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Abstract

We proposea framework for solving CSPsbasedboth on backtrackingtechniquesand on the notion of tree-
decompositionof the constraintnetworks. This mixed approachpermitsus to definea new framework for the
enumeration,which we expectthatit will benefitfrom theadvantagesof two approaches:a practicalefficiency of
enumerativealgorithmsanda warrantyof a limited time complexity by anapproximationof thetree-widthof the
constraintnetworks.Finally, experimentalresultsallow usto show theadvantagesof this approach.
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1 Intr oduction

TheCSPformalism(ConstraintSatisfactionProblem)offersa powerful framework for representingandsolving
efficiently many problems.FormulatingaproblemasaCSPconsistsin definingaset

�
of variables���������	��
�
�
��� ,

which mustbe assignedin their respective finite domain ��� , by satisfyinga set � of constraintswhich express
restrictionsbetweenthedifferentpossibleassignments.A solutionis anassignmentof everyvariablewhich satis-
fiesall constraints.Many academicor realproblemscanbeformulatedin this framework. This formal framework
allows theexpressionof NP-completeproblems.

Theusualmethodfor solvingCSPsis basedon backtrackingsearch,which, in orderto beefficient,mustuseboth
filtering techniquesandheuristicsfor choosingthenext variableor value.Thisapproach,oftenefficientin practice,
hasanexponentialtheoreticalcomplexity in ������
 � ��� where� and � arerespectively thenumberof variablesand
thenumberof constraintsof thetreatedinstance,while � is themaximumsizeof domains.
Severalworkshavebeendeveloped,in orderto provideboundsof thetheoreticalcomplexity accordingto particu-
lar featuresof theinstance,likefor exampletheacyclicity of aconstraintnetwork [15, 13]. Thebestknown bounds
of complexity aregivenby the”tree-width” of a CSP, i.e. a parameterassociatedwith thegraphwhich represents
the interactionsbetweenvariablesvia the constraints.Differentmethodsareproposedlike the Tree-Clustering
[14] (see[18] for a survey aboutthesemethodsandtheir theoreticalcomparison).Tree-Clusteringis basedon
the notion of tree-decompositionof the graph. It aimsto representany constraintnetwork by covering the con-
straintsby cliques,whosearrangementis a tree.Thenew structuremustbeequivalentin termsof setof solutions.
Thebestdecompositionleadsto a time complexity in ������
 ���! ��� , where " is thetree-widthof thenetwork [26].
Dependingon the instances,the effective gain may be significantwith respectto enumerative approaches.Yet,
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the spacecomplexity, which isn’t consideredfor the backtrackingbecauseit is generallylinear, may make such
an approachabsolutelyineffective in practice. It canbe reducedto ���#��
 $	
 ��% � where $ is the maximumsizeof
minimalseparatorsof thenetwork [12].

Thepurposeof this contribution is to proposeanalternative way which aimsto benefitfrom backtrackingfor its
practicalefficiency while giving boundsof complexity which will beonesprovidedby structuralapproaches.The
mainideaof ourapproachis thatbacktrackingsearchwill beguided,for thechoiceof variables,by thestructureof
thenetwork’s tree-decomposition.Theorderimposedto enumerationwill allow to exploit two notions.Thefirst
oneis thenotionof ”structuralnogood”.It’sanogoodin theclassicalsenseof theterm(i.e. apartialassignmentof
thesetof variableswhich can’t beextendedto a solution[29]), but we only find it thanksto structuralproperties.
It will beusedfor pruningthe treesearchby cutswhich permitnot to explore inconsistentsubtrees.Thesecond
notion is oneof ”structuralgood”. A goodis a partialassignmentwhich hasat leasta consistentextensionon a
well-identifiedpartof theproblem.A goodwill bedetectedby structuralcriteria.Thepruninginducedby goodsis
usedto cutbranchesof thesearchtreein orderto avoid exploringconsistentsubtrees.In somerespects,exploiting
goodsleadsto realizea”forward-jump”in thesearchtree,by analogywith theclassicalandreverseterminologyof
backjumping.Notethatrelatednotionsof goodsandnogoodsbasedon structuralpropertieshavebeenintroduced
in [5] but thesenotionsareformally different.
Theexploitationof thestructurethroughthenotionsof structuralgoodsandnogoodsis at theroot of our scheme
of enumerativeresolution.We will explain how this approachcanguaranteea theoreticaltime bound,which is at
most ���#��
 ���! �&� if we getanoptimal tree-decompositionof thenetwork, while limiting thespacecomplexity to
O(��
 $	
 ��% ). The given boundsarein the worst case;so we will show that our approachis alwaysmoreefficient
thanTree-Clusteringbecauseourmethodrequireslesstimeandlessspace.Experimentalresultswill confirmthese
features.

In section2, we rememberthe main notationsand resultsaboutCSPsas well as the notionsof graphtheory
exploited in tree-decompositionmethods. Section3 presentsthe methodand justifies its validity. In section
4, we then provide comparative theoritical resultsand time and spacecomplexities. Section5 presentssome
experimentalresults,section6 recallssomerelatedworks,andwefinally givesomeperspectiveswhichareoffered
by our approachin section7.

2 Preliminaries

2.1 Notations

Formally, aConstraintSatisfactionProblemisdefinedbyaquadruplet')(*� � �+�,�+�-�+. � with
� (0/�� � ��� � ��
�
�
��� ��1

a finite setof variablesand �2(3/�� � ��� � ��
�
�
���� ��1 a finite setof domainssuchthat � � is thefinite setof values
which the variable � � cantake. �4(5/�� � �6� � ��
�
�
&�6�87 1 is a finite setof constraintssuchthata constraint� � is
definedby a setof variables/9� �;: ��� �=< ��
�
�
��� �?>;@91 and .A(5/9. � ��. � ��
�
�
&��.-7 1 is a finite setof relationsover the
domainsof variablesof eachconstraint,i.e. a relationis associatedwith each�8� suchthat .-��BC��� :8D 
�
�
 D �E� >;@ .
Therelation .-� definestheallowedassignmentsof variables,i.e. theassignmentswhichsatisfytheconstraint�8� .

Givensucha quadruplet,differentqueriescanbeformulated,like thedecisionproblemwhich concernstheexis-
tenceof anassignmentof variablessatisfyingall theconstraints,i.e. doesa function F�G �IHKJ ��=LM� � � exist such
that N�O6��P�QROSQ0�����TFU�#� �;: � �+FU��� �?< � ��
�
�
&�+FU�#� �?>V@ ��XW . � . If sucha functionexists, then F is a solutionof ' . The
CSPproblemis NP-complete.

Afterwards,we call binary CSPevery instanceof CSPwhosearity of constraintsis two. For binary CSPs(ev-
ery constraintinvolvesa pair of variables),themathematicalobjectcorrespondingto the constraintnetwork is a
graph � � �6� � , whoseverticesandedgesarelabeledrespectively by thedomainsandtherelations;it is calledthe
constraint graph. For n-aryCSPs(theconstraintshave any arity), themathematicalobjectis anhypergraph,the
constraint hypergraph. In this paper, we restrictthestudyto binaryCSPs,without lossof generality, in orderto
simplify theexplanations.
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2.2 Tree-Decompositionof CSPs

The significantworks aboutCSPscanbe divided in threetrends,which aren’t incompatible:the techniquesof
simplificationby filtering, theoptimizationof backtrackingalgorithms,andthedecompositionmethodsbasedon
theexploitationof polynomialclasses.
The basicmethodof resolution,generallycalled Chronological Backtracking, assignsto eachvariablea value
of its domain,by checkingthe consistency of the current instantiation- compatibility of the new assignment
with the previous ones- andby going back as far aspossiblein the searchtree if an inconsistency occurs,or
by extendingit otherwise.This approachleadsto a combinatorialexplosion. Its worst-casetime complexity is
���#�Y
 � ��� while its spacecomplexity canbe boundedto ����� � . In order to lessenthe impactof the theoretical
andpracticalinefficiency of suchanapproach,many differenttechniquesweredeveloped.For example,simplify
thetreatedinstanceby filtering, beforeor duringtheresolution.Either, analyzethereasonsof failuresin orderto
preventthesefailuresreproducing(constraintlearning[11], nogoodrecording[29]) aswell ascomebackashigher
aspossiblein thesearchtree(backjumping[16], dependency directedbacktracking[30]). Jointly, many heuristics
wereproposedwith a view to guidethealgorithmsfor thechoicesof variablesandvaluesto assignfirst. To date,
thereis neitheralgorithm,nor heuristicwhich arealwaysbetterthanotherones,becausetheparticularfeaturesof
instancescanfavouronemethodor anotherone.Notethatif weconsiderstaticvariables(and/orvalues)ordering,
a formal comparisonbetweenbacktrackingalgorithmscanbepartially established(see[20]). [10] partly extends
theseresultsto dynamicorderings.
The only guaranteewhich canexist in termsof theoreticalcomplexity beforesolving a problemareofferedby
decompositionmethods.They proceedby isolatingthepartsintrinsically exponential- that is to sayuntractable
in polynomialtheoreticaltime - to inducea secondstepwhich guaranteesa polynomialtime of resolution.These
methodsgenerallyexploit topologicalpropertiesof the constraintgraphand are basedon the notion of tree-
decompositionof graphs[26], asdefinedbelow.

Definition 1 Let Z*(3� � ��[ � bea graph.A tree-decompositionof Z is a pair �;\���] � with ]*(3�#^���_ � a treeand
\`()/�\a�UGbO W ^ 1 a family of subsetsof

�
, such thateach \a� is a nodeof ] andverifies:

1.
J ��ced \ � ( � ,

2. for all edge /9�f�g 1 W [ , thereexists O W ^ with /��M�g 1ih \a� , and

3. for all O6�kj	�+l W ^ , if l is in a pathfrom O to j in ] , then \ ��m \�noBp\�q
Thewidthof a tree-decomposition�;\���] � is equalto �`r	� ��cedts \ �6s+u P . Thetree-widthof thegraph Z is theminimal
widthoverall thetree-decompositionsof Z .
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Figure1: A constraintgraphon15variables.

