(r-rl)(i’j) - {(i,j_r..l),(i,j‘rr«rl)}
};(T'l)(i,j) - {(i,j_ﬁl),(i,j+r—l)}

F1G. 23. Verification of the horizontal direction set recurrence.

Let F be any additive set function, so that F(¢) = 0,and F(4 u B)+ F(4 n B) = F(4) + F(B)
for any sets 4, B. Since clearly H"*V(i, /) n H* "V, j) = ¢, r = 1,2,..., we have
FLH®(, j)] = FIHY(, j— 1]+ FIHY(, j+ D] = 2F[HOG, )]
and
FIHO* Y, j)] = FIHOG, j— D]+ FIHOGj+ D] =FIH DG )L r=23.

We thus have an expression for F{H"*1(i, )] in terms of previously computed F’s of
(i, j)'and its two horizontal neighbors. Since the number of elements of a given set S which
are in H")(i, j) is certainly an additive set function, we have thus proved

Proposition 14. Let C be a binary picture, and let A} be the number of elements of C; in
{(,j—=r), (i, j+1)}; thus B = c;;,and b}’ = ¢; ;- +¢;;+1 - Moreover, we have

WP = hY +he — 2K,
while

BGE YD = 0 A R, r=273...

Using this result, we can now find an expression for the number x&}’ of elements (h, k)
of C, such that d,[(h, k), (i, /)] = r. Let X'"(i, j) be the set of (i, v) such that d (o), )] =r.
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Then readily we have

XOi—1,j) U X(i+1,j)u HO 60 = X0 ) o X706 ));

. XUGi—1, )0 X9+ 1,j) = H =V, j), r=1,2...

“(See Fig. 24, where the elements of X")(i—1,j) are indicated by —’s, and the elements of

X(i+1,j) by +’s.) We can now apply any additive set function F to these sets to obtain
an expression for F[X* )i, j)] in terms of F{H"™ 1, /)] and previously computed F’s of
(i, j) and its two vertical neighbors. We thus have

- 4
et

FiG. 24. Case r = 10 of the d, set recurrence.

Proposition 15. Let x{? be the number of elements (h, k) of Cy such that d,{(h, k), (i, )] = r.

Then

0) __
xﬁj = Cij»

xg}) = Ci—1,;FCivr,jFCij-1HCujrts
and V
XD = ) xf), xR —RGTE, r=12
(Clearly an alternative method of computing x{ would be to first compute the number
{7 of elements of C, at distance r from (i, j) in the vertical direction, using the recurrence

+1) _. r—1)
AR S L L

and then to compute
+1 -1 +1 -1

For the distance function d,, the situation is slightly more complicated (see Fig. 25),
but we can analogously prove

+ + 4+ 4+

+ +
I T B +
- 4+ - 4
-+ - o+
- 4 -+
- o+ -+
-+ - o+
-+ -+
-+ - 4+
- e+ e+ rr

F1G. 25. Case r = 5 of the d, set recurrence.
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Proposition 16. Let di be the number of elements of C; in {(i+r,j+r),(i—r,j—r)}; then
0) _
d&j) = Cijs
di}) = civ e FCiotj-1s

#2) 1 1 0
dP = d¥y o +dit o —-2d5)

and
. -1 _
dg'TH=d§'21,j+1+d§'21'j_1“'d£; ). 7—2,3,...

Proposition 17. Let 6 be the number of elements of Cy in {(i+r,j+r—1),(i+r—1,j+7),
(i—r,j—r+1),(i—r+1,j—nr}; then

SO = =xh, and GV =00+ om0, r=1L20
Proposition 18. Let i be the number of elements (i, k) of C, such that d,{(h, k), (L, )] = 7.
Then

0) .
,V§j = Cijs

{1)
Yij

I

Cimtjm1HCimy jtCimnjrt T C o1 T Cjr 1T a1 HCia T Cirtje1s
and

et 1) o -1 (r+1) __ s{n) (r) __ Jir—2) —_

Wi )"-V§r~)1,j+1+y(i21,j—1“}’§; V40 o +diy —dii ", r=12,...

(Here too there is an obvious alternative approach in which the roles of the two diagonal
directions are interchanged.)

For convenience in describing an analogous algorithm for d3, we regard it as applying
to a hexagonal array, on which we define coordinates using the horizontal and 60° directions
as axes. We then have (see Fig. 26)
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FiG. 26. Case r = 6 of the d; set recurrence.

Proposition 19. Let z{? be the number of elements (i, k) of C, such that ds[(h, k), (i, /)] = r.
Then
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Here the ¢’s can be “computed” by repeated translation of the picture; zif’ can be

computed directly in the same way. (One could also define an analogous algorithm using
20,2z, ;, and z{7, ;. ,.) Evidently, these algorithms have little advantage over direct
computation of z{? by repeated (“spiraling”) translation of the picture, unless r is very
large. The situation is even worse in the case of d,, for which an analogous algorithm
would involve at least ten recurrence relations, as well as many single-point “correction
terms.”
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