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Abstract

We proposea framework for solving CSPsbhasedboth on backtrackingtechniqguesand on the notion of tree-
decompositiorof the constraintnetworks. This mixed approachpermitsus to definea new framework for the
enumerationywhich we expectthatit will benefitfrom theadvantage®f two approachesa practicalefficiency of
enumeratie algorithmsanda warrantyof a limited time compleity by anapproximatiorof the tree-widthof the
constraininetworks. Finally, experimentakesultsallow usto shaov the advantage®f this approach.
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1 Intr oduction

The CSPformalism (ConstraintSatishction Problem)offers a powerful framework for representingind solving
efficiently mary problems Formulatinga problemasa CSPconsistsn definingasetX of variablese;, zo, . . . 2,

which mustbe assignedn their respectie finite domainD;, by satisfyinga setC of constraintswvhich express
restrictionsbetweenrthedifferentpossibleassignmentsA solutionis anassignmentf every variablewhich satis-
fiesall constraintsMany academi@r real problemscanbe formulatedin this framewvork. This formal framework

allowsthe expressiorof NP-completgroblems.

Theusualmethodfor solving CSPdis basedon backtrackingsearchwhich, in orderto be efficient, mustuseboth
filtering techniquesndheuristicsor choosinghenext variableor value. Thisapproachopftenefficientin practice,
hasanexponentiatheoreticacomplexity in O(m.d™) wheren andm arerespectiely thenumberof variablesand
thenumberof constraintof thetreatednstancewhile d is the maximumsizeof domains.

Severalworkshave beendeveloped,in orderto provide boundsof thetheoreticacompleity accordingo particu-
lar featuresof theinstancelik e for exampletheagyclicity of aconstrainnetwork [15, 13]. Thebestknown bounds
of compleity aregivenby the"tree-width” of a CSRi.e. a parameterassociateavith the graphwhich represents
the interactionsbetweenvariablesvia the constraints. Different methodsare proposedik e the Tree-Clustering
[14] (see[18] for a surwy aboutthesemethodsandtheir theoreticalcomparison). Tree-Clusterings basedon
the notion of tree-decompositionf the graph. It aimsto represenary constraintnetwork by coveringthe con-
straintsby cliques,whosearrangemenis a tree. Thenew structuremustbe equivalentin termsof setof solutions.
The bestdecompositioieadsto a time complexity in O(n.d**!), wherew is thetree-widthof the network [26].
Dependingon the instancesthe effective gain may be significantwith respectto enumeratie approachesyYet,
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the spacecomplexity, which isn’'t consideredor the backtrackingbecauset is generallylinear, may make such
an approachabsolutelyineffective in practice. It canbe reducedtio O(n.s.d®) wheres is the maximumsize of
minimal separatorsf thenetwork [12].

The purposeof this contribution is to proposean alternatve way which aimsto benefitfrom backtrackingfor its
practicalefficiency while giving boundsof compleity whichwill be onesprovidedby structuralapproachesThe
mainideaof ourapproachs thatbacktrackingsearchwill beguided for thechoiceof variablespy thestructureof
the network’s tree-decompositionThe orderimposedto enumeratiorwill allow to exploit two notions. Thefirst
oneis thenotionof "structuralnogood”.It' sanogoodin theclassicakensef theterm(i.e. a partialassignmenof
the setof variableswhich cant be extendedto a solution[29]), but we only find it thanksto structuralproperties.
It will be usedfor pruningthe treesearchby cutswhich permitnot to explore inconsistensubtrees.The second
notionis oneof "structuralgood”. A goodis a partial assignmentvhich hasat leasta consistenextensionon a
well-identifiedpartof the problem.A goodwill bedetectedy structurakriteria. The pruninginducedby goodsis
usedto cutbranche®of thesearcltreein orderto avoid exploring consistensubtreesin somerespectsexploiting
gooddeadsto realizea"forw ard-jump”in the searchree,by analogywith the classicabndreverseterminologyof
backjumping.Notethatrelatednotionsof goodsandnogoodshasedon structuralpropertieshave beenintroduced
in [5] but thesenotionsareformally different.

The exploitation of the structurethroughthe notionsof structuralgoodsandnogoodss at theroot of our scheme
of enumeratre resolution.We will explain how this approactcanguarantea theoreticatime bound,whichis at
mostO(n.d¥*1!) if we getanoptimaltree-decompositioof the network, while limiting the spacecomplexity to
O(n.s.d®). Thegivenboundsarein the worst case;sowe will shav that our approachis always more efficient
thanTree-Clusterindpecaus®ur methodrequiredesstime andlessspace Experimentatesultswill confirmthese
features.

In section2, we rememberthe main notationsand resultsabout CSPsas well as the notionsof graphtheory
exploited in tree-decompositiomethods. Section3 presentghe methodand justifiesits validity. In section
4, we then provide comparatie theoritical resultsand time and spacecomplexities. Section5 presentssome
experimentatesults section6 recallssomerelatedworks,andwe finally give someperspectieswhich areoffered
by our approachn section?.

2 Preliminaries

2.1 Notations

Formally, aConstaint SatisfactiorProblemis definedby aquadruple®® = (X, D, C, R) with X = {z1,2,...,2,}
afinite setof variablesandD = {D,, D>, ..., D,} afinite setof domainssuchthat D; is thefinite setof values
which thevariablez; cantake. C = {C1,C»,...,Cp} is afinite setof constraintssuchthata constraintC; is
definedby a setof variables{z;, , ,, ..., z;; } andR = {Ry, R, ..., R, } is afinite setof relationsover the
domainsof variablesof eachconstraintj.e. arelationis associatevith eachC; suchthatR; C D;, x ... x D;;..
Therelation R; definesthe allowedassignmentsf variablesj.e. theassignmentsvhich satisfythe constraintC;.

Givensucha quadrupletdifferentqueriescanbe formulatedlik e the decisionproblemwhich concernghe exis-
tenceof anassignmenof variablessatisfyingall the constraintsj.e. doesafunction f : X — U, D; exist such
thatVi,1 < i < m, (f(zi,), f(%ir),---, f(zi;,)) € Ri. If suchafunctionexists,then f is asolutionof P. The
CSPproblemis NP-complete.

Afterwards,we call binary CSPevery instanceof CSPwhosearity of constraintds two. For binary CSPs(ev-
ery constraintinvolvesa pair of variables) the mathematicabbjectcorrespondindo the constraintnetwork is a
graph(X, C), whoseverticesandedgesarelabeledrespectiely by the domainsandtherelations;it is calledthe
constaint graph For n-ary CSPs(the constraintshave ary arity), the mathematicabbjectis an hypegraph,the
constaint hypegraph In this paper we restrictthe studyto binary CSPswithout lossof generality in orderto
simplify the explanations.
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2.2 Tree-Decompositiorof CSPs

The significantworks aboutCSPscan be divided in threetrends,which arent incompatible:the techniquesf
simplificationby filtering, the optimizationof backtrackingalgorithms,andthe decompositiormethodsbasedon
the exploitationof polynomialclasses.

The basicmethodof resolution,generallycalled Chronolagical Badtracking, assignsto eachvariablea value
of its domain, by checkingthe consisteng of the currentinstantiation- compatibility of the new assignment
with the previous ones- and by going back asfar as possiblein the searchtreeif aninconsisteng occurs,or
by extendingit otherwise. This approachHeadsto a combinatorialexplosion. Its worst-casdime compleity is
O(m.d™) while its spacecompleity canbe boundedto O(n). In orderto lessenthe impactof the theoretical
andpracticalinefficiencgy of suchanapproachmary differenttechniquesveredeveloped.For example,simplify
thetreatedinstanceby filtering, beforeor duringthe resolution.Either, analyzethe reasonf failuresin orderto
preventthesefailuresreproducingconstraintearning[11], nogoodrecording[29]) aswell ascomebackashigher
aspossiblein the searchtree(backjumping16], dependengdirectedbacktrackind30]). Jointly, mary heuristics
wereproposedvith aview to guidethe algorithmsfor the choicesof variablesandvaluesto assigrfirst. To date,
thereis neitheralgorithm,nor heuristicwhich arealwaysbetterthanotherones becauséhe particularfeatureof
instancesanfavour onemethodor anotherone. Notethatif we considerstaticvariablegand/orvalues)ordering,
aformal comparisorbetweerbacktrackingalgorithmscanbe partially establishedsee[20]). [10] partly extends
theseresultsto dynamicorderings.

The only guaranteavhich canexist in termsof theoreticalcompleity beforesolving a problemare offered by
decompositiormethods.They proceedby isolatingthe partsintrinsically exponential- thatis to sayuntractable
in polynomialtheoreticatime - to inducea secondstepwhich guaranteesa polynomialtime of resolution.These
methodsgenerallyexploit topological propertiesof the constraintgraph and are basedon the notion of tree-
decompositiorof graphg26], asdefinedbelow.

Definition 1 LetG = (X, E) bea graph. A tree-decompositioof G is a pair (C,T) with T = (I, F) atreeand
C = {C; : i € I'} afamily of subset®f X, sud thateac C; is a nodeof 7 andverifies:

1 UsperC; = X,
2. for all edee {z,y} € E, thereexistsi € I with {z,y} C C;, and
3. foralli,j,k € I,if kisin apathfromi to j in 7, thenC; N C; C Cy

Thewidth of atree-decompositiofC, 7)) is equalto maz;c1|C;| — 1. Thetree-widthof thegraphG is theminimal
width overall thetree-decompositionsf G.