Note that for the readerwho isn’t familiar with thesenotions,the definition of a tree ]v(v�#^���_ � refersto a set
of edges_ which is requiredto satisfythepart(3) of definition1. Evenif thecomplexity of theproblemof find-
ing tree-decompositionis NP-Hard[1], many workshavebeendevelopedin thisdirection[6], which oftenexploit
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equivalentdefinitionsof thisnotion,includingonebasedonanalgorithmicapproachrelatedto triangulatedgraphs
(see[17] for anintroductionto triangulatedgraphs).Thelink betweentriangulatedgraphsandtree-decomposition
is obvious. Indeed,givena triangulatedgraph,thesetof maximalcliques \w(A/�\����x\a�b��
�
�
\ q 1 of � � �+[ � corre-
spondsto thefamily of subsetsassociatedwith a tree-decomposition.As any graph Zy(y� � �+[ � isn’t necessarily
triangulated,a tree-decompositioncanbeapproximatedby triangulatingZ . We call triangulation theadditionto
Z of a set [iz of edgessuchthat Zoz{(|� � �+[ J [}z � hasno cycle of lengthat least4 without a chord(i.e. an
edgejoining two non-consecutive verticesin the cycle). The width of a triangulation Zoz of graph Z is equalto
themaximalsizeof cliquesminusonein theresultinggraphZoz . Thetree-widthof Z is thenequalto theminimal
width overall triangulations.
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Figure2: Theconstraintgraphgivenin figure1 afterits triangulation(dashedlines).

Thegraphin figure1 is not triangulated.In figure2, a possibletriangulationof this graphis providedwherethe
maximumsizeof cliquesis four (seefigure3). This is anoptimal triangulation,so,thetree-widthof this graphis
three. In figure4, a treewhosenodescorrespondto maximalcliquesof the triangulatedgraphis a possibletree-
decompositionfor thegraphof figure1. So,we get \��X(3/9~}�����+�-��� 1 �x\a�i(3/��-���,�+[ 1 �\��o(y/�[���_��+Z 1 �\t�i(
/��-���,�+� 1 �\���(�/9�,�+�,��^ 1 �\���(�/9�,�+^���� 1 �x\a��(�/9�,���a��� 1 �x\a��(�/9�����,�+���6� 1 �x\a��(�/����6�R��� 1 and
�\��x�{(R/��R���,�6� 1

The CSPdecompositionmethodcalledTree-Clustering, proposedby DechterandPearl[14] is basedon these
notions(seealso[12] for a morerecentdescription);it proceedsby four steps:

1. Triangulatetheconstraintgraph

2. Findmaximalcliques(eachcliquecorrespondsto asubproblem)

3. Solveeverysubprobleminducedby themaximalcliques

4. Solve thenew acyclic n-aryCSP.

Theguiding ideaof this methodis to provide a systematicscheme,which, from any CSP, producesanequivalent
n-aryCSPby a coveringof thesetof constraintsin orderto build anacyclic constrainthypergraph.Sucha CSP
canbesolvedin polynomialtime with respectto thesizeof theinducedn-aryCSP.
This methodis generallypresented[14] usingan approximationof the optimal triangulation(somecomments
abouttriangulationsaregiven in section5). Phases1 and2 arefeasiblein polynomial time, moreprecisely, in
���#���p�`z � with ��z thenumberof edgesof thegraphafterthetriangulation( ��Qw��zf��� � ). Moreover, notethat
the treeassociatedto the acyclic hypergraphcanbe computedin linear time, giventhe maximalcliques. Step3
is feasiblein ������
 ��� �� �&� with "{ thesizeminusoneof the biggestproducedclique ( "S ¡�RP¢Q*� ). The last
stephasthesamecomplexity. Thespacecomplexity, which is boundto thestorageof solutionsof subproblems,
canbereducedto ���#��
 $	
 ��% � with $ themaximalsizeof minimal separators,which equalsthesizeof thebiggest
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Figure3: Theacyclic hypergraphinducedby maximalcliquesof thetriangulatedgraphgivenin figure2.

intersectionbetweensubproblems( $£Q¤"  ). Finally, notethat for every decompositionwhich inducesa value
"S , wehave ")Q�"S with " thetree-widthof theinitial constraintgraph.
Figures1 to 3 canbe consideredasan illustration of this method. In figure 1, we seea constraintgraph. After
step1, thetriangulationaddstwo edges(thedashedlines).A coveringof thisgraphby maximalcliquesdefinesan
acyclic hypergraph.Eachmaximalcliquedefinesa subproblem.
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Figure4: Thetree-decompositionof thetriangulatedconstraintgraphgivenin figure2.

Althoughtheoreticallyinteresting,all thepracticalinterestof this methodisn’t provedyet, even if it’s clearthat,
for someclassesof CSP, it canprovide an usefulapproach[12]. Onereasonof the lack of efficiency of Tree-
Clusteringis due to the heavinessof the approach,andspeciallythe requiredspace. In the casewhereall the
solutionsaresearched,it maybeuseful. In theotherhand,if we checktheconsistency or if we searchonly one
solution,we will preferto usean enumerative algorithmsuchasForwardChecking(denotedFC [19], RealFull
Look-Ahead(denotedRFLA [24]) or MaintainingArc-Consistency (denotedMAC [28]), dueto thespacecostsof
Tree-Clustering,andto its practicalefficiency.

In the next section,we show how the referenceto sucha structuraldecompositionallows to establisha search
procedurebasedon enumerationwhile keepingthecomplexity boundsgivenabove.
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3 The BTD Method

3.1 Presentation

The BTD method(for Backtrackingwith Tree-Decomposition)proceedsby an enumerative searchguidedby a
staticpre-establishedpartial order inducedby a tree-decompositionof the constraint-network. So, the first step
of BTD consistsin computinga tree-decompositionor an approximationof a tree-decomposition.Theobtained
partialorderallows to exploit somestructuralpropertiesof the graph,during the search,in orderto prunesome
branchesof thesearchtree.Hence,whatdistinguishesBTD from othertechniquesconcernsthefollowing points:

¥ thevariableinstantiationorderis inducedby a tree-decompositionof theconstraintgraph,

¥ somepartsof the searchspacewon’t be visited againas soonas their consistency is known (notion of
structural good),

¥ somepartsof thesearchspacewon’t bevisitedagainif it is known that thecurrentinstantiationleadsto a
failure(notionof structural nogood).

Note that this methodis calledBTD for Backtrackingwith Tree-Decomposition,but we will seelatter that the
enumerative searchcanbe implementedwith the basicBacktracking,or FC, or MAC (and more sophisticated
algorithms).

3.2 Theoretical Foundations

Let '¦(|� � �+�,�+�-�+. � be an instancewhere � � �6� � is a graph,with §|(¦��\���] � a tree-decomposition(or an
approximation)where ]¨(A�#^���_ � is a tree. We supposethat theelementsof \p(¤/�\���GaO W ^ 1 areindexedwith
respectto thenotionof compatiblenumeration:

Definition 2 A numeration on \ compatiblewith a prefix numeration of ]¦(I�#^���_ � with \ � the root is called
compatiblenumeration �i© .
Notethattheexampleof tree-decompositiongivenin figure4 is acompatiblenumerationon \ . Wenote ��ª�$9«b��\ n �
thesetof variablesbelongingto theunionof the descendants\ q of \ n in the treerootedin \ n , \ n included. For
example, ��ª�$9«b�;\�� � (¨\�� J \a� J \a� J \a��(2/��-���,�+�,��^��&�a�+� 1 . Note that the numeration� © definesa partial
variableorderingthatpermitsto getanenumerationorderof thevariablesof ' :

Definition 3 An order ¬� of variablesof
�

such that N�� W \a��xN�g W \ n , with Oi�Rj , ��¬�¤g is a compatible
enumerationorder.

For example,the alphabeticalorder ~i������
�
�
��+�,�+� is a compatibleenumerationorder. The tree-decomposition
with thenumeration�}® permitsto clarify somerelationsin theconstraintgraph.

Theorem1 Let \�n be a sonof \ � (so O`�4j ). There doesn’t exist an edge /9�f��g 1 in the graph � � �+� � where
� W � J n&¯ �q L°� \�q �+± ��\ �am \�n � and g W ��ª�$�«e�;\�n ��± �;\ ��m \�n � .
Proof:
By definition, \a� m \ n is clearlyaseparatorof thegraphwhichdisconnects� J n&¯ �q LM� \ q ��± �;\a� m \ n � and ��ª�$9«b�;\ n �+± �;\a� m
\ n � . ²

For example,let O�(*P , j�(´³ , and \ � bea sonof \ � . Thereis no edgein Z between�;\ � J \ � J \ � �+± ��\ �µm \ � � (
/�~i�����+�-�+�,��[��+_���Z 1 ± /��-�+� 1 (¶/9~}������[��+_���Z 1 and ��ª�$9«b�;\ � �+± ��\ ��m \ � � (I/��-�+�,���£��^��&�a��� 1 ± /��-��� 1 (
/��,��^��&�a�+� 1 .
In termsof CSP, thereis no constraintjoining thesetwo subsetsof variablesandthereforethesetwo subproblems.
Consequently, thecompatibilityrelationsbetweeninstantiationspassonly throughtheseparator\a� m \ n .
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TheBTD methodis basedon compatibleenumerationorderandthis first theorem.Let usconsidera consistent
instantiation § of variablesof \�� J 
�
�
 J \a� J \a�  �

J 
�
�
 J \ n&¯ � , with \ n a son of \a� . Due to the definition
of compatibleorders,the enumerationcontinueswith the variablesof the lineage ��ª�$9«b��\ n � exceptoneswhich
belongto \a� m \ n . Thentwo casesarisedependingon whethera consistentextensionof thecurrentinstantiation
on ��ª�$9«b�;\�n � existsor not:

¥ There is no consistentextension. In sucha case,the reasonof the inconsistency canonly be theunsatis-
factionof someconstraintswhich join eithertwo variablesof ��ª�$9«b�;\ n � or (not exclusive or) a variableof
this setanda variablewhich precedesit in theorder, sowhich belongsto \ �!m \�n (seetheorem1). In that
case,if a new consistentassignment§}z suchthat §iz and § areequalon \ ��m \�n is tried, its extensionon
��ª�$�«e�;\�n � will leadto thesamefailure,independentlyof whatprecedes.In fact,theinstantiationrestrictedto
\ ��m \�n maybeconsideredasanogoodin theusualsenseof theterm,although,here,it is foundby structural
criteria.Thisnogoodcanberecordedandexploitedduringnext searches.

¥ There exists a consistentextension. By a similar reasoningto previous one, we can prove that every
instantiationwhich is the sameon \ �fm \	n will leadto a successon ��ª�$�«e�;\�n � , becauseit is independent
of what precedes.This assignmentcan be now consideredas a good in the sensethat on a part of the
problem, ��ª�$9«b�;\�n � , this assignmenthasa consistentextension.Like nogoods,goodsmayberecordedand
usedduringfurthersearches,allowing to jump in thesearchtree(forward-jumping), what leadsto continue
theenumerationwith thevariableslocatedafteronesof ��ª�$9«b��\ n � in thecompatibleenumerationorder.

Theclosestworksof ourapproachareonesof BayardoandMirankerin [4] whosestudyis limited to theresolution
of binaryCSPswhoseconstraintgraphis a tree.Our approachcanbeconsideredasa generalizationof theirwork
sincetheir goodsand nogoodsinstantiatevariableswhile our goodsand nogoodsinstantiatesetsof variables
(separators).In [5], BayardoandMiranker proposeanothergeneralizationof goodsandnogoodswhich is not
basedonseparatorsbut onsetsof ancestorsin anorderedconstraintgraph.Formally, theirwork is differentthough
theiruseof goodsandnogoodsduringsearchis similar to ours.
Now, we formally introducegoodsandnogoodsbasedon separators.

Definition 4 Given \a� and \ n oneof its sons,a good (resp.nogood) of \�� with respectto \ n , noted·���\a�k¸9\ n � (resp.
��·!�;\a�k¸�\ n � ), is a consistentassignment§ of \a� m \ n such that thereexists(resp.doesn’t exist)a consistentextension
of § on ��ª�$9«b��\�n � .
The following lemma1 andits corollary show that the interactionsbetweena subproblemrootedin \ n andthe
remainingof theCSPpassthroughtheintersectionbetween\ n andits father\a� . Thesepropertiesareat theorigin
of thecuttings(for thenogoods)andthejumps(for thegoods)which will berealizedin thetreesearch.

Lemma 1 Given \a� and \ n oneof its sons,given ¹ h � such that ��ª�$�«e�;\ n � m ¹�(y\a� m \ n , everyconsistent
instantiationº of ��ª�$9«b�;\ n � is compatiblewith everyinstantiation§ of ¹ iff §�» \a� m \ n6¼ (�ºX» \a� m \ n½¼ .
Proof:
Accordingto theorem1 andby construction,the only constraintsjoining the variablesof ¹ to the variablesof
��ª�$9«b��\ n � aretheconstraintswhich involvethevariablescommonto ��ª�$9«b��\ n � andto ¹ , i.e. \�� m \ n . It resultsthat
§ and º arecompatibleif f eachcommonvariablehasthesamevaluein § and º (i.e. §�» \a� m \ n�¼ (CºX» \a� m \ n�¼ ). ²

It ensuesthefollowing corollary:

Corollary 1 Given\ � and \�n oneof its sons,everyconsistentinstantiationº of ��ª�$9«b��\	n � is compatiblewith every
instantiation§ of � � ± ��ª�$�«e�;\�n �� J \ � iff §�» \ ��m \	n ¼ (�ºX» \ �am \�n ¼ .
We thenformalizetheexploitationof goods:

Lemma 2 (jump by the goods) Given \a� and \ n oneof its sons,given ¹ h � such that ��ª�$�«e�;\ n � m ¹3(w\a� m \ n ,
for all ·!�;\a�k¸�\ n � , everyconsistentinstantiation§ of ¹ such that §�» \a� m \ n½¼ (�·���\a�k¸9\ n � hasa consistentextension
on ��ª�$9«b�;\�n � .
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Proof: Let § be a consistentinstantiationsuchthat §�» \a� m \ n&¼ (¾·���\a�k¸9\ n � . According to the definition of
goods,thereexists an instantiation º on ��ª�$9«b�;\ n � suchthat º is consistentand ºX» \a� m \ n&¼ (¿·���\��À¸9\ n � . As
§�» \a� m \ n&¼ (w·!�;\a�Á¸9\ n � (�ºX» \a� m \ n&¼ , § and º arecompatible(accordingto lemma1). Therefore,º is aconsistent
extensionof § on ��ª�$9«b�;\ n � . ²

Thus,if a partial instantiation§ is suchthat §�» \�� m \ n½¼ is a goodof \a� with respectto \ n , thenit isn’t necessary
to extendthe searchon ��ª�$�«e�;\ n � . So the enumerationgoeson with the variablesof the first \ q locatedout of
��ª�$9«b��\ n � , for instancethenext brotherof \ n , if thereexistsone.

Lemma 3 (cutting by the nogoods) Given \a� and \ n oneof its sons,given ¹ h � such that ��ª�$9«b��\ n � m ¹v(
\a� m \ n , for all ��·!�;\a�k¸�\ n � , there is no assignment§ of ¹ such that §�» \a� m \ n&¼ (Â��·!�;\a�k¸�\ n � andsuch that § has
a consistentextensionon ��ª�$9«b��\ n � .
Proof: Accordingto thedefinitionof anogood,thereis noextensionof ��·!�;\a�k¸�\ n � on ��ª�$9«b�;\ n � . As §�» \a� m \ n&¼ (
��·!�;\a�k¸�\ n � , § can’t beextendedon ��ª�$9«b�;\ n � . ²

3.3 The BasicAlgorithm

Themethodobtainedfrom thesenotionscanbe implementedin severalwaysaccordingon whethera filtering is
associatedor not with theenumeration.However, themechanismswill besimilar. TheBTD methodexploresthe
searchspaceby usinga compatibleorder ¬� , which beginswith thevariablesof \�� . Inside \�� , theenumeration
works in classicalway. On the other hand,when all the variablesare assignedby satisfyingall the involved
constraints,we thengeta consistentinstantiation§ of variablesof \�� J 
�
�
 J \a� . Thesearchmustgo on with the
variablesof thefirst son \a�  � of \a� if thereexistsone.More generally, let usconsiderthecaseof oneson \ n of \�� .
We checkif §�» \ ��m \�n ¼ is a goodor anogoodandwetakeappropriateaction:

¥ In thecaseof anogood,wechangethecurrentinstantiationon \a� .
¥ In thecaseof a good,a ”forward-jump”happensin orderto continuetheenumerationwith thefirst variable

locatedafterthoseof ��ª�$9«b��\ n � . Figure5 illustratesthecaseof a forward-jump,assumingthat §�» \�� m \�� ¼ (
§�»Ã/��,��� 1 ¼ is agood.Weshow in part(a) thejumpin acompatibleenumerationorder, andin part(b),where
thesearchgoeson in thestructureof theinstance.

¥ In theothercases,i.e. §�» \a� m \ n½¼ is neithera goodnor a nogood,§ mustbeextendedin consistentway on
thevariablesof ��ª�$9«b��\ n � . If so, §�» \a� m \ n&¼ is recordedasagood;on thecontrary, if § can’t beextendedin
consistentway, thenogood§�» \a� m \ n&¼ is recorded.

Figure6 describestheBTD algorithmrestrictedto theconsistency check:it returnsTrue if theconsistentinstan-
tiation § canbeextendedto a consistentinstantiationon Ä © @ andon all thedescentsof \a� ; Falseotherwise. Ä © @
representsthesetof unassignedvariablesof \a� and Z and � respectively thesetof recordedgoodsandof nogoods.
Thisalgorithmis runafterhaving computeda tree-decomposition(or anapproximation)of theconstraintgraph.

Theorem2 BTDis sound,completeandterminates.

Proof: This algorithmis provedby induction,exploiting propertiesof structuralgoodsandnogoods.Theinduc-
tion is madeon thenumberof variablesappearingin thelineageof \a� exceptthealreadyassignedvariablesof \�� .
Thissetof variablesis denotedÄi~{.��;\a�x�6Ä © @ � (�Ä © @ J � Å© >�c	Æ�Ç�� %+È © @�É

�T��ª�$�«e�;\ n ��± �;\a� m \ n ����

Äo~{.��;\a��6Ä © @ � is thenthesetof variablesto assignto know whether§ canbeextendedto aconsistentassignment
on Ä © @ andits lineage.

To proveBTD, wemustprovetheproperty Ê��#§��6Äi~S.���\ � �+Ä�© @ ��� definedas:
”BTD( §��+Äo~{.E��\a��6Ä © @ �� returnstrue if the consistentassignment§ canbeextendedto a consistentassignment

8



LSIS (UMR CNRS6168)Research Report number LSIS/2002/005,Marseille France

C1

C3

2C C4

C5

C6 C7

8C

C9

C10

ABCD

CDE

EFG

CDH

DHI

BDLM

LMN

MNOHIJ HIKunexplored
area

A
B
C
D
E
F
G
H
I
J
K
L
M
N
O

(a) (b)

on {D,H}

good

forward−jump
from H to L

Figure5: Exampleof a forward-jumpwith agood Ë�Ì Í9ÎfÏ�Í�Ð�Ñ on Ò6Ó{ÔÀÕ-Ö . In (a),weshow thejumpalongtheenumerationorder, while in
(b) weseethejump in thestructureof theproblem.

on Äa© @ andthelineageof \ � ; otherwise,BTD returnsfalse”.

ConsiderÊ��T§��+× � :
If Ä}~S.��;\a���+Ä © @ � (R× , then Ä © @ (Â× and Ø�Ù��f$���\�� � (R× . Since § is a consistentassignment,§ canbeextendedto
aconsistentassignmenton Ä © @ andon thelineageof \a� . ThereforeÊ��;\a�x�6Äi~S.���\����+Ä © @ ��� is true.

Inductionstep: Ê��T§��+Ø � with Ø´Ú(´× . Supposethat N Ø�z h Ø���Ê��#§��+Ø�z � holds.