Figurel: A constraingraphon 15 variables.

Note thatfor the readerwho isn’t familiar with thesenotions,the definition of atree 7 = (I, F) refersto a set
of edgesF' whichis requiredto satisfythe part(3) of definition1. Evenif the complexity of the problemof find-
ing tree-decompositiois NP-Hard[1], mary workshave beendevelopedin this direction[6], which oftenexploit
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equivalentdefinitionsof this notion,includingonebasedn analgorithmicapproachelatedto triangulatedgraphs
(se€[17] for anintroductionto triangulatedyraphs).Thelink betweertriangulatedgraphsandtree-decomposition
is obvious. Indeed,givena triangulatedgraph,the setof maximalcliquesC = {C;,C,,...C} of (X, E) corre-
spondsgo thefamily of subsetsssociatedvith atree-decompositionAs ary graphG = (X, E) isn’'t necessarily
triangulateda tree-decompositionanbe approximatedy triangulatingG. We call triangulationthe additionto
G of asetE’ of edgessuchthatG' = (X, E U E') hasno cycle of lengthat least4 without a chord (i.e. an
edgejoining two non-consecutie verticesin the cycle). The width of a triangulationG’ of graphG is equalto
the maximalsizeof cliquesminusonein theresultinggraphG’. Thetree-widthof G is thenequalto the minimal
width overall triangulations.

Figu re2: Theconstraingraphgivenin figure 1 afterits triangulation(dashedines).

Thegraphin figure 1 is not triangulated.In figure 2, a possibletriangulationof this graphis provided wherethe
maximumsizeof cliquesis four (seefigure 3). Thisis anoptimaltriangulation so, thetree-widthof this graphis
three. In figure 4, a treewhosenodescorrespondo maximalcliquesof the triangulatedgraphis a possibletree-
decompositiorfor the graphof figure1. So,wegetC, = {A,B,C,D},C, = {C,D,E},Cs = {E,F,G},C4 =
{C,D,H},Cs = {D,H,I},C¢ = {H,I,J},C; = {H,J,K},Cs = {B,D,L,M},Cy = {L,M,N} and
aCIO = {MaNaO}

The CSPdecompositiormethodcalled Tree-Clustering proposedby Dechterand Pearl[14] is basedon these
notions(seealso[12] for amorerecentdescription)jt proceeddy four steps:

1. Triangulatethe constraingraph
2. Find maximalcliques(eachclique correspond$o asubproblem)
3. Solwe every subprobleninducedby the maximalcliques

4. Solvethenew agyclic n-aryCSP

Theguidingideaof this methodis to provide a systematicschemewhich, from any CSR producesanequivalent
n-ary CSPby a covering of the setof constraintsn orderto build anacyclic constrainthypegraph. Sucha CSP
canbesolvedin polynomialtime with respecto thesizeof theinducedn-ary CSP

This methodis generallypresented14] usingan approximationof the optimal triangulation(somecomments
abouttriangulationsare givenin section5). Phased and?2 arefeasiblein polynomialtime, more precisely in
O(n + m') with m’ thenumberof edgesof the graphafterthetriangulation(m < m' < n?). Moreover, notethat
the treeassociatedo the agyclic hypegraphcanbe computedn linear time, giventhe maximalcliques. Step3
is feasiblein O(m.d“’++1) with w the sizeminusoneof the biggestproducedclique (w* + 1 < n). Thelast
stephasthe samecompleity. The spacecomplexity, which is boundto the storageof solutionsof subproblems,
canbereducedo O(n.s.d®) with s the maximalsizeof minimal separatorswhich equalsthe size of the biggest
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Figure3: Theagyclic hypegraphinducedby maximalcliquesof thetriangulatedgraphgivenin figure2.

intersectionbetweensubproblemgs < w™). Finally, notethatfor every decompositiorwhich inducesa value
wt, wehavew < wt with w thetree-widthof theinitial constraintgraph.

Figuresl to 3 canbe considerecasanillustration of this method. In figure 1, we seea constraintgraph. After
stepl, thetriangulationaddstwo edgegthe dashedines). A coveringof this graphby maximalcliquesdefinesan
aoyclic hypegraph.Eachmaximalclique definesa subproblem.

i
ca &O I BT R
. %

Figure4: Thetree-decompositionf thetriangulatecconstrainigraphgivenin figure 2.

Althoughtheoreticallyinteresting,all the practicalinterestof this methodisn’t provedyet, evenif it's clearthat,
for someclassesf CSR it canprovide an usefulapproach12]. Onereasonof the lack of efficiency of Tree-
Clusteringis dueto the hearinessof the approachand speciallythe requiredspace. In the casewhereall the
solutionsaresearchedit may be useful. In the otherhand,if we checkthe consisteng or if we searchonly one
solution,we will preferto usean enumeratie algorithmsuchasForward Checking(denoted=C [19], RealFull
Look-Ahead(denotedRFLA [24]) or MaintainingArc-Consisteng (denotedMAC [28]), dueto the spacecostsof
Tree-Clusteringandto its practicalefficiency.

In the next section,we shov how the referenceto sucha structuraldecompositiorallows to establisha search
procedurebasedon enumeratiomwhile keepingthe compleity boundsgivenabove.
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3 TheBTD Method

3.1 Presentation

The BTD method(for Backtrackingwith Tree-Decompositionproceedsy an enumeratie searchguidedby a
static pre-establishegartial orderinducedby a tree-decompositionf the constraint-netwrk. So, the first step
of BTD consistsin computinga tree-decompositioor an approximationof a tree-decompositionThe obtained
partial orderallows to exploit somestructuralpropertiesof the graph,during the searchjn orderto prunesome
branche®of thesearchree.Hence whatdistinguishe88TD from othertechniquesoncernghefollowing points:

¢ thevariableinstantiationorderis inducedby a tree-decompositionf the constraintgraph,

e somepartsof the searchspacewon’t be visited againas soonas their consisteng is known (notion of
structural good),

e somepartsof the searchspacewon’t be visited againif it is known thatthe currentinstantiationleadsto a
failure (notionof structual nogood).

Note that this methodis called BTD for Backtrackingwith Tree-Decompositionbut we will seelatter thatthe
enumeratie searchcan be implementedwith the basicBacktracking,or FC, or MAC (and more sophisticated
algorithms).

3.2 Theoretical Foundations

LetP = (X, D, C, R) beaninstancewhere(X, C) is a graph,with A = (C,T) atree-decompositioffor an
approximationwhere7T = (I, F) is atree. We supposehatthe elementf C = {C; : i € I} areindexedwith
respecto thenotionof compatiblenumeation:

Definition 2 A numeation on C compatiblewith a prefix numeation of 7 = (I, F') with C; therootis called
compatiblenumeation N¢.

Notethattheexampleof tree-decompositiogivenin figure4 is acompatiblenumeratioronC. We note Desc(C;)
the setof variablesbelongingto the union of the descendants§, of C; in thetreerootedin C;, C; included. For
example,Desc(Cy) = C4 UCs UCg UCr = {C, D, H,I,J,K}. Notethatthe numerationN; definesa partial
variableorderingthat permitsto getanenumeratiororderof thevariablesof P:

Definition 3 Anorder <x of variablesof X sudthatVz € C;,Vy € C;, withi < j, x <x y is a compatible
enumeationorder.

For example,the alphabeticabrder 4, B, ..., N, O is a compatibleenumeratiororder The tree-decomposition
with thenumerationNg permitsto clarify somerelationsin the constraintgraph.

Theorem1 LetC; beasonof C; (soi < j). Thee doesnt exist an edge {z,y} in the graph (X, C) whee
z € (U_1C)\(CiNC;) andy € Desc(C;)\(C; N C; ).

Proof:
By definition,C; NC; is clearlyaseparatoof thegraphwhich disconnect$uf;;11 Cr)\(CiNC;) andDesc(C;)\(C;N
C;). O

For example,leti = 1, j = 4, andC4 beasonof C;. Thereis noedgein G between(C; UCs U C3)\(C1 NCy) =
{A,B,C,D,E,F,GI\{C,D} = {A,B,E,F,G} andDesc(C4)\(C1 N Cy) = {C,D,H,I,J,K}\{C,D} =
{H,I,J,K}.

In termsof CSR thereis no constrainfoining thesetwo subset®f variablesandthereforethesetwo subproblems.
Consequentlythe compatibility relationsbetweerinstantiationgpassonly throughthe separato€; N C;.
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The BTD methodis basedon compatibleenumeratiororderandthis first theorem. Let us considera consistent
instantiation4 of variablesof C; U ... UC; U Ciy1 U ... U Cj_1, with C; asonof C;. Due to the definition

of compatibleorders,the enumeratiorcontinueswith the variablesof the lineageDesc(C;) exceptoneswhich

belongto C; N C;. Thentwo casesarisedependingon whethera consistenextensionof the currentinstantiation
on Desc(C;) existsor not:

e Thereis no consistentextension In sucha case the reasorof the inconsisteng canonly be the unsatis-
factionof someconstraintavhich join eithertwo variablesof Desc(C;) or (not exclusive or) a variableof
this setanda variablewhich precedest in the order, sowhich belongsto C; N C; (seetheoreml). In that
case,if anew consistenassignmentd’ suchthat.A’ and.A areequalon C; N C; is tried, its extensionon
Desc(C;) will leadto thesamefailure,independentlyf whatprecedeslin fact,theinstantiatiorrestrictedo
C;NC; maybeconsidere@sanogoodin theusualsenseof theterm,although here,it is foundby structural
criteria. Thisnogoodcanberecordedandexploitedduring next searches.

e There exists a consistentextension By a similar reasoningto previous one, we can prove that every
instantiationwhich is the sameon C; N C; will leadto a succes®n Desc(C;), becausét is independent
of what precedes. This assignmentan be now consideredas a good in the sensethat on a part of the
problem,Desc(C;), this assignmenhasa consistenextension.Lik e nogoodsgoodsmay be recordedand
usedduringfurthersearchesallowing to jumpin the searchtree(forward-jumping, whatleadsto continue
theenumeratiorwith the variabledocatedafteronesof Desc(C;) in thecompatibleenumeratiorordet

Theclosestvorksof ourapproactareonesof BayardoandMirankerin [4] whosestudyis limited to theresolution
of binary CSPswhoseconstraingraphis atree.Our approacttanbe consideredisa generalizatiorof their work

sincetheir goodsand nogoodsinstantiatevariableswhile our goodsand nogoodsinstantiatesetsof variables
(separators).In [5], Bayardoand Miranker proposeanothergeneralizatiorof goodsand nogoodswhich is not

basednseparatorbut on setsof ancestorén anorderedconstraingraph.Formally, theirwork is differentthough
their useof goodsandnogoodsduringsearchs similarto ours.

Now, we formally introducegoodsandnogoodshasedn separators.

Definition 4 GivenC; andC; oneof its sonsa good (resp.nogood) of C; with respecto C;, notedg(C;/C;) (resp.
ng(C;/C;)), isaconsistenassignmen# of C;NC; sudthatthere exists(resp.doesnt exist) a consistenextension
of A onDesc(C;).

The following lemmal andits corollary shav that the interactionsbetweena subproblenrootedin C; andthe
remainingof the CSPpassthroughtheintersectiorbetweerC; andits fatherC;. Thesepropertiesareattheorigin
of the cuttings(for thenogoodsyandthejumps(for thegoods)which will berealizedin thetreesearch.

Lemmal GivenC; andC; oneof its sons,givenY C X sudthat Desc(C;) NY = C; NC;, every consistent
instantiationB of Desc(C;) is compatiblewith everyinstantiationA of Y iff A[C; N C;] = B[C; N C;].

Proof:

Accordingto theoreml1 and by constructionthe only constraintgoining the variablesof Y to the variablesof
Desc(C;) aretheconstraintsvhich involvethevariablescommonto Desc(C;) andtoY', i.e. C; NC;. It resultsthat
A andB arecompatibleff eachcommonvariablehasthesamevaluein A andB (i.e. A[C; NC;] = B[C;NC;]). O

It ensueshefollowing corollary:

Corollary 1 GivenC,; andC, oneofits sonsgveryconsisteninstantiation3 of Desc(C;) is compatiblewith every
instantiationA of (X\Desc(C;)) U C; iff A[C; NC;] = B[C; NC,].

We thenformalizethe exploitation of goods:
Lemma 2 (jump by the goods) GivenC; andC; oneofits sonsgivenY C X sudthatDesc(C;)NY =C;NC;,

for all g(C;/C;), everyconsisteninstantiationA of Y sudh that A[C; N C;] = ¢g(C;/C;) hasa consistenextension
on Desc(C;).
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Proof: Let A be a consistentinstantiationsuchthat A[C; N C;] = ¢(C;/C;). Accordingto the definition of
goods, thereexists an instantiation3 on Desc(C;) suchthat B is consistentand B[C; N C;] = ¢(C;/C;). As
A[C;NC;] = ¢g(C;/C;) = B[C; NC;], A andB arecompatible(accordingo lemmal). Therefore B is aconsistent
extensionof A on Desc(C;).0

Thus,if a partialinstantiationA is suchthat A[C; N C;] is agoodof C; with respecto C;, thenit isn't necessary
to extendthe searchon Desc(C;). Sothe enumeratiorgoeson with the variablesof the first C, locatedout of
Desc(C;), for instancehenext brotherof C;, if thereexistsone.

Lemma 3 (cutting by the nogoods) GivenC; andC; oneof its sons,givenY C X sud that Desc(C;) NY =
C; N Cj, for all ng(C;/C;), thereis no assignment4 of Y sudh that A[C; N C;] = ng(C;/C;) andsud that A has
a consistenextensionon Desc(C;).

Proof: Accordingto thedefinitionof anogood thereis no extensionof ng(C; /C;) on Desc(C;). As A[C; NC;] =
ng(Ci/C;), A cant beextendedon Desc(C;). O

3.3 The BasicAlgorithm

The methodobtainedfrom thesenotionscanbe implementedn severalwaysaccordingon whethera filtering is
associatear not with the enumerationHowever, the mechanismsvill be similar. TheBTD methodexploresthe
searchspaceby usinga compatibleorder < x, which beginswith the variablesof C;. InsideC;, the enumeration
works in classicalway. On the other hand,whenall the variablesare assignedby satisfyingall the involved
constraintsyve thengeta consistentnstantiationA of variablesof C; U . .. U C;. Thesearchmustgo onwith the
variablesof thefirst sonC;,, of C; if thereexistsone.More generallylet usconsiderthe caseof onesonC; of C;.
We checkif A[C; N C;] is agoodor anogoodandwe take appropriateaction:

¢ In thecaseof anogoodwe changehe currentinstantiationonC;.

¢ In thecaseof agood,a”forward-jump”happensn orderto continuethe enumeratiomwith thefirst variable
locatedafterthoseof Desc(C;). Figure5illustratesthe caseof aforward-jump,assuminghat.A[Cs N Cs] =
A[{D, H}] isagood.Weshow in part(a) thejumpin acompatibleenumeratiororder, andin part(b), where
thesearchgoesonin the structureof theinstance.

e Intheothercasesi.e. A[C; N C;] is neithera goodnor anogood,A mustbe extendedn consistentvay on
thevariablesof Desc(C;). If so, A[C; N C;] is recordedasa good;onthecontraryif .A cant beextendedn
consistentvay, thenogoodA[C; N C;] is recorded.

Figure6 describeghe BTD algorithmrestrictedto the consisteng check:it returnsTrue if the consisteninstan-
tiation A canbe extendedto a consisteninstantiationon V¢, andon all the descent®f C;; Falseotherwise.V¢,
representthesetof unassignedariablesof C; andG and N respectiely thesetof recordedyoodsandof nogoods.
This algorithmis run afterhaving computeda tree-decompositiofor anapproximationf the constrainigraph.

Theorem2 BTDis sound,completeandterminates.

Proof: This algorithmis provedby induction,exploiting propertiesof structuralgoodsandnogoods.Theinduc-
tion is madeon the numberof variablesappearingn thelineageof C; exceptthe alreadyassigned/ariablesof C;.
This setof variabless denotedV AR(C;, Ve,) = Ve, U( U (Desc(C;)\(C; N Cy)))

C; ESons(C;)
VAR(C;, Ve,) is thenthe setof variablesto assignto know whether.A canbe extendedo a consistenassignment
on V¢, andits lineage.

To prove BTD, we mustprovethe propertyP(A, VAR(C;, Ve,)) definedas:
"BTD(A,VAR(C;, Ve,)) returnstrueif the consistenassignmeni4 canbe extendedto a consistengssignment
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Figure5: Exampleof aforward-jumpwith agood.A[C4 N Cs] on {D, H}. In (a), we shav thejump alongthe enumeratiororder while in
(b) we seethejumpin the structureof the problem.

on Vg, andthelineageof C;; otherwise BTD returnsfalse”.

ConsiderP(A, 0):
If VAR(Ci, Ve,) = 0, thenVe, = 0 andSons(C;) = (. SinceA is aconsistenassignmentA canbe extendedo
aconsistenissignmenon V¢, andonthelineageof C;. ThereforeP(C;, VAR(C;, Ve;)) istrue.

Inductionstep: P(A, S) with S # (. SupposeahatVS’ C S, P(A, S") holds.

- If Vci 7& 0:
During the While loop (lines 28-34)the assertion:"thereis no valuev of z alreadychecled suchthat A
extendedby thatvalueleadsto a consistenassignmentor V¢, andthelineageof C;” is true.
If BTD is called(line 32), AU{z «+ v} isthenconsisten(sincenoconstrainis violated)andV AR(C;, Ve, \{2}) C
VAR(C;, Ve,). Accordingto theinductionhypothesisthe assignmenid hasbeenextendedif BT D(A U
{z < v},C;, Ve, \{z}) istrue. In thatcase, BT D(A,C;, Ve,) returnstrueand P(A, V AR(C;, Ve,)) is sat-
isfied.
After theloop (line 35), all thepossiblevalueshave beentried without consistenextensionof .4. Therefore,
BTD(A,C;, Ve,) returnsfalseand P(A, VAR(C;, Ve,)) is satisfied.

- If VC,- = @Z
During the While loop (lines8-21)theassertion’for eachsonC; alreadychecled, .4 canbe extendedo a
consistenassignmendn Desc(Cy)” holds.
We shaw thatthis assertioris true atthe endof theloop.
LetC; beasonof C; to beexamined.

+ If A[C;NC;]isagoodof C;/C;, by lemma2, we know that.4 canbeextendedon Desc(C;). Therefore,
theassertioris true atthe endof theloop.