- If Ä © @ Ú(Â× :
During the While loop (lines 28-34)the assertion:”there is no value Û of � alreadycheckedsuchthat §
extendedby thatvalueleadsto aconsistentassignmentfor Ä © @ andthelineageof \�� ” is true.
If BTD iscalled(line32), § J /���ÜIÛ 1 is thenconsistent(sincenoconstraintisviolated)and Äi~{.E��\a�x�+Ä © @kÝ6Þ�ß�à � h
Äi~S.���\����+Ä © @ � . Accordingto the inductionhypothesis,theassignment§ hasbeenextendedif �}áS�£�T§ J
/��£ÜKÛ 1 �x\ � �6Äa© @ ± /�� 1 � is true. In thatcase,�iáS�£�T§��x\ � �+Ä�© @ � returnstrueand Ê��T§��+Ä}~S.��;\ � �+Ä�© @ �� is sat-
isfied.
After theloop(line 35),all thepossiblevalueshavebeentriedwithoutconsistentextensionof § . Therefore,
�iáS�£�T§��x\ � �+Ä�© @ � returnsfalseand Ê��T§��+Ä}~S.��;\ � �+Ä�© @ �� is satisfied.

- If Ä © @ (Â× :
During theWhile loop (lines8-21)theassertion:”for eachson \aâ alreadychecked, § canbeextendedto a
consistentassignmenton ��ª�$9«b�;\�â � ” holds.
We show thatthisassertionis trueat theendof theloop.
Let \ n bea sonof \a� to beexamined.

+ If §�» \	n m \ � ¼ is agoodof \ � ¸�\	n , by lemma2,weknow that § canbeextendedon ��ª�$9«b�;\�n � . Therefore,
theassertionis trueat theendof theloop.

+ If §�» \�n m \ � ¼ is anogoodof \ � ¸9\�n , by lemma3, weknow that § cannotbeextendedon ��ª�$9«b��\�n � . The
loop is thenfinished.

+ If §�» \�n m \ � ¼ is neithera good,nor a nogood,then,BTD is calledwith § which is a consistentas-
signmentand Äi~S.���\ n �\ n ± �;\ n m \�� �� h Äi~{.E��\a�x�+× � . So, accordingto the induction hypothesis,
BTD �T§��x\ n �\ n ± �;\ n m \a� �� returnstrueif § admitsa consistentassignmenton ��ª�$�«e�;\ n � , andthenthe
assertionis verified.Otherwise,theloop is stopped.

After theloop (line 22),BTD �T§��x\a���+× � returnstrueif § hasbeenconsistentlyextendedon every son,
andreturnsfalseotherwise.
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1. ãåäåæoç=ËèÔ#Í�éÁÔkê�ë @xì
2. If ê�ë @ í�î
3. Then
4. If ïað+ñ�ò½ç?Í9é ì í`î Then ReturnTrue
5. Else
6. óUð�ñ�òô;òõ�ö�ñ�÷Áø8ù True
7. ú`ù)ï�ð+ñtò&çûÍ�é ì
8. While úýüí�î and óUð+ñtòô�òxõ�ö�ñ�÷xø Do
9. ChooseÍ½þ in ú
10 ú£ù0úµÿ&ÒÍ½þ9Ö
11. If Ë�Ì Í½þUÏ�Í9é�Ñ is agoodof Í9é���Í½þ in � Then óUð�ñ�òô;òõ�ö�ñ�÷Áø8ù True
12. Else
13. If Ë�Ì Í6þ°Ï�Í9é;Ñ is anogoodof Í9é���Í½þ in � Then óUð+ñ�òxô�òõ�öñt÷Áø ù False
14. Else
15. óUð+ñ�òxô�òõ�öñt÷Áøåù����°Ó{ç?ËèÔTÍ6þbÔ#Í½þ�ÿ�çûÍ½þ�Ï�Í�é ì#ì
16. If óUð+ñ�òxô�òõ�öñt÷Áø
17. Then Recordthegood ËSÌ Í6þ°ÏèÍ�é;Ñ of Í9é���Í½þ in �
18. ElseRecordthenogoodË�Ì Í6þ°Ï�Í9é;Ñ of Í9é	��Í6þ in �
19. EndIf
20. EndIf
21. EndWhile
22. Return óUð+ñ�òxô�òõ�öñt÷Áø
23. EndIf
24. Else
25. Choose
��oê�ë @
26. ���ù)Ó��
27. óUð+ñ�òxô�òõ�öñt÷Áøåù False
28. While  � üí`î and ��óUð+ñtòô�òxõ�ö�ñt÷Áø Do
29. Choose� in ��
30. ��èù����ÿ&Ò��9Ö
31. If ü �9÷��-ó�é suchthat ÷ isn’t satisfiedË��XÒ�
Sù��9Ö
32. Then óUð+ñtòô�òxõ�ö�ñ�÷xøåù����°Ó{ç=Ë��XÒ�
�ù��9Ö�Ô#Í�éÁÔkê�ë @ ÿ&Ò�
	Ö ì
33. EndIf
34. EndWhile
35. Return óUð+ñtòô�òxõ�ö�ñ�÷xø
36. EndIf

Figure6: TheBTD algorithm.

Therefore, Ê��#§��6Äi~S.���\����+Ä © @ ��� is satisfied. Note that the memorizationof goodsand nogoodsis
justifiedby their definition.

Tosummarize,sinceBTD satisfiesÊ��T§��+Ä}~S.��;\a�x�6Ä © @ �� , in particularBTD satisfiesthepropertyÊ��T×a�+Ä}~S.��;\����\�� ��
for thefirst call, andthenBTD is sound,completeandterminates.²

3.4 Extensionsof BTD

We now discussextensionsof theBTD algorithmpresentedin theprevioussection.It is basedon Chronological
Backtracking. It is well known that this algorithm isn’t efficient in practice. So, its naturalextensionswhich
generallyexploit lookaheadtechniqueslike arc-consistency or forward-checkingmustbe integratedto the BTD
approach.
Thus,we introducetwo extensionsbasedon filterings:

¥ FC-BTD which is BTD usingtheclassicalfiltering usedin Forward-Checking[19].

¥ MAC-BTD which is BTD usinganarc-consistency filtering [28].

Theseextensionsarestraightforward if the usedfiltering doesn’t modify the structureof the constraintnetwork.
Indeed,a more powerful filtering like path-consistency [23, 22] appliedduring searchis not possiblebecause
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new edgescanbe addedto the constraintnetwork, modifying its structuralpropertieswith consequenceson the
propertiesof BTD. Sothatfor FC-BTD, thecorrectnessof theextensionis trivial, for MAC-BTD this extensionis
straightforwardbut we considerit mustbeestablishedby thenext property:

Theorem3 Let \ n bea sonof \�� andlet § bea consistentassignmenton
J n&¯ �q LM� \ q . Assumethat thearc-consistent

closureof theCSP' after theassignment§ (denoted~-���;'���§ � ) hasnoemptydomains.If · is a goodof \a� with
respectto \	n in ' such that ·�(�§�» \ ��m \�n ¼ , then · is a goodin ~-���;'��+§ � .
Proof:
Let º bea consistentassignmenton ��ª�$9«b�;\ � � associatedto thegood · . That is º is a solutionof thesubproblem
of ' inducedby thevariablesoccurringin ��ª�$9«b�;\ � � . Therefore,weget §�» \ �am \�n ¼ (�º-» \ ��m \	n ¼ . By definition, º
satisfiesall theconstraintsbelongingto ��ª�$�«e�;\�n � . Moreover, all thevaluesin § arecompatiblewith all thevalues
in º . Indeed,theconstraintsbetween§ and º associatepairsof variables/9� � ���n 1 suchthat � � W \ � and �an W \�n .
Then,threecasesexist:

1. ��n W \ � . Therefore,since§ is a consistentassignment,§ satisfiestheconstraintsoccurringin \ � especially
/�� � ��an 1 .

2. � � W \�n . Therefore,sinceº is a consistentassignment,º satisfiestheconstraintsoccurringin \	n especially
/�� � ��an 1 .

3. � � ���n W \ ��m \	n which is aparticularcaseof theuppercases.

Therefore,theassignmentdefinedby theassignment§ extendedby º , thatis § J º , is asolutionof thesubprob-
lemdefinedby thevariablesappearingin § or in ��ª�$9«b�;\�n � sinceall theconstraintsaresatisfied.Thus, § J º is a
consistentassignment,andthenthevaluesin º necessarilyappearin ~-���;'���§ � . ²

Anotherwayto improvebacktrackingsearchconsistsin usinganon-chronologicalbacktrackinglikeBackjumping
classicallydenotedBJ,Gas79. Backjumpingallowsusto definethreeimmediateextensionsof BTD:

¥ BTD-BJ which is BTD usingBackjumping.

¥ FC-BTD-BJ which is BTD usingtheclassicalfiltering usedin Forward-CheckingandBackjumping.

¥ MAC-BTD-BJ which is BTD usinganarc-consistency filtering andBackjumping.

BTD-BJ(respectively FC-BTD-BJandMAC-BTD-BJ)is similar to BTD (resp.FC-BTDandMAC-BTD) with an
additionalphaseof backjump.This phaseof backjumpis achievedwhenBTD comesbackto thecluster \ � after
a failureduringthesearchfor anextensionof thecurrentinstantiationover thedescentof \a� rootedin a son \ n of
\a� . It consistsin comingbackto thedeepestvariablewhichbelongsbothto \a� and \ n .

Finally, notethat theBTD algorithmonly builds a consistentinstantiationwhich canbeextendedto a solutionof
thetreatedinstance,if oneexists. Indeed,somevariablesareunassigneddueto thejumpsrealizedthanksto goods.
Nonetheless,it’s easyto extendthe producedassignmentto a solutionof the problemby usinga backtracking
searchandby checkingthe recordedgoodsand nogoodsas new constraints. Note that this extensiondoesn’t
changeanything to thecomplexity boundsprovidedin thenext section.

4 Time and spaceComplexities

In thissection,wefirst assessthetimeandspacecomplexitiesof theBTD algorithm.Then,wecompareBTD with
the ChronologicalBacktrackingandthe Tree-Clustering.Note that theseresultsalsohold if we considermore
sophisticatedbacktrackingsearchasFC or MAC. Let us assumethat a tree-decompositionor its approximation
hasbeencomputed.
We begin by evaluatingthespacecomplexity of BTD:
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Theorem4 BTD hasa spacecomplexity in ������
 $	
 �t% � where $ is thesizeof thelargestintersection\�� m \ n with
\ n sonof \a� .
Proof: BTD only recordsthegoodsandthenogoods.Goodsandnogoodsareinstantiationson theintersections
\a� m \ n with \ n sonof \a� . Therefore,if $ is thesizeof thelargestof theseintersections,BTD hasaspacecomplexity
in ������
 $	
 �t% � becausethenumberof intersections\a� m \ n is boundedby � while thenumberof goodsandnogoods
associatedto oneintersectionis boundedby ��% andthesizeof a goodor anogoodis at most $ . ²

Next, we calculatethetimecomplexity of BTD.

Theorem5 BTDhasa timecomplexity in ���#��
 $ � 
 ��
 �	� �� �&� with "{ ,��P thesizeof thelargest \�� and $ thesize
of thelargestintersection\a� m \ n with \ n sonof \a� .
Proof:
Assumethatwe wantto extendaninstantiationon \ n . Thereexist two cases:

- Either \ n ( \�� , and then find the consistentinstantiationson \ n hasa worst-casetime complexity in
������
 ��� © > � � . Notethat � is dueto thenumberof constraintsto checkto ensureconsistency.

- Or \ n is a sonof \a� . Let § bea consistentassignmenton ¹ ( ¹ h � suchthat ��ª�$9«b��\ n � m ¹*(�\a� m \ n ).
Find theconsistentextensionsof §�» \ n m \a� ¼ on \ n hasa worst-casetimecomplexity in ���#�Y
 � � © > Ý © >�� © @ � � .
BTD searchestheextensionof §�» \�n m \ � ¼ onceandonly once(thanksto recordedgoodsandnogoods).As
thereexist atmost ��� © @ � © > � assignments§�» \ n m \a� ¼ , theworst-casetimecomplexity of finding theextension
on \ n is in ���#��� © > � � .

Therefore,if "S ´�AP is the size of the largest \ � , the searchof an extensionby BTD has a complexity in
���#��
 ��
 ��� �a �&� , to which mustbeaddedthecostof managingandexploiting goodsandnogoods.As this costis
zerofor \ � , we focuson thecasewhere\�n is a sonof \ � .
Thecomparisonbetween§�» \ �!m \�n ¼ anda recordedgood(or nogood)requires��� s \ � m \�n s � steps.Theaddition
or thesearchof a good(or a nogood)is in ��� s \a� m \ n s! #"%$ �#��� © @ � © > � ��� . Sothemanagementandtheexploitationof
goodsandnogoodshaveacomplexity in ���T��� © @ � s \a� m \ n s! #"%$ �#��� © @ � © > � �� , given \a� andoneof its sons\ n . Therefore,
on theoverall search,it hasa costin ������
 $	
 ��
 �	� �� �  #"%$ �T��% �� .
Thus,thetimecomplexity of BTD is ���#��
 ��
 ��� �a � �{��
 $e
 ��
 ��� �� �  #"%$ �#�t% ��� , i.e. acomplexity in ������
 $ � 
 �Y
 ��� �a ��� .
²

The time andspacecomplexities of BTD arecomparableto onesof Tree-Clustering.We now show that BTD
developsfewer nodes(or asmany nodesin the worst case)thanChronologicalBacktracking(denotedBT) and
thanTree-Clustering(denotedTC). In orderto do thesecomparisons,we considerthatBT andTC usethesame
variables/valuesorderasBTD andTC mustexploit thesametree-decompositionasBTD. Usingcompatibleorders
allows to compareeasilyBT with BTD. Nevertheless,it’s clearthat a compatibleorderisn’t necessarilya good
variableorderfor BT. A moregeneralcomparisonbetweenBTD andBT (FC andMAC too), requiresto study
differentorders.So,this analysisshouldbeextendedin the future to considerdifferentorders.We first compare
BTD andBT:

Theorem6 Givena compatibleorder, BTD developsat mostasmanynodesasBT.

Proof: UsinggoodsandnogoodspermitsBTD to avoid someredundanciesin thetreesearch.SoBTD develops
atmostasmany nodesasBT. ²

Like BT, BTD stopsassoonastheproblem’sconsistency is found. In theotherhand,TC builds every consistent
assignmenton \a� , for each\a� . Furthermore,whenBTD doesn’t developa consistentinstantiationon \a� , it ensues
asaving in numberof nodeson all thedescentof \ � .
And so,thenext theoremshowsthegainin nodesof BTD with respectto TC:

Theorem7 Givena compatibleorder, BTD developsat mostas manynodesas TC, which usesBT for solving
each \a� .
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Proof: BTD andTC develop in the worst casethe samenumberof nodesfor \�� . For all other \ n (jwÚ(2P ), TC
searchessystematicallyall consistentassignmentson \ n , whereasBTD only builds theconsistentinstantiationson
\ n whicharecompatiblewith thecurrentinstantiationon \a� , thefatherof \ n . Thus,BTD developsatmostasmany
nodesasTC. ²

Finally, to concludethissection,notethatif weputFCor MAC insteadof BT, thetheorem6 still holds.Moreover,
for time complexity, we get thetheoreticalcomplexity time by multiplying thecostby a factordueto thecostof
onefiltering, in thesamespirit asthecomplexity analysisproposedin [21].

5 Experimental results

The following experimentsarecarriedout with a view to assessingthe interestof a methodlike BTD. The first
experimentsconcernnetworkswhosetree-widthis notnecessarilysmall.For them,wehopethatBTD isasefficient
asany classicalenumerativealgorithms.Thesecondexperimentswork onstructuredCSPs:wehopethatBTD will
exploit efficiently topologicalpropertiesof the network whenthesepropertiesarerelatedto tree-decomposition,
thatis CSPwith smalltree-width.Finally, weassessthebehaviour of ourmethodon somereal-world instances.

5.1 About implementation

5.1.1 The implementedalgorithms

We implementdifferentversionsof BTD. The first version,notedFC-BTD, correspondsto a simpleimplemen-
tationof theBTD algorithmbasedon theForward-Checkingalgorithm. Thesecondversion,notedFC-BTD-BJ,
is FC-BTD with the additionalphaseof backjump(seesubsection3.4 for moredetails). The last two versions,
notedrespectively FC-BTD̄ andFC-BTD-BJ̄ , respectively correspondto FC-BTDandFC-BTD-BJwithout the
recordingof thegoodsandnogoods.We needtheseversionsto assessthecontributionof goodsandnogoods.In
otherwords,theseversionscorrespondto ForwardCheckingwherethechoiceof thenext variableto instantiateis
partlyguidedby a compatibleenumerationorderof BTD. Likewise,wedefinetheMAC basedversionsof BTD.

We implementseveralalgorithmsin orderto comparethemwith thedifferentversionsof BTD. We useFC [19],
Forward-Checkingwith Conflict-directedBackJumping(denotedFC-CBJ[25]), andMAC [28]. For MAC, arc-
consistency is achievedthanksto theAC-2001algorithm([8]), whichhasanoptimalworst-casetime complexity.

For the purposeof comparingthe numberof developednodesand the spacerequirementsof BTD and Tree-
Clustering,we implementa partialversionof Tree-Clustering.By partialversion,we meanthatwe only compute
all solutionsof eachcluster. We don’t solve the acyclic CSPobtainedfrom the previous computationbecause
this steppresentsno interestfor our comparisons.We noteTC-FCour partial implementationof Tree-Clustering
basedon theForward-Checkingalgorithm. Of course,BTD andTC-FCexploit thesametree-decomposition(or
thesameapproximation).Finally, notethatweonly assesstherequiredmemoryfor TC-FCwithout recordingany
partialinstantiationbecausewe wouldneedtoo muchspace.

5.1.2 Heuristic for choosingthe next variable to instantiate

For choosingthenext variableto instantiate,we usetheheuristic ��Ù��,¸b�	ª�· . Accordingto this heuristic,thenext
variableto instantiateis thevariable ��� which minimizesthe ratio � & @ �� ' @ � with ��� thecurrentdomainof ��� and (M�
thesetof theneighboursof � � . We selectthenext variable:

- amongall theunassignedvariablesof theproblemfor FC,FC-CBJor MAC,

- amongall theunassignedvariablesof thecurrentclusterfor thedifferentversionsof BTD.

Notethatthedifferentversionsof FC-BTD (respectively MAC-BTD) useexactly thesamevariableordering.
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5.1.3 Approximation of a tr ee-decompositionby triangulation

As theproblemof findingatree-decompositionis NP-Hard,weonly useanapproximationof atree-decomposition
by triangulatingtheconstraintgraph.
We try several algorithmsfor triangulatingthe constraintgraphamongthe LEX-M algorithm ([27]), the LB-
TRIANGalgorithm([7]) andtheFill-in Computationalgorithm([31]). Thefirst two algorithmsproduceaminimal
triangulation(a triangulation [iz of a graph Z ( �kÄµ�+[ � is minimal if thereis no triangulation [iz z suchthat
[iz z h [iz ). They haveatimecomplexity in �����!� � with � thenumberof verticesand � oneof edgesof thegraph,
whereasthe time complexity of the Fill-in Computationalgorithmis linear in O �#�,��� z � ( � z is the numberof
edgesof thetriangulatedgraph).Theexperimentationson classicalrandomproblemsshow that theLEX-M algo-
rithm providesthebestresultsfor BTD. So,for all thefollowing results,we usetheLEX-M algorithmto compute
a triangulation.

From this triangulation,if we computean approximationof a tree-decomposition,we obtain that cliquesand
separatorshave on averagea reasonablesize,that is to say, thetime andthememoryneededby BTD arefeasible
in practice.On thecontrary, the largestseparatorsizemaybetoo important,that is to sayBTD mayrequesttoo
muchmemory. So,to preventthis problem,we proposeto limit thesizeof separatorsby a givenparameter$ 7*) ß ,
like in [12]. This trade-off is madeto the detrimentof the sizeof clustersandsoof the time. First we compute
normally theclique-tree.Then,we traversethe treein breadthfirst search.If theson \�n hasan intersectionwith
its parent\ � whosesizeis lessthan $97+) ß , thesonandits parentremainunchanged.Else,we mergetheparent\ �
andits son \	n . Theobtainedclusterreplaces\ � in thetree(sowe call this cluster\ � ). Furthermore,thesonsof \�n
becomethesonsof \ � . Finally, notethat thesemodificationsdon’t changethesizeof the intersectionbetween\ �
andthebrothersof \�n .
For theprovidedresults,we limit theseparatorsizeto 5. For this size,theseparatorsizeis neithertoo small,nor
too large.