+ If A[C; NC;]isanogoodof C;/C;, by lemma3, we know thatA cannotbeextendedon Desc(C;). The
loopis thenfinished.

+ If A[C; N C;] is neithera good, nor a nogood,then,BTD is calledwith .A which is a consistengs-
signmentand VAR(C;,C;\(C; N C;)) € VAR(C;,0). So, accordingto the induction hypothesis,
BTD(A,C;,C;\(C; NC;)) returnstrueif A admitsa consistenassignmenon Desc(C;), andthenthe
assertions verified. Otherwisetheloopis stopped.

After theloop (line 22),BTD(A4, C;, 0) returnstrueif A hasbeenconsistentlyextendedon every son,
andreturnsfalseotherwise.
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1. BTD(A,C;, ;)

2. 1f Ve, =0

3. Then

4. If Sons(C;) = 0 Then ReturnTrue

5 Else

6 Consistency < True

7 F «+ Sons(C;)

8. While F' # @ and Consistency Do

9. ChooseC; in F

10 F « F\{C;}

11. If A[C; NC;]isagoodof C;/C; in G Then Consistency < True
12. Else

13. If A[C; N C;]isanogoodof C;/C; in N Then Consistency «+ False
14. Else

15. Consistency < BT D(A,C;,C;\(C; NC;))
16. If Consistency

17. Then Recordthegood A[C; N C;] of C;/C; inG
18. ElseRecordthenogoodA[C; N C;] of C; /C;j in N
19. EndIf

20. EndIf

21. EndWhile

22. ReturnConsistency

23. Endif

24.Else

25. Chooser € V¢,

26. dy < Dy

27. Consistency <+ False
28. While d; # 0 and —~Consistency Do

29. Choosev in dz

30. dy < do\{v}

31. If Ac € C; suchthatcisn't satisfied4d U {z «+ v}

32. Then Consistency <— BT D(AU {x < v},C;, Ve, \{x})
33. Endlf

34. EndWhile

35. ReturnConsistency

36. EndlIf

Figure6: TheBTD algorithm.

Therefore,P(A,VAR(C;,Ve,)) is satisfied. Note that the memorizationof goodsand nogoodsis
justified by their definition.

TosummarizesinceBTD satisfiesP (A, VAR(C;, Ve, )), in particulaBTD satisfieghepropertyP(d, VAR(C1,C1))
for thefirst call, andthenBTD is sound,completeandterminates]

3.4 Extensionsof BTD

We now discussextensionsof the BTD algorithmpresentedn the previoussection.It is basedon Chronological
Backtracking. It is well known that this algorithmisn’t efficient in practice. So, its naturalextensionswhich

generallyexploit lookaheadechniquedik e arc-consistencor forward-checkingnustbe integratedto the BTD

approach.

Thus,we introducetwo extensiondasedn filterings:

e FC-BTD whichis BTD usingtheclassicafiltering usedin Forward-Checking19].
¢ MAC-BTD whichis BTD usinganarc-consistencfiltering [28].

Theseextensionsare straightforvard if the usedfiltering doesnt modify the structureof the constraintnetwork.
Indeed,a more powerful filtering like path-consistenc[23, 22] appliedduring searchis not possiblebecause

10
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new edgescanbe addedto the constraintnetwork, modifying its structuralpropertieswith consequencesn the
propertieof BTD. Sothatfor FC-BTD, the correctnessf the extensionis trivial, for MAC-BTD this extensionis
straightforwardbut we considerit mustbe establishedby the next property:

Theorem3 LetC; beasonof(; andlet A bea consistenassignmenon Ui;ll Cr. Assumehatthearc-consistent
closue of the CSPP aftertheassignmentd (denotedAC (P, .A)) hasnoemptydomains.If g is a goodof C; with
respecto C; in P sud thatg = A[C; N C;], theng isagoodin AC(P, A).

Proof:

Let B beaconsistenassignmenon Desc(C;) associatedo thegoodg. Thatis B is a solutionof the subproblem
of P inducedby thevariablesoccurringin Desc(C;). Thereforewe get A[C; N C;] = B[C; N C;]. By definition,B
satisfiesall the constraintbelongingto Desc(C;). Moreover, all thevaluesin A arecompatiblewith all thevalues
in B. Indeed the constraintbetweend andB associatgairsof variables{z;, z; } suchthatz; € C; andz; € C;.
Then,threecasesxist:

1. z; € C;. ThereforesinceA is aconsistenassignmentA satisfieghe constraintsoccurringin C; especially
{zs, 2}

2. x; € C;. ThereforesinceB is aconsistentssignment3 satisfiesghe constraintccurringin C; especially
{.Z'i,.Z'j}.

3. z;,2; € C;NC; whichis aparticularcaseof theuppercases.

Thereforetheassignmentlefinedby theassignment4 extendedby B, thatis A U B, is a solutionof the subprob-
lem definedby thevariablesappearingn A or in Desc(C;) sinceall the constraintsaresatisfied.Thus, AU B isa
consistenassignmentandthenthevaluesin B necessarilyappeain AC(P,.A). O

Anotherway to improve backtrackingsearchconsistsn usinganon-chronologicabacktrackindik e Badkjumping
classicallydenotedBJ,Gas79 Backjumpingallows usto definethreeimmediateextensionsof BTD:

e BTD-BJ whichis BTD usingBackjumping.
e FC-BTD-BJ whichis BTD usingthe classicafiltering usedin Forward-CheckingandBackjumping.
¢ MAC-BTD-BJ whichis BTD usinganarc-consistencfiltering andBackjumping.

BTD-BJ (respectiely FC-BTD-BJandMA C-BTD-BJ)is similarto BTD (resp.FC-BTD andMAC-BTD) with an
additionalphaseof backjump.This phaseof backjumpis achie’edwhenBTD comesbackto the clusterC; after
afailureduringthe searcifor anextensionof the currentinstantiationover the descendf C; rootedin asonC; of
C;. It consistdn comingbackto thedeepesvariablewhich belongsbothto C; andC;.

Finally, notethatthe BTD algorithmonly builds a consistentnstantiatiorwhich canbe extendedto a solutionof

thetreatednstanceijf oneexists. Indeed,somevariablesareunassignedueto thejumpsrealizedthanksto goods.
Nonethelessit's easyto extendthe producedassignmento a solution of the problemby using a backtracking
searchand by checkingthe recordedgoodsand nogoodsas new constraints. Note that this extensiondoesnt

changeanything to the complexity boundsprovidedin the next section.

4 Time and spaceComplexities

In this sectionwefirst assesthetime andspacecompleities of theBTD algorithm. Then,we compareBTD with
the ChronologicalBacktrackingandthe Tree-Clustering.Note that theseresultsalso hold if we considermore
sophisticatedacktrackingsearchas FC or MAC. Let us assumehat a tree-decompositionr its approximation
hasbeencomputed.

We begin by evaluatingthe spacecomplexity of BTD:

11



LSIS (UMR CNRS 6168)Reseach Report number LSIS/2002/005Marseille France

Theorem4 BTD hasa spacecompleity in O(n.s.d®) wheee s is the sizeof the largestintersectionC; N C; with
C; sonofC;.

Proof: BTD only recordsthe goodsandthe nogoods.Goodsandnogoodsareinstantiationson the intersections
C;NC; with C; sonof C;. Thereforejf s is thesizeof thelargestof thesentersectionsBTD hasa spacecomplexity
in O(n.s.d*) becaus¢he numberof intersection®; N C; is boundeddy n while thenumberof goodsandnogoods
associatedo oneintersections boundedy d* andthe sizeof a goodor anogoodis at mosts.[]

Next, we calculatethetime compleity of BTD.

Theorem5 BTD hasa time compleity in O(n.s2.m.dw++1) with wt + 1 thesizeof thelargestC; ands thesize
of thelargestintersectionC; N C; with C; sonof C;.

Proof:
Assumethatwe wantto extendaninstantiationonC;. Thereexist two cases:

- EitherC; = C;, andthenfind the consistentinstantiationson C; hasa worst-casetime compleity in
O(m.d%). Notethatm is dueto the numberof constraintgo checkto ensureconsisteny.

- Or(C; isasonof C;. Let A bea consistenassignmentnY” (Y C X suchthatDesc(C;) NY = C; NC;).
Find the consistenextensionsof A[C; N C;] onC; hasaworst-casgime complexity in O(m.dI€i\¢iNC:l),

BTD searcheshe extensionof A[C; N C;] onceandonly once(thanksto recordedyoodsandnogoods) As
thereexist at mostd!/€:"¢; | assignmentsi[C; N C;], theworst-casdime compleity of finding the extension
onC; isin O(dI%!).

Therefore,if w™ + 1 is the size of the largestC;, the searchof an extensionby BTD hasa compleity in
O(n.m.d“’++1), to which mustbe addedthe costof managingandexploiting goodsandnogoods.As this costis
zerofor Cy, we focusonthecasewhereC; is asonof C;.

The comparisorbetweenA[C; N C;] anda recordedgood (or nogood)requiresO(|C; N C;|) steps.The addition
or the searchof agood(or anogood)is in O(|C; N C;|log(dI€:"¢il)). Sothe managemenandthe exploitation of
goodsandnogoodshave acomplexity in O(d!%'|C; NC;| log(d/€:"¢:1)), givenC; andoneof its sonsC;. Therefore,
ontheoverallsearchit hasacostin O(n.s.m.d*" +! log(d?)).

Thus thetime compleity of BTD is O(n.m.d® " +1+n.s.m.d¥" +1 log(d®)), i.e. acompleity in O(n.s>.m.d*" +1).
O

The time and spacecompleities of BTD are comparablgo onesof Tree-Clustering.We now shav that BTD

developsfewer nodes(or asmary nodesin the worst case)than ChronologicalBacktracking(denotedBT) and
thanTree-ClusteringdenotedTC). In orderto do thesecomparisonswe considerthatBT and TC usethe same
variables/aluesorderasBTD andTC mustexploit thesameree-decompositioasBTD. Usingcompatibleorders
allows to compareeasilyBT with BTD. Neverthelessit’s clearthata compatibleorderisn’'t necessarilya good
variableorderfor BT. A more generalcomparisorbetweenBTD andBT (FC and MAC too), requiresto study
differentorders. So, this analysisshouldbe extendedin the future to considerdifferentorders. We first compare
BTD andBT:

Theorem6 Givena compatibleorder, BTD developsat mostasmanynodesasBT.

Proof: UsinggoodsandnogoodspermitsBTD to avoid someredundancies thetreesearch.SoBTD develops
atmostasmary nodesasBT.O]

Like BT, BTD stopsassoonasthe problems consisteng is found. In the otherhand, TC builds every consistent
assignmentn C;, for eachC;. FurthermorewhenBTD doesnt developa consistentinstantiationon C;, it ensues
asaving in numberof nodeson all thedescenbdf C;.

And so,thenext theoremshaovs thegainin nodesof BTD with respecto TC:

Theorem7 Givena compatibleorder, BTD developsat mostas manynodesas TC, which usesBT for solving
eact C;.

12
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Proof: BTD andTC developin the worst casethe samenumberof nodesfor C;. For all otherC; (j # 1), TC
searchesystematicallyall consistentissignmentsn C;, whereal8TD only builds the consistentnstantiationon
C; whicharecompatiblewith thecurrentinstantiatioronC;, thefatherof C;. Thus,BTD developsatmostasmary
nodesasTC.O

Finally, to concludethis section notethatif we put FC or MAC insteadof BT, thetheoren® still holds.Moreover,
for time compleity, we getthe theoreticalcompleity time by multiplying the costby a factordueto the costof
onefiltering, in the samespirit asthe compleity analysisproposedn [21].

5 Experimental results

The following experimentsare carriedout with a view to assessinghe interestof a methodlike BTD. The first
experimentsoncermetworkswhosetree-widthis notnecessarilgmall. For them,we hopethatBTD is asefficient
asary classicaenumeratrealgorithms.Thesecondexperimentsvork on structuredCSPs:we hopethatBTD will
exploit efficiently topologicalpropertiesof the network whenthesepropertiesarerelatedto tree-decomposition,
thatis CSPwith smalltree-width.Finally, we assesshe behaiour of our methodon somereal-world instances.

5.1 About implementation

5.1.1 Theimplementedalgorithms

We implementdifferentversionsof BTD. Thefirst version,notedFC-BTD, corresponds$o a simpleimplemen-
tation of the BTD algorithmbasedon the Forward-Checkingalgorithm. The secondversion,notedFC-BTD-BJ,
is FC-BTD with the additionalphaseof backjump(seesubsectior8.4 for moredetails). The lasttwo versions,
notedrespectiely FC-BTD~ andFC-BTD-BJ-, respectiely correspondo FC-BTD andFC-BTD-BJwithoutthe
recordingof the goodsandnogoods.We needtheseversionsto assesshe contribution of goodsandnogoods.In
otherwords,theseversionscorrespondo Forward Checkingwherethe choiceof the next variableto instantiatds
partly guidedby a compatibleenumeratiororderof BTD. Lik ewise,we definethe MA C basedversionsof BTD.

We implementseveral algorithmsin orderto comparethemwith the differentversionsof BTD. We useFC [19],
Forward-Checkingvith Conflict-directedBackJumpingdenotedFC-CBJ[25]), andMAC [28]. For MAC, arc-
consisteng is achievedthanksto the AC-2001algorithm([8]), which hasanoptimalworst-casdime compleity.

For the purposeof comparingthe numberof developednodesand the spacerequirementof BTD and Tree-
Clustering,we implementa partialversionof Tree-ClusteringBy partialversion,we meanthatwe only compute
all solutionsof eachcluster We don't solve the agyclic CSPobtainedfrom the previous computationbecause
this steppresentso interestfor our comparisonsWe note TC-FC our partialimplementatiorof Tree-Clustering
basedon the Forward-Checkingalgorithm. Of course BTD and TC-FC exploit the sametree-decompositiofor
the sameapproximation) Finally, notethatwe only assessherequiredmemoryfor TC-FCwithoutrecordingary
partialinstantiationbecauseve would needtoo muchspace.

5.1.2 Heuristic for choosingthe next variable to instantiate

For choosingthe next variableto instantiatewe usethe heuristicdom /deg. Accordingto this heuristic,the next
variableto instantiateis the variablex; which minimizesthe ratio l\?fll with D; the currentdomainof x; andT’;

the setof the neighboursf z;. We selectthe next variable:

- amongall theunassignedariablesof the problemfor FC, FC-CBJor MAC,
- amongall theunassignedariablesof the currentclusterfor thedifferentversionsof BTD.

Notethatthedifferentversionsof FC-BTD (respectiely MAC-BTD) useexactly the samevariableordering.

13
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5.1.3 Approximation of a tr ee-decompositiorby triangulation

As theproblemof finding atree-decompositiois NP-Hard we only useanapproximatiorof atree-decomposition
by triangulatingthe constraintgraph.

We try several algorithmsfor triangulatingthe constraintgraph amongthe LEX-M algorithm ([27]), the LB-
TRIANGalgorithm([7]) andtheFill-in Computatioralgorithm([31]). Thefirst two algorithmsproducea minimal
triangulation(a triangulation E’ of a graphG = (V, E) is minimal if thereis no triangulation E" suchthat
E'" C E'). They have atime compleity in O(nm) with n thenumberof verticesandm oneof edgesf thegraph,
whereaghe time complecity of the Fill-in Computationalgorithmis linearin O(n + m’') (m' is the numberof
edgesof thetriangulatedgraph). The experimentation®n classicarandomproblemsshow thatthe LEX-M algo-
rithm providesthe bestresultsfor BTD. So, for all thefollowing results we usethe LEX-M algorithmto compute
atriangulation.

From this triangulation,if we computean approximationof a tree-decompositionwe obtain that cliquesand
separatorhave on averagea reasonablsize,thatis to say thetime andthe memoryneededy BTD arefeasible
in practice.On the contrary the largestseparatosize may be too important,thatis to sayBTD mayrequestoo
muchmemory So,to preventthis problem,we proposeto limit the sizeof separatorby agivenparametes, o4,
likein [12]. This trade-of is madeto the detrimentof the sizeof clustersandso of thetime. Firstwe compute
normally the clique-tree. Then,we traversethe treein breadthfirst search.If thesonC; hasanintersectiorwith
its parentC; whosesizeis lessthans,, .., the sonandits parentremainunchangedElse,we memgethe parentC;
andits sonC;. Theobtainedclusterreplaces’; in thetree(sowe call this clusterC;). Furthermorethe sonsof C;
becomethe sonsof C;. Finally, notethatthesemodificationsdon’t changethe size of theintersectiorbetweerC;
andthebrothersof C;.

For the providedresults,we limit the separatosizeto 5. For this size,the separatosizeis neithertoo small, nor
toolarge.

5.2 The experimental protocol

The following experimentationarerealizedon a Linux-basedPC with anIntel Pentiumlll 550 MHz processor
and256 Mb of memory We seta onehourtime limit for determiningwhethera problemis consistenbr not. Be-
yondonehour, the searchis stoppedandthe problems consisteng is saidunknowvn. The givenrun-timeincludes
thetime of the preliminarytreatmentglik e computinganapproximatiorof a tree-decomposition).

We work on randombinary CSPsgeneratedccordingto two modelsandon real-world instances.

5.2.1 Classicalrandom CSPs

In orderto produceclassicalrandominstanceswe usethe randomgeneratomritten by D. Frost,C. Bessere,R.
DechterandJ.-C.Reégin. This generatof takes4 parameters, d, m andT. It builds a CSPof class(n, d, m, T)
with n variableseachhaving a domainof sized, andm binary constraint0 < m < @) in which T tuples
areforbidden(0 < T < d?). Amongthe CSPsproducedby this generatorwe keeponly thosesvhoseconstraint
graphis connected.

The listed resultsare the averagesof resultsobtainedon 100 problemsper class. We experimenton random
instanceswith 50 variablesand domainsof size 15 andwhoseconstraintgraphhasa densitybetween10% and
30%. We alsotestsomeproblemswith a larger domainfrom the class(50,25,123,439) Consideredtlassesre
closeto the satisfiability’s threshold.

5.2.2 Structuredrandom CSPs

We definea new binary CSPsrandomgeneratorwhich producesnstancesvith a structuredconstrainigraph.The
constraintgraphis triangulated.This propertyallows usto exactly know the tree-widthof the constraintnetwork,
andthento know thetheoreticalcompleity bound.This generatotakes5 parameters, d, 7z, T @ands oz It
builds a binary CSPof the class(n, d, rmaz, T, Smaz) With n variableswhich have domainsof sized andwhose

! (downloadableat http://wwwlirmm.fr/~bessiere/gemator.html)

14



LSIS (UMR CNRS 6168)Reseach Report number LSIS/2002/005Marseille France

constrainigraphhasthefollowing properties:

- eachvertex v belongsatleastto amaximalcliquewith asizegreatetthan1,

thecligueshave asizeatmostr,,,4,

theintersectiorbetweertwo cliqueshasa sizeat mosts,, 44,

thecliquesform a clique-treeandthenthe graphis triangulated.