5.2 The experimental protocol

The following experimentationsarerealizedon a Linux-basedPC with an Intel PentiumIII 550MHz processor
and256Mb of memory. We seta onehourtime limit for determiningwhethera problemis consistentor not. Be-
yondonehour, thesearchis stoppedandtheproblem’sconsistency is saidunknown. Thegivenrun-timeincludes
thetimeof thepreliminarytreatments(likecomputinganapproximationof a tree-decomposition).
We work on randombinaryCSPsgeneratedaccordingto two modelsandon real-world instances.

5.2.1 Classicalrandom CSPs

In orderto produceclassicalrandominstances,we usetherandomgeneratorwritten by D. Frost,C. Bessìere,R.
DechterandJ.-C.Régin. This generator1 takes4 parameters� , � , � and á . It builds a CSPof class �����+�����Y��á �
with � variables,eachhaving a domainof size � , and � binaryconstraints( ,�Q´�IQ � È � ¯ � É� ) in which á tuples
areforbidden( ,�Q�á Q´� � ). AmongtheCSPsproducedby this generator, we keeponly thoseswhoseconstraint
graphis connected.
The listed resultsare the averagesof resultsobtainedon 100 problemsper class. We experimenton random
instanceswith 50 variablesanddomainsof size15 andwhoseconstraintgraphhasa densitybetween10% and
30%. We alsotestsomeproblemswith a larger domainfrom the class(50,25,123,439).Consideredclassesare
closeto thesatisfiability’s threshold.

5.2.2 Structur edrandom CSPs

Wedefineanew binaryCSPsrandomgenerator, whichproducesinstanceswith astructuredconstraintgraph.The
constraintgraphis triangulated.This propertyallowsusto exactly know thetree-widthof theconstraintnetwork,
andthento know thetheoreticalcomplexity bound.This generatortakes5 parameters� , � , -�7+) ß , á and $97+) ß . It
builds a binaryCSPof theclass �����+����-�7+) ß ��á��+$97+) ß � with � variableswhich have domainsof size � andwhose
.
(downloadableathttp://www.lirmm.fr/ / bessiere/generator.html)
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constraintgraphhasthefollowing properties:

- eachvertex Û belongsat leastto amaximalcliquewith asizegreaterthan1,

- thecliqueshaveasizeat most - 7*) ß ,
- theintersectionbetweentwo cliqueshasasizeat most $ 7+) ß ,
- thecliquesform a clique-treeandthenthegraphis triangulated.

To build sucha problem,we first choosea setof - 7+) ß variablesto form the root clique. Then,while thereare
remainingvariables,we proceedlike this:

1. chooserandomlya parentclique \�� ,
2. chooserandomlya sizeof theintersectionbetween\�� andits son \ n (thesizeis boundedby 1 and $ 7+) ß ),
3. chooserandomlyasizeof theclique \�n (thesizeis at least3 andboundedby thesizeof theintersectionplus

1 and -97*) ß ),
4. chooserandomlythevariablesof \ � which belongto theseparator.

We associateto eachconstrainta relation in which á tuples are forbidden ( ,4Q á Q � � ). An important
drawbackof this generatoris that the numberof constraintsdependson the producedproblem. For eachclass
�#�������0-�7+) ß �á��6$97*) ß � , we solve 100problemsandpresenttheaverageof obtainedresults.Thegivenresultscor-
respondto problemsof the classes��12,��4351���P61���á��41 � with á between265 and281. Thesesclassesarenearthe
satisfiability’s threshold.

5.2.3 Real-world instances

We experimentour algorithmon somereal-world instancesof theCELAR from theFullRLFAP archive2. These
instancescorrespondto radio link frequency assignmentproblems. For moredetails,they aredescribedin [9].
Note that solving the problemsSCEN#01andSCEN#08requiresa specialadaptationof our implementationof
BTD becausetheseproblemshaveaconstraintgraphwith severalconnectedcomponents.

5.3 Experimental resultsfor classicalrandom CSPs

5.3.1 Comparisonsof the differ ent versionsof BTD

Before comparingBTD to someclassicalalgorithmslike FC or MAC, we study the behaviour of our algo-
rithm. First, we assessthecontribution of backjumpingby countingthenumberof nodesdevelopedby FC-BTD
which aren’t visited by FC-BTD-BJ.We observe thereis no gain for mostclassesanda slight one for classes
(50,15,123,141)or (50,25,123,439)(the classeswe usearegiven in table1). But, even if thereis a gain, it is
insignificant.As a goodor a nogoodis recordedeachtime BTD comesbackfrom a clusterto its parent,we can
say, accordingto thelittle numberof recordedgoodsandnogoods,thatFC-BTDandFC-BTD-BJdon’t oftenvisit
thedescentof theroot cluster. Therefore,thephaseof backjumpingis seldomused,which explainsthatFC-BTD
andFC-BTD-BJobtainsimilaror equalresultsfor classicalrandomproblems.

Then,wemeasurethecontributionof goodsandnogoodsby countingthenumberof nodesdevelopedby FC-BTD-
BJ̄ which aren’t visitedby FC-BTD-BJ.Like the previouscomparison,thereis no gainor a slight one. Indeed
only a few goodsor nogoodsareusedby FC-BTD-BJto prunethesearchbecauseof thelittle numberof recorded
goodsandnogoods.And so FC-BTD-BJ̄ andFC-BTD-BJpresentsimilar results. For information,we obtain
similarresultswith MAC-BTD.As thevariousversionsof BTD basedonFC(respectively onMAC) obtainsimilar
results,for the following comparisonson classicalrandomproblems,we only presentthe resultsof FC-BTD-BJ
(resp.MAC-BTD-BJ).
7
wethanktheCentred’Electroniquedel’Armement(France).
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5.3.2 ComparisonsbetweenFC-BTD-BJ and FC and betweenMAC-BTD-BJ and MAC

Table 1 presentsthe numberof nodesand of constraintchecksand the run-time for FC and FC-BTD-BJ.We
observe thatFC-BTD-BJandFC arecomparable.And even,for someclasses,FC-BTD-BJimprovesthe results
of FC,by developingfewernodesandrealizingfewerconstraintchecksthanFC.

Class FC FC-BTD-BJ
# nodes # checks time # nodes #checks time

(50,15,123,141) 15,884 458,342 250 19,417 541,178 263
(50,15,184,112) 223,588 7,346,620 3,775 229,901 7,521,911 3,490
(50,15,245,93) 1,742,077 64,695,274 31,613 1,690,389 62,741,411 28,045
(50,15,306,78) 6,695,576 275,447,261 130,334 6,516,523 268,222,843 122,202
(50,15,368,68) 19,899,917 865,863,076 410,365 20,202,681 880,491,613 374,439
(50,25,123,439) 148,793 5,968,598 3,164 183,304 7,106,934 3,416

Table1: [ClassicalrandomCSPs]Numberof nodes,andnumberof constraintchecksandrun-time(in millisec-
onds)for FC andFC-BTD-BJ.

Similar resultsareobtainedwith MAC andMAC-BTD-BJ,asshown in table2.

Class MAC MAC-BTD-BJ
# nodes # checks time # nodes # checks time

(50,15,123,141) 433 211,854 158 426 212,751 160
(50,15,184,112) 10,570 4,749,549 4,366 10,589 4,767,163 4,468
(50,15,245,93) 115,272 53,354,043 55,693 111,641 51,618,005 52,203
(50,15,306,78) 577,928 263,294,873 293,339 560,541 255,317,033 279,650
(50,15,368,68) 2,024,325 936,053,949 1,082,427 2,053,352 948,798,297 1,101,599
(50,25,123,439) 2,912 2,600,557 1,767 2,703 2,476,033 1,674

Table2: [ClassicalrandomCSPs]Numberof nodes,andnumberof constraintchecksandrun-time(in millisec-
onds)for MAC andMAC-BTD-BJ.

5.3.3 ComparisonsbetweenFC-BTD-BJ and FC-CBJ

As FC-BTD-BJexploits backjumpingand”forwardjumping”,we compareour algorithmwith a classicalback-
jumpingalgorithm,namelyFC-CBJ.Table3 providesthenumberof nodes,of constraintchecksandtherun-time
for FC-CBJ.We observe thatFC-CBJoftendevelopsfewer nodesthanFC-BTD-BJ.However, if we considerthe
run-time,we notethatFC-BTD-BJis fasterthanFC-CBJfor all theclasses.A partialexplanationof sucha result
is thecostof thecomputationof theconflictswhich is too expensivecomparedto thenumberof savednodes.

5.3.4 ComparisonsbetweenBTD and Tree-Clustering

We comparethespacerequirementsfor FC-BTD-BJandour partialversionof Tree-Clustering.In orderto mea-
surethememoryrequirement,wecountoneunit perassignedvaluecontainedin therecordedpartialinstantiation.
For example,recordinga goodaboutfive variablesrequiresfive units. Table4 presentsthememoryrequiredby
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Class FC-CBJ FC-BTD-BJ
# nodes # checks time # nodes # checks time

(50,15,123,141) 13,820 407,967 285 19,417 541,178 263
(50,15,184,112) 214,314 7,089,277 4,657 229,901 7,521,911 3,490
(50,15,245,93) 1,707,839 63,628,692 39,310 1,690,389 62,741,411 28,045
(50,15,306,78) 6,612,237 272,582,414 160,745 6,516,523 268,222,843 122,202
(50,15,368,68) 19,722,533 859,100,282 504,513 20,202,681 880,491,613 374,439
(50,25,123,439) 127,093 5,208,464 3,613 183,304 7,106,934 3,416

Table3: [ClassicalrandomCSPs]Numberof nodes,andnumberof constraintchecksandrun-time(in millisec-
onds)for FC-CBJ.