To build sucha problem,we first choosea setof r,,,, variablesto form the root clique. Then,while thereare
remainingvariableswe proceedik e this:

1. chooseandomlya parentcliqueC;,
2. chooserandomlya sizeof theintersectiorbetweerC; andits sonC; (thesizeis boundedy 1 ands;,q.),

3. choosegandomlyasizeof thecliqueC; (thesizeis atleast3 andboundedy thesizeof theintersectiorplus
landr,az),

4. choosaandomlythe variablesof C; which belongto the separatar

We associateto eachconstrainta relation in which 7' tuples are forbidden (0 < T < d?). An important
drawbackof this generatoiis that the numberof constraintsdependson the producedproblem. For eachclass
(n,d, "maz, T, Smaz ), We SoOlve 100 problemsandpresenthe averageof obtainedresults. The givenresultscor
respondto problemsof the classeq50, 25,15, T, 5) with 7" between265 and 281. Thesesclassesare nearthe
satisfiability’s threshold.

5.2.3 Real-world instances

We experimentour algorithmon somereal-world instancef the CELAR from the FUllRLFAP archive?. These
instancescorrespondo radio link frequeng assignmenproblems. For more details, they are describedn [9].
Note that solving the problemsSCEN#01land SCEN#08requiresa specialadaptatiorof our implementatiorof
BTD becauseheseproblemshave aconstrainigraphwith severalconnectedcomponents.

5.3 Experimental resultsfor classicalrandom CSPs

5.3.1 Comparisonsof the differ ent versionsof BTD

Before comparingBTD to someclassicalalgorithmslike FC or MAC, we study the behaiour of our algo-
rithm. First, we assesshe contribtution of backjumpingby countingthe numberof nodesdevelopedby FC-BTD
which arent visited by FC-BTD-BJ. We obsene thereis no gain for mostclassesand a slight onefor classes
(50,15,123,141pr (50,25,123,439]the classesve useare givenin table 1). But, evenif thereis a gain, it is
insignificant. As a goodor a nogoodis recordedeachtime BTD comesbackfrom a clusterto its parent,we can
say accordingo thelittle numberof recordedyoodsandnogoodsthatFC-BTD andFC-BTD-BJdon't oftenvisit
thedescenof theroot cluster Therefore the phaseof backjumpings seldomused which explainsthat FC-BTD
andFC-BTD-BJobtainsimilar or equalresultsfor classicarandomproblems.

Then,we measurghecontribution of goodsandnogoodsy countingthenumberof nodesdevelopedoy FC-BTD-

BJ~ which arent visited by FC-BTD-BJ.Lik e the previous comparisonthereis no gainor a slight one. Indeed
only afew goodsor nogoodsareusedby FC-BTD-BJto prunethe searchbecausef thelittle numberof recorded
goodsandnogoods.And so FC-BTD-BJ- and FC-BTD-BJ presentsimilar results. For information, we obtain
similarresultswith MAC-BTD. As thevariousversionof BTD basedn FC (respectiely on MA C) obtainsimilar

results,for the following comparison®n classicarandomproblems,we only presenthe resultsof FC-BTD-BJ

(resp.MAC-BTD-BJ).

2we thankthe Centred’Electroniquede ’Armement (France).
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5.3.2 ComparisonsbetweenFC-BTD-BJ and FC and betweenMA C-BTD-BJ and MAC

Table 1 presentghe numberof nodesand of constraintchecksand the run-time for FC and FC-BTD-BJ. We

obsene that FC-BTD-BJandFC arecomparable And even, for someclassesfFC-BTD-BJimprovesthe results
of FC, by developingfewer nodesandrealizingfewer constraintcheckshanFC.

Class FC FC-BTD-BJ
#nodes # checks time #nodes #checks time
(50,15,123,141 15,884 458,342 250 19,417 541,178 263

(50,15,184,112 223,588 7,346,620 3,775 229,901 7,521,911 3,490
(50,15,245,93)| 1,742,077| 64,695,274 31,613|| 1,690,389| 62,741,411 28,045
(50,15,306,78)| 6,695,576 275,447,261 130,334|| 6,516,523| 268,222,843 122,202
(50,15,368,68) | 19,899,917 865,863,076 410,365|| 20,202,681| 880,491,613 374,439
(50,25,123,439 148,793 5,968,598| 3,164 183,304 7,106,934| 3,416

Table 1: [ClassicalrandomCSPs]Numberof nodes,andnumberof constraintchecksandrun-time (in millisec-
onds)for FCandFC-BTD-BJ.

Similar resultsareobtainedwith MAC andMAC-BTD-BJ,asshavn in table2.

Class MAC MAC-BTD-BJ
#nodes # checks time #nodes # checks time
(50,15,123,141 433 211,854 158 426 212,751 160

(50,15,184,112 10,570 4,749,549 4,366 10,589 4,767,163 4,468
(50,15,245,93)| 115,272| 53,354,043 55,693 111,641 51,618,005 52,203
(50,15,306,78)| 577,928| 263,294,873 293,339|| 560,541| 255,317,033 279,650
(50,15,368,68)| 2,024,325| 936,053,949 1,082,427|| 2,053,352| 948,798,297| 1,101,599
(50,25,123,439 2,912 2,600,557 1,767 2,703 2,476,033 1,674

Table2: [ClassicalrandomCSPs]Numberof nodes,andnumberof constraintchecksandrun-time (in millisec-
onds)for MAC andMAC-BTD-BJ.

5.3.3 ComparisonsbetweenFC-BTD-BJ and FC-CBJ

As FC-BTD-BJ exploits backjumpingand "forw ardjumping”, we compareour algorithmwith a classicalback-
jumpingalgorithm,namelyFC-CBJ.Table3 providesthe numberof nodes of constraintchecksandthe run-time
for FC-CBJ.We obsene that FC-CBJoften developsfewer nodesthanC-BTD-BJ.However, if we considerthe
run-time,we notethatFC-BTD-BJis fasterthanFC-CBJfor all theclassesA partialexplanationof sucha result
is the costof the computatiorof the conflictswhich is too expensive comparedo the numberof savednodes.

5.3.4 ComparisonsbetweenBTD and Tree-Clustering

We comparethe spacerequirements$or FC-BTD-BJandour partial versionof Tree-Clusteringln orderto mea-
surethememoryrequirementyve countoneunit perassignedialuecontainedn therecordedartialinstantiation.
For example,recordinga goodaboutfive variablesrequiresfive units. Table4 presentshe memoryrequiredby
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Class FC-CBJ FC-BTD-BJ
# nodes # checks time # nodes # checks time
(50,15,123,141 13,820 407,967 285 19,417 541,178 263
(50,15,184,112 214,314 7,089,277 4,657 229,901 7,521,911 3,490
(50,15,245,93)| 1,707,839| 63,628,692 39,310|| 1,690,389| 62,741,411| 28,045
(50,15,306,78) | 6,612,237| 272,582,414| 160,745|| 6,516,523| 268,222,843 122,202
(50,15,368,68) | 19,722,533 859,100,282 504,513|| 20,202,681| 880,491,613 374,439
(50,25,123,439 127,093 5,208,464 3,613 183,304 7,106,934 3,416

Table3: [ClassicalrandomCSPs]Numberof nodes,andnumberof constraintchecksandrun-time (in millisec-
onds)for FC-CBJ.

FC-BTD-BJ(for recordinggoodsandnogoods)thememoryrequiredby TC-FC (for recordingconsistentnstanti-
ationsrespectiely onseparatorandon clusters)thenumberof developednodesandtherun-time(in milliseconds)
for TC-FC. We obsene that TC-FC requiressignificantly more memorythan FC-BTD-BJ,becausd-C-BTD-BJ
recordsonly apartof thegoodswhich TC-FCmemorizesNotethatfor someclassedike (50,25,123,439)TC-FC
requirestoo muchmemoryin practice.FurthermoreT C-FC developssignificantlymorenodesandis slower than
FC-BTD-BJ.Soit seemdifficult to useTree-Clusteringn practice.

Class FC-BTD-BJ TC-FC
memory memory # nodes time
separator cluster
(50,15,123,141 24.7 219,402 406,212,164 155,668,480 62,994
(50,15,184,112 9.9 163,523 1,840,482 942,758 8,752
(50,15,245,93) 1.3 33,217 401,269| 2,438,672| 38,894
(50,15,306,78) 0.5 11,620 199,244 12,932,108| 226,546
(50,15,368,68) 0.1 7,052 53,470| 25,859,906| 492,491
(50,25,123,439 19.2 || 1,560,479| 375,943,617 89,379,304| 106,367

Table4: [ClassicalrandomCSPs]Comparisorbetween-C-BTD-BJandTree-Clusterindrasedn FC.

5.3.5 Summary

FC-BTDandMAC-BTD obtainresultswhicharecomparablevith onesof FC (or FC-CBJ)andMA C respectiely.
It seemdifficult to useTree-Clusteringn practice dueto therequiredspace.