FC-BTD-BJ(for recordinggoodsandnogoods),thememoryrequiredby TC-FC(for recordingconsistentinstanti-
ationsrespectivelyonseparatorsandonclusters),thenumberof developednodesandtherun-time(in milliseconds)
for TC-FC.We observe thatTC-FCrequiressignificantlymorememorythanFC-BTD-BJ,becauseFC-BTD-BJ
recordsonly apartof thegoodswhichTC-FCmemorizes.Notethatfor someclasseslike(50,25,123,439),TC-FC
requirestoo muchmemoryin practice.Furthermore,TC-FCdevelopssignificantlymorenodesandis slower than
FC-BTD-BJ.Soit seemsdifficult to useTree-Clusteringin practice.

Class FC-BTD-BJ TC-FC
memory memory # nodes time

separator cluster
(50,15,123,141) 24.7 219,402 406,212,164 155,668,480 62,994
(50,15,184,112) 9.9 163,523 1,840,482 942,758 8,752
(50,15,245,93) 1.3 33,217 401,269 2,438,672 38,894
(50,15,306,78) 0.5 11,620 199,244 12,932,108 226,546
(50,15,368,68) 0.1 7,052 53,470 25,859,906 492,491
(50,25,123,439) 19.2 1,560,479 375,943,617 89,379,304 106,367

Table4: [ClassicalrandomCSPs]ComparisonbetweenFC-BTD-BJandTree-Clusteringbasedon FC.

5.3.5 Summary

FC-BTDandMAC-BTD obtainresultswhicharecomparablewith onesof FC(or FC-CBJ)andMAC respectively.
It seemsdifficult to useTree-Clusteringin practice,dueto therequiredspace.

5.4 Experimental resultswith structur ed random CSPs

5.4.1 Comparisonsof the differ ent versionsof BTD

Like for classicalproblems,beforemakinga comparisonbetweenBTD andclassicalalgorithmslike FC,FC-CBJ
or MAC, we studythe behaviour of our algorithm. First, with a view to comparingFC-BTD andFC-BTD-BJ,
we assessthe contribution of the backjumpingby countingthe numberof nodesdevelopedby FC-BTD which
aren’t visitedby FC-BTD-BJ.Figure7 presentsthenumberof nodesdevelopedby FC-BTDandFC-BTD-BJ.We
noteon this figure that FC-BTD-BJdevelopssignificantly fewer nodesthanFC-BTD. The economyin term of
numberof nodesvariesbetween8% and26%. However, usingthebackjumpinghasa cost. Indeed,accordingto
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figure8 (whichreportstherun-timefor FC-BTDandFC-BTD-BJ),weobservethatthegainin time is slightly less
importantthanonein nodes.It is boundedby 5% and19%.
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Figure7: [StructuredrandomCSPs9	:2;=<4>%:?<�@6:A<0BC<4:%D ] Numberof nodesdevelopedby FC-BTD andFC-BTD-BJ.

In orderto assessthecontribution of goodsandnogoods,we countthenumberof nodesdevelopedby FC-BTD-
BJE which aren’t visited by FC-BTD-BJ.According to figure 9, it turnsout that FC-BTD-BJalwaysdevelops
fewer nodesthan FC-BTD-BJE and the gain is very important in somecases,namelynearthe satisfiability’s
threshold.The two algorithmsdiffer only in recordingandusinggoodsandnogoods.It ensuesthat the gain in
nodesis obtainedthanksto the useof goodsandnogoods.This gain leadsto an economyin time, asshown in
figure10 (whichpresentstherun-timefor FC-BTD-BJandFC-BTD-BJE ).
Similar experimentationsarerealizedwith FC-BTD andFC-BTDE . First, it resultsfrom theseexperimentations
thatFC-BTDE is unableto solve someinstancesin onehour. Table5 givestheir number. Therefore,in orderto
compareFC-BTD andFC-BTDE , we take into accounttheproblemssolvedby FC-BTDE . Figure11 shows the
numberof nodesdevelopedby FC-BTD andFC-BTDE .
Then,we observe thatFC-BTD developsfewer nodesthanFC-BTDE , thanksto the useof goodsandnogoods.
Furthermore,the differencebetweenFC-BTD andFC-BTDE is more importantthanonebetweenFC-BTD-BJ
andFC-BTD-BJE . This gaphighlightsa lot of redundanciesin the searchtreedevelopedby FC-BTDE , which
underlinesall themorethecontribution of goodsandnogoodsand/orof thephaseof backjumping(becauseFC-
BTD-BJE is not sopenalizedasFC-BTDE ).

Accordingto thepreviousresults,we focusour studyon FC-BTD-BJfor thenext comparisons.

5.4.2 ComparisonsbetweenFC-BTD-BJ and FC and betweenMAC-BTD-BJ and MAC

FCandMAC areunableto solvesomeproblemsin onehour. Hence,in orderto compareFC (respectively MAC)
andFC-BTD-BJ(resp. MAC-BTD-BJ)we consideronly the instanceswhich FC (resp. MAC) cansolve in one
hour. Table5 givesthenumberof problemssolvedby FC(resp.MAC).
Figure12 presentstherun-timefor FC,FC-BTD-BJandFC-BTD-BJE . We notethatFC-BTD-BJis significantly
fasterthanFC. Indeed,the ratio of the run-timefor FC over onefor FC-BTD-BJis between7 and24. We save
timenotonly thanksto thegoodsandnogoods,but alsothanksto thebackjumping.Indeed,thecontributionof the
backjumpingis provedby therun-timefor FC-BTD-BJE , which is betterthanoneof FC in mostcases.
We obtainsimilar resultswhenwe compareMAC andMAC-BTD-BJ,asis shown by figure13. MAC-BTD-BJis
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Figure8: [StructuredrandomCSPs9�:%;?<F>%:A<G@H:?<0BI<F:%D ] Run-time(in milliseconds)for FC-BTD andFC-BTD-BJ.

FC-BTD FC-BTDE FC MACJ0K4K�L
B C I C I U C I U C I U

265 70 30 70 30 0 67 30 3 67 30 3
266 61 39 60 38 2 56 39 5 55 35 10
267 63 37 62 36 2 61 36 3 60 36 4
268 57 43 56 42 2 55 42 3 54 42 4
269 63 37 62 37 1 58 35 7 54 35 11
270 60 40 60 39 1 53 40 7 53 39 8
271 53 47 51 46 3 46 47 7 43 47 10
272 51 49 49 48 3 47 49 4 44 49 7
273 51 49 50 46 4 45 45 10 44 45 11
274 39 61 38 60 2 34 61 5 32 60 8
275 37 63 35 62 3 32 60 8 31 58 11
276 29 71 26 70 4 27 71 2 24 71 5
277 39 61 36 57 7 34 61 5 33 59 8
278 35 65 33 65 2 26 64 10 25 64 11
279 41 59 39 57 4 35 57 8 33 56 11
280 24 76 24 72 4 21 75 4 20 75 5
281 27 73 26 72 2 25 72 3 24 72 4

Table5: [StructuredrandomCSPs9	:2;=<4>%:?<�@6:A<0BC<4:%D ] Numberof consistent(C), inconsistent(I) andunknow (U)
problems.
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Figure9: [StructuredrandomCSPs9	:2;=<4>%:?<�@6:A<0BC<4:%D ] Numberof nodesdevelopedby FC-BTD-BJandFC-BTD-
BJE .

between2 and7 timesasfastasMAC.

5.4.3 ComparisonsbetweenFC-BTD-BJ and FC-CBJ

As FC-BTD-BJusesbackjumpingand ”forwardjumping”,we have to compareFC-BTD-BJwith an algorithm
which exploits backjumpinglike FC-CBJ.Figures14 and15 presentthe numberof nodesandthe run-timefor
FC-CBJandFC-BTD-BJ.About thenumberof nodes,neitherFC-CBJnor FC-BTD-BJis alwaysbetterthanthe
otherone.Nonetheless,FC-BTD-BJis alwaysfasterthanFC-CBJ.This differencein time is mostlyexplainedby
thecostof thecomputationof conflictsin FC-CBJwhich is too importantin comparisonwith thegainobtained
thanksto backjumping.

5.4.4 Comparisonsbetweenand BTD and Tree-Clustering

Likefor classicalrandomproblems,wecomparethespacerequirementsfor FC-BTD-BJandourpartialversionof
Tree-Clustering.Table4 shows thememoryrequirementof FC-BTD-BJ(for recordinggoodandsnogoods),the
memoryrequirementof TC-FC(for recordingconsistentinstantiationsrespectively onseparatorsandonclusters),
thenumberof developednodesandtherun-time(in milliseconds)for TC-FC.We observe thatFC-BTD-BJout-
performsTC-FCby requiringsignificantlylessmemory. Furthermore,it developsfewer nodesandis fasterthan
TC-FC.So,theuseof Tree-Clusteringseemsdifficult in practice.

5.4.5 Summary

Among the different versionsof FC-BTD (respectively MAC-BTD), the bestone is FC-BTD-BJ (respectively
MAC-BTD-BJ). FC-BTD-BJ and MAC-BTD-BJ are significantly fasterthan FC andMAC respectively. Note
thatFC andMAC areunableto solve someinstances.FC-BTD-BJis fasterthanFC-CBJalthoughthey develop
comparablenumberof nodes.FC-BTD-BJrequiresfewermemoryis fasterthanTC-FC.

5.5 Real-world instances

Table7 presentsthe resultsobtainedfor someinstancesof the CELAR from the FullRLFAP archive. In sev-
eral cases,MAC-BTD-BJ realizeseitherfewer constraintchecksthanMAC or asmany asMAC, exceptfor the
SCEN#02instancefor whichMAC-BTD-BJdoesafew additionalchecks.Abouttherun-time,MAC-BTD-BJand
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Figure10: [StructuredrandomCSPs9	:2;=<4>%:?<�@6:A<0BC<4:%D ] Run-time(in milliseconds)for FC-BTD-BJandFC-BTD-
BJE .