5.4 Experimental resultswith structuredrandom CSPs

5.4.1 Comparisonsof the differ ent versionsof BTD

Lik e for classicalproblemsbeforemakinga comparisorbetweerBTD andclassicaklgorithmslike FC, FC-CBJ
or MAC, we studythe behaiour of our algorithm. First, with a view to comparingFC-BTD and FC-BTD-BJ,
we assesshe contribution of the backjumpingby countingthe numberof nodesdevelopedby FC-BTD which
arent visitedby FC-BTD-BJ.Figure7 presentshe numberof nodesdevelopedby FC-BTD andFC-BTD-BJ.We
note on this figure that FC-BTD-BJ developssignificantly fewer nodesthan FC-BTD. The economyin term of
numberof nodesvariesbetweerB% and26%. However, usingthe backjumpinghasa cost. Indeed,accordingto
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figure8 (whichreportstherun-timefor FC-BTD andFC-BTD-BJ),we obsenrethatthegainin timeis slightly less
importantthanonein nodes.It is boundeddy 5% and19%.
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Figure7: [StructuredrandomCSPs(50, 25, 15, T, 5)] Numberof nodesdevelopedby FC-BTD andFC-BTD-BJ.

In orderto assesshe contrilbution of goodsandnogoodswe countthe numberof nodesdevelopedby FC-BTD-
BJ~ which arent visited by FC-BTD-BJ. Accordingto figure 9, it turns out that FC-BTD-BJ always develops
fewer nodesthan FC-BTD-BJ~ andthe gain is very importantin somecases,namely nearthe satisfiability's
threshold. The two algorithmsdiffer only in recordingand usinggoodsandnogoods.It ensueghatthe gainin
nodesis obtainedthanksto the useof goodsandnogoods. This gain leadsto an economyin time, asshown in
figure 10 (which presentgherun-timefor FC-BTD-BJandFC-BTD-BJ").

Similar experimentationarerealizedwith FC-BTD andFC-BTD™. First, it resultsfrom theseexperimentations
thatFC-BTD™ is unableto solve someinstancesn onehour. Table5 givestheir number Therefore,in orderto
compareFC-BTD andFC-BTD—, we take into accountthe problemssolvedby FC-BTD~. Figurel1l1 shaws the
numberof nodesdevelopedby FC-BTD andFC-BTD~.

Then,we obsene that FC-BTD developsfewer nodesthan FC-BTD—, thanksto the useof goodsandnogoods.
Furthermorethe differencebetweenFC-BTD and FC-BTD~ is moreimportantthan one betweenFC-BTD-BJ
andFC-BTD-BJ . This gaphighlightsa lot of redundancie# the searchtree developedby FC-BTD, which
underlinesall the morethe contribution of goodsandnogoodsand/orof the phaseof backjumping(becausd-C-
BTD-BJ™ is notsopenalizedasFC-BTD ™).

Accordingto the previousresults we focusour studyon FC-BTD-BJfor the next comparisons.

5.4.2 ComparisonsbetweenFC-BTD-BJ and FC and betweenMA C-BTD-BJ and MAC

FC andMAC areunableto solve someproblemsin onehour. Hence,in orderto compare=C (respectiely MAC)
andFC-BTD-BJ(resp. MAC-BTD-BJ) we consideronly the instancesvhich FC (resp. MAC) cansolwe in one
hour. Table5 givesthe numberof problemssolvedby FC (resp.MAC).

Figure12 presentsherun-timefor FC, FC-BTD-BJandFC-BTD-BJ . We notethat FC-BTD-BJis significantly
fasterthanFC. Indeed,the ratio of the run-timefor FC over onefor FC-BTD-BJis between7 and24. We sare
time notonly thanksto thegoodsandnogoodsput alsothanksto the backjumping.Indeed the contribution of the
backjumpings provedby therun-timefor FC-BTD-BJ-, whichis betterthanoneof FCin mostcases.

We obtainsimilar resultswhenwe compareMAC andMAC-BTD-BJ,asis shovn by figure 13. MAC-BTD-BJis
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Figure8: [StructuredrandomCSPs(50, 25, 15, T', 5)] Run-time(in milliseconds)for FC-BTD andFC-BTD-BJ.

FC-BTD || FC-BTD~ FC MA Ca01

T C I cjirjujpcjtrjfugygcy|itu
265 70| 30| 70300 67|30| 3|67|30]| 3
266 61| 39 || 60|38| 2|5 (395 |5]|35]10
267| 63| 37| 62|36| 2| 61|36 3 |60|36]| 4
268 | 57| 43 || 56| 42| 2 || 55|42 | 3 | 54|42 4
269| 63| 37 (| 62|37 |1 58|35| 7 |54]|35]|11
270 60| 40 || 60| 39| 1| 53|40| 7 || 53|39 8
271 53| 47 || 51| 46| 3 || 46|47 | 7 || 43| 47| 10
272 || 51| 49 || 49|48 | 3 || 47|49 | 4 || 44|49 7
273| 51| 49 | 50| 46| 4 || 45]|45|10| 44| 45| 11
2741 39| 61 || 38|60 2| 34|61 5 (32|60 8
275 37| 63| 356233260 8 |31|58]11
276 (| 29| 71 || 26| 70| 4 | 27| 71| 2 || 24| 71| 5
277 39| 61| 36|57 734|615 |33|59]| 8
278| 35| 65 (| 33|65|2|26|64|10| 25|64 11
279|141 | 59 || 39|57 |4 | 35|57 8 | 33|56|11
280|| 24| 76 || 24|72 |4 || 21|75 4 || 20| 75| 5
281 (| 27| 73| 26| 72| 2 | 25|72| 3 || 24| 72| 4

Table5: [StructuredrandomCSPs(50, 25,15, T, 5)] Numberof consisten{C), inconsisten{(l) andunknow (U)
problems.
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Figure9: [StructuredrandomCSPs(50, 25, 15, T, 5)] Numberof nodesdevelopedby FC-BTD-BJandFC-BTD-
BJ~.

betweer? and7 timesasfastasMAC.

5.4.3 ComparisonsbetweenFC-BTD-BJ and FC-CBJ

As FC-BTD-BJ usesbackjumpingand "forwardjumping”, we have to compareFC-BTD-BJwith an algorithm
which exploits backjumpinglike FC-CBJ.Figures14 and 15 presentthe numberof nodesand the run-time for

FC-CBJandFC-BTD-BJ.About the numberof nodesneitherFC-CBJnor FC-BTD-BJis alwaysbetterthanthe
otherone.Nonetheless-C-BTD-BJis alwaysfasterthanFC-CBJ.This differencen time is mostly explainedby

the costof the computationof conflictsin FC-CBJwhich is too importantin comparisorwith the gain obtained
thanksto backjumping.

5.4.4 Comparisonsbetweenand BTD and Tree-Clustering

Likefor classicarandomproblemswe comparehe spacaequirement$or FC-BTD-BJandour partialversionof

Tree-Clustering.Table4 shavs the memoryrequiremenof FC-BTD-BJ (for recordinggoodandsnogoods)the
memoryrequirementf TC-FC (for recordingconsistentnstantiationsespectiely on separatorandon clusters),
the numberof developednodesandthe run-time(in milliseconds)for TC-FC.We obsene thatFC-BTD-BJout-

performsTC-FC by requiringsignificantlylessmemory Furthermoreijt developsfewer nodesandis fasterthan
TC-FC.So,theuseof Tree-Clusteringsgeemdlifficult in practice.

5.4.5 Summary

Among the differentversionsof FC-BTD (respectrely MAC-BTD), the bestone is FC-BTD-BJ (respectiely
MAC-BTD-BJ). FC-BTD-BJand MAC-BTD-BJ are significantly fasterthan FC and MAC respectiely. Note
thatFC andMAC areunableto solve someinstances FC-BTD-BJis fasterthanFC-CBJalthoughthey develop
comparablenumberof nodes.FC-BTD-BJrequiresfewer memoryis fasterthanTC-FC.

5.5 Real-world instances

Table 7 presentshe resultsobtainedfor someinstancesof the CELAR from the FullRLFAP archive. In ser-
eral casesMAC-BTD-BJrealizeseitherfewer constraintchecksthan MAC or asmary asMAC, exceptfor the
SCEN#02nstancedor which MAC-BTD-BJdoesafew additionalchecks Abouttherun-time,MAC-BTD-BJand
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Figure10: [StructuredrandomCSPs(50, 25, 15, T, 5)] Run-time(in milliseconds)or FC-BTD-BJandFC-BTD-
BJ~.

MAC arecomparablegxceptfor the SCEN#05instance.For this instance MAC-BTD-BJis significantlyfaster
thanMAC thanksto its reducechumberof constraintchecks.

We don't give ary resultsaboutTC-FC becausel C-FC is unableto find all solutionsof the root clusterfor all
problemsexceptthe obviously inconsistenbnes.

5.6 Summary about experimental results

In this sectionwe have presente@xperimentson threekinds of CSPsbenchmarks:
e ClassicarandomCSPs,
e StructuralrandomCSPs,
e Real-world instances.