MAC arecomparable,exceptfor the SCEN#05instance.For this instance,MAC-BTD-BJ is significantlyfaster
thanMAC thanksto its reducednumberof constraintchecks.
We don’t give any resultsaboutTC-FC becauseTC-FC is unableto find all solutionsof the root clusterfor all
problemsexcepttheobviously inconsistentones.

5.6 Summary about experimental results

In this section,wehavepresentedexperimentson threekindsof CSPsbenchmarks:

M ClassicalrandomCSPs,

M StructuralrandomCSPs,

M Real-world instances.

For thefirst class,BTD, thatis FC-BTDor MAC-BTD,obtainssimilarresultsthanFCorMAC.So,theexploitation
of the structuredoesn’t slow down the efficiency of search. For structuredrandomCSPs,we have observed
a significantimprovementof the searchin using FC-BTD (respectively MAC-BTD) with respectto FC (resp.
MAC). We alsohave observedthatFC-CBJdevelopsasmany nodesasFC-BTD, but FC-BTD is faster. Finally,
on real-world instances,BTD obtainseitherbetterresultsthanclassicalalgorithms,or comparableones
For thesedifferentkindsof benchmarks,wehaveobservedthatTree-Clusteringcannotberun for two reasons.On
theonehand,its practicaltime complexity is too high. On theotherhand,therequiredspaceis really prohibitive,
makingthis methoduntractablewhile thiscriteriondoesn’t constituteaproblemfor BTD.
To conclude,BTD seemsto beanapproachwhich canexploit structuralfeaturesof CSPs,without thedrawbacks
of otherstructuraldecompositionmethodsrelatedto spacecomplexity.

6 Relatedworks

We canclassifyrelatedworksin threeprincipaltrends:

M Backtrackingexploiting structuralgoodsandnogoodsasin BayardoandMiranker [4, 5] .
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Figure11: [StructuredrandomCSPs 9�:2;=<4>5:A<�@6:A<�BI<4:5D ] Numberof nodesdevelopedby FC-BTD andFC-BTDE
(with a log scale).

M Tree-Clustering[14] andits theoreticalimprovements[18].

M Hybrid approachestrying compromisebetweenTree-Clustering(or adaptive consistency [14]) andBack-
tracking[12, 21].

As indicatedin thepresentationof BTD (seesection3.2), theclosestworksareonesof BayardoandMiranker in
[4, 5]. Note thatour approachcanbe consideredasa naturalgeneralizationof [4] sincetheir studyis limited to
acyclic binary CSPs(trees).With respectto [5], while the exploitationof goodsandnogoodsis similar to ours,
our notionsof goodsandnogoodsareformally different. In [5], a good(or a nogood)is definedwith respectto
a variable N�O andto an orderingon vertices.A good(or a nogood)is an assignmentof a setof variableswhich
precedeN�O in theorderingandareconnectedto at leastonevariablebelongingto thedescendantsof N�O in thetree-
decomposition.This definition is thusformally differentfrom ours. For example,if we considera triangulated
constraintgraph,and N�OQPSRUT , thelastvariablein RUT , thena good(or a nogood)will beanassignmentof RUTWV5XHN�OZY .
Then,thespacerequirementof Learning-Tree-Solve(thealgorithmof [5]) will be [ 9]\_^ `Uacb=d L D ( e dgfh@ is thesize
of thelargestRUT ) while thespacerequirementof BTD is limited to [ 9]\_^ `Ui�D with j thesizeof thelargestseparator.
The time complexity of Learning-Tree-Solve is [ 9�k N5l 9 e dmfn@6D0D like BTD. Note that thesecommentsdo not
constitutean analysisbut presentsomeelementsfor a comparisonthat indicatethe formal differencebetween
thesemethods.
Finally, the practicalinterestof Learning-Tree-Solve isn’t presentedin [5]. Moreover, in [3], BayardoandPe-
houshekrecall thepracticaladvantageson exploiting nogoodsfor consistency checking.Neverthelessthey have
alsoevokedthedifficulty to implementefficiently thisnotionof goodswhichisn’t realizedneitherin [5] nor in [3].
The work of Bagetand Tognetti [2] can be consideredas a similar approach. Indeed,in their method,clus-
tersaredefinedby biconnectedcomponents,andthengoodsandnogoods(they don’t usetheseexpressions)are
limited to the assignmentof one variable, the one which separatesbiconnectedcomponents.The time com-
plexity of their methodis then [ 9�\_^ `po%D with q the maximumsize of biconnectedcomponents. In this case,
e drfs@ut q . If we considerthe constraintgraphin figure 1, we get two biconnectedcomponents,X6v <�w*<4x Y
and XHy <4z{<F|}<�~�<4��<���<��?<4�g<��C<4��<4��< [�Y , andthen, q�� @H> while e d ��� . Nevertheless,BagetandTognetti
indicateda few waysto improvetheir approachexploiting a generalizationto k-connectedcomponents.Notethat
noexperimentalresultis presentedin [2].

BTD is principally basedon tree-decomposition.So,workswhich have beendevelopedlike Tree-Clusteringand
its improvementsareinterestingfor our purpose.In [18], animprovementof Tree-Clusteringis presentedwhile a
theoreticalcomparisonbetweendecompositionmethodsis given.Theseresultsmayindicatewaysfor (theoretical)

22



LSIS (UMR CNRS6168)Research Report number LSIS/2002/005,Marseille France

0

10000

20000

30000

40000

50000

60000

70000

80000

90000

100000

266 268 270 272 274 276 278 280

T
im

e 
(in

 m
s)

�

T

fcbtdbj
fcbtdbj-

fc

Figure12: [StructuredrandomCSPs9	:2;=<4>%:?<�@6:A<0BC<4:%D ] Run-time(in milliseconds)for FC-BTD-BJ,FC-BTD-BJE
andFC.
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Figure13: [StructuredrandomCSPs9�:2;=<4>5:A<�@6:A<�BI<4:5D ] Run-time(in milliseconds)for MAC andMAC-BTD-BJ.
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Figure14: [StructuredrandomCSPs9�:%;?<4>5:A<G@H:A<�BI<4:5D ] Numberof nodesdevelopedby FC-CBJandFC-BTD-BJ.

improvementsof BTD but wearenot sureof their practicaleffects.

BTD canbe consideredasanhybrid approachrealizinga tradeoff betweenpracticaltime andspacecomplexity.
In [12], Dechterand El Fattahpresenta time-spacetradeoff scheme. This schemeallows them to proposea
spectrumof algorithmssuchthat tree-clusteringandcycle-cutsetconditioning(linear for spacecomplexity) are
two extremesin this spectrum. Another interestingidea in their work is the possibility to modify the size of
separatorsto minimizespace.We have exploitedthis ideain section5 to minimizethesizeof separators.Finally,
notethat their experimentalresultsarelimited to thevaluationof structuralparameters( e d and j ) on real-world
structuredinstances(combinatorialcircuits), and then no result on the efficiency in solving theseinstancesis
presented.
In [21], Larrosaproposesan hybrid methodbasedon Adaptive Consistency [14] andon Backtracking(or FC or
MAC). AdaptiveConsistency (AdCons)relieson thegeneralschemeof variableeliminationwhich replacesetsof
variablesby new constraintswhichsummarizetheeffectsof eliminatedvariables.AdConshasthesameboundsas
Tree-Clusteringfor time andspacecomplexities. So,exponentialspacecomplexity limits severely thealgorithm
usefulness.The idea of Larrosaconsistsin limiting the sizeof the new constraintsproducedby AdConsto a
parameterq . If largerarity constraintsshouldbeproduced,thenit switchesto search(BT, FC, MAC, ^�^G^ ). This
hybridapproachallowsto boundtherequiredspaceto [ 9�`po%D but thetimecomplexity is now [ 9�k N5l 9���9 q DHf q f�@6D0D .
Here ��9 q D is a structuralparameterinducedby q andthewidth of the constraintgraphsuchthat ��9 q D_f q�� \ .
Notethat for sparseconstraintgraphs(6 percent),andlimited valuesof q ( q�� > ), theauthorobtainsinteresting
resultson randomCSPs.

7 Summary and Conclusion

The CSPformalismoffers a powerful framework for representingandsolving efficiently many problems.Gen-
erally, CSPsaresolvedapplyingtreesearchalgorithmswhich useoptimizationsof backtrackingandthenobtain
goodexperimentalresults.However, sinceCSPis a NP-completeproblem,thereareno betterboundfor theoreti-
cal time complexity thanthesizeof thesearchspace,which is exponential.On thecontrary, methodswhich offer
betterboundsfor time complexity - which aregenerallybasedon tree-decompositionof CSPs- haven’t proved
yet their practicalefficiency. This paperpresentsa framework - BTD - for solvingCSPs.BTD is basedbothon
backtrackingtechniquesandon thenotionof tree-decompositionof theconstraintnetwork.
We have shown that BTD inheritsthe advantagesof the two otherapproaches:the practicalefficiency of back-
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Figure15: [StructuredrandomCSPs9	:2;=<4>%:?<�@6:A<0BC<4:%D ] Run-time(in milliseconds)for FC-CBJandFC-BTD-BJ.

trackingalgorithms,andawarrantyof limited time/spacecomplexity. In section4, wehaveprovedthattheoretical
timeandspacecomplexitiesof BTD areequalto bestknown parameters,namelythetree-widthof thenetwork for
thetime,andminimumsizeof maximalseparatorsfor thespace.Moreover, experimentsallow usto show that:

- BTD is asefficientasclassicalalgorithmsonclassicalrandomproblems,in somecases,it is evenbetter,

- on structuredrandomproblems,BTD presentsa significantgain thanksto the exploitation of goodsand
nogoods,

- on real-world instances,BTD obtainseitherbetterresultsthanclassicalalgorithms,or comparableones,

- aboutrequiredspace,BTD canbeusedin practice,unlikeTree-Clusteringwhichis tooexpensivein memory.

Among the potentialextensionsof this method,the first oneconcernsthe generalizationto n-ary CSPs,which
shouldn’t raisemuchdifficulty, becauseit’s immediatelyobtainedby construction.A morepromisingextensionis
relatedto optimizationtasks.Finally, thetheoreticalcomparisonbetweenBTD andBT (respectively FC-BTD vs
FCandMAC-BTD vsMAC) shouldbeextendedin thefutureto considerdifferentorders.
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