ForthefirstclassBTD, thatis FC-BTD or MAC-BTD, obtainssimilarresultshanFC or MAC. So,theexploitation
of the structuredoesnt slov down the efficiency of search. For structuredrandomCSPs,we have obsened
a significantimprovementof the searchin using FC-BTD (respectiely MAC-BTD) with respectto FC (resp.
MAC). We alsohave obsenedthat FC-CBJdevelopsasmary nodesasFC-BTD, but FC-BTD is faster Finally,

onreal-world instancesBTD obtainseitherbetterresultsthanclassicaklgorithms,or comparablenes

For thesedifferentkinds of benchmarksye have obsenedthat Tree-Clusteringannotberunfor two reasonsOn
theonehand,its practicaltime compleity is too high. Onthe otherhand,therequiredspaces really prohibitive,
makingthis methoduntractablevhile this criteriondoesnt constitutea problemfor BTD.

To conclude BTD seemgo be anapproachwhich canexploit structuralfeaturesof CSPswithoutthe dravbacks
of otherstructuraldecompositiomethodsrelatedto spacecomplexity.

6 Relatedworks

We canclassifyrelatedworksin threeprincipaltrends:

e Backtrackingexploiting structuralgoodsandnogoodsasin BayardoandMiranker[4, 5] .
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Figure11: [StructuredrandomCSPs(50, 25,15, T, 5)] Numberof nodesdevelopedby FC-BTD and FC-BTD~
(with alog scale).

e Tree-Clustering14] andits theoreticaimprovementg18].

e Hybrid approaches$rying compromisebetweenTree-Clusteringor adaptie consisteng [14]) and Back-
tracking[12, 21].

As indicatedin the presentatiorof BTD (seesection3.2),the closestworks areonesof BayardoandMirankerin
[4, 5]. Notethatour approactcanbe consideredasa naturalgeneralizatiorof [4] sincetheir studyis limited to
agyclic binary CSPs(trees). With respecto [5], while the exploitation of goodsandnogoodsis similar to ours,
our notionsof goodsandnogoodsareformally different. In [5], a good(or a nogood)is definedwith respecto
avariablex; andto anorderingon vertices. A good (or a nogood)is an assignmenbf a setof variableswhich
precedex; in theorderingandareconnectedo atleastonevariablebelongingto thedescendantsf z; in thetree-
decomposition.This definition is thusformally differentfrom ours. For example,if we considera triangulated
constraingraph,andz; € C;, thelastvariablein C;, thenagood(or anogood)will beanassignmenof C;\{x;}.
Then,thespaceaequiremenof Learning-Tee-Sole (thealgorithmof [5]) will beO(n.dw++1) (wt + listhesize
of thelargestC;) while thespacerequiremendf BTD is limited to O(n.d?) with s thesizeof thelargestseparatar
The time compleity of Learning-Tree-Sole is O(exp(wt + 1)) like BTD. Note that thesecommentsdo not
constitutean analysisbut presentsomeelementsfor a comparisonthat indicatethe formal differencebetween
thesemethods.

Finally, the practicalinterestof Learning-Tee-Sole isn’'t presentedn [5]. Moreover, in [3], Bayardoand Pe-
houshekrecall the practicaladvantagesn exploiting nogoodsfor consisteng checking. Neverthelesghey have
alsoevokedthedifficulty to implementefficiently this notionof goodswhichisn’t realizedneitherin [5] norin [3].
The work of Bagetand Tognetti[2] can be consideredas a similar approach. Indeed,in their method, clus-
tersaredefinedby biconnecteccomponentsandthengoodsandnogoods(they don't usetheseexpressionspre
limited to the assignmenbf one variable, the one which separatediconnectedccomponents. The time com-
plexity of their methodis then O(n.d*) with k& the maximumsize of biconnectedcomponents. In this case,
wt + 1 < k. If we considerthe constraintgraphin figure 1, we gettwo biconnecteccomponents{ E, F, G}
and{4,B,C,D,H,I,J,K,L,M,N,O}, andthen,k = 12 while w™ = 3. NeverthelessBagetand Tognetti
indicateda few waysto improve their approachexploiting a generalizatiorio k-connectecomponentsNotethat
no experimentakesultis presentedhn [2].

BTD is principally basedon tree-decompositionSo, works which have beendevelopediik e Tree-Clusteringand

its improvementsareinterestingfor our purpose.In [18], animprovementof Tree-Clusterings presentedvhile a
theoreticatomparisorbetweerdecompositioimethodss given. Theseresultsmayindicatewaysfor (theoretical)
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Figurel2: [StructureddandomCSPs(50, 25,15, T', 5)] Run-time(in milliseconds)or FC-BTD-BJ,FC-BTD-BJ"
andFC.
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Figure13: [StructuredrandomCSPs(50, 25,15, T', 5)] Run-time(in milliseconds)for MAC andMAC-BTD-BJ.
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Figure14: [StructuredrandomCSPs(50, 25, 15, T, 5)] Numberof nodesdevelopedby FC-CBJandFC-BTD-BJ.

improvementof BTD but we arenot sureof their practicaleffects.

BTD canbe considerechsan hybrid approactrealizinga tradeof betweenpracticaltime andspacecomplexity.

In [12], Dechterand El Fattahpresenta time-spacetradeof scheme. This schemeallows themto proposea
spectrumof algorithmssuchthat tree-clusteringand cycle-cutsetconditioning (linear for spacecomplexity) are
two extremesin this spectrum. Another interestingideain their work is the possibility to modify the size of

separatorso minimize space We have exploitedthis ideain section5 to minimize the sizeof separatorsFinally,

notethattheir experimentalresultsarelimited to the valuationof structuralparametergw* ands) on real-world

structuredinstancegcombinatorialcircuits), and then no result on the efficiengy in solving theseinstancess

presented.

In [21], Larrosaproposesan hybrid methodbasedon Adaptive Consisteng [14] andon Backtracking(or FC or

MAC). Adaptive Consisteng (AdCons)relieson the generakchemeof variableeliminationwhich replacesetsof

variablesby new constraintsvhich summarizehe effectsof eliminatedvariables AdConshasthe sameboundsas
Tree-Clusterindor time andspacecompleities. So, exponentialspacecomplexity limits severely the algorithm
usefulness.The idea of Larrosaconsistsin limiting the size of the new constraintsproducedby AdConsto a
parametek. If largerarity constraintsshouldbe producedthenit switchesto search(BT, FC, MAC, ...). This
hybrid approactallowsto boundtherequiredspaceo O(d*) butthetime complexity is now O (exp(z(k)+k+1)).

Herez(k) is a structuralparameteinducedby k£ andthe width of the constraintgraphsuchthat z(k) + k < n.

Notethatfor sparseconstraintgraphs(6 percent),andlimited valuesof & (k = 2), the authorobtainsinteresting
resultson randomCSPs.

7 Summary and Conclusion

The CSPformalism offers a powerful framework for representingand solving efficiently mary problems. Gen-
erally, CSPsaresolved applyingtree searchalgorithmswhich useoptimizationsof backtrackingandthenobtain
goodexperimentakesults.However, sinceCSPis a NP-completegproblem thereareno betterboundfor theoreti-
caltime compleity thanthe sizeof the searctspacewhichis exponential.On the contrary methodswhich offer
betterboundsfor time compleity - which are generallybasedon tree-decompositionf CSPs- haven't proved
yet their practicalefficiengy. This paperpresents frameavork - BTD - for solving CSPs.BTD is basedboth on
backtrackingechniquesandon the notionof tree-decompositionf the constraintnetwork.

We have shavn that BTD inheritsthe advantage®f the two otherapproachesthe practicalefficiency of back-
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Figure15: [StructuredrandomCSPs(50, 25, 15, T', 5)] Run-time(in milliseconds)or FC-CBJandFC-BTD-BJ.

trackingalgorithms andawarrantyof limited time/spaceompleity. In sectiord, we have provedthattheoretical
time andspacecompleities of BTD areequalto bestknown parametersiamelythetree-widthof the network for
thetime, andminimum sizeof maximalseparatorgor the space Moreover, experimentsallow usto show that:

- BTD is asefficientasclassicallgorithmson classicarandomproblemsjn somecasesit is evenbetter

on structuredrandomproblems,BTD presentsa significantgain thanksto the exploitation of goodsand
nogoods,

onreal-world instancesBTD obtainseitherbetterresultsthanclassicallgorithms,or comparablenes,

- aboutrequiredspaceBTD canbeusedn practice unlike Tree-Clusteringvhichis too expensivein memory

Among the potentialextensionsof this method,the first one concernghe generalizatiorto n-ary CSPs,which
shouldnt raisemuchdifficulty, becausét’simmediatelyobtainedby construction A morepromisingextensionis
relatedto optimizationtasks.Finally, the theoreticalcomparisorbetweerBTD andBT (respectiely FC-BTD vs
FCandMAC-BTD vs MAC) shouldbeextendedn thefutureto considedifferentorders.
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Instance MAC MAC-BTD-BJ

# checks time # checks time
SCEN#01| 1,857,660 610 1,855,040 790
SCEN#02 427,104 120 427,306 150
SCEN#03 947,199 300 930,909 400
SCEN#04 246,034 90 246,013 120
SCEN#05| 9,220,866| 15,380 1,190,682 210
SCEN#06 691,367 90 691,367 80
SCEN#07| 1,123,856 110 1,123,856 110
SCEN#08| 2,346,455 240 2,346,455 230
SCEN#09 84 10 84 10
SCEN#10 84 10 84 10
SCEN#11| 22,520,823| 25,520 22,513,770| 25,230

Table7: [Real-world InstancesNumberof constraintchecksandrun-time(in milliseconds)of MAC andMAC-
BTD-BJfor someinstance®f the FUllRLFAP archive.
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