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Know-All model

- Each node has a unique id

- Graph G and ids assignment are known
- Only node ! knows its input v,

At most 7/ nodes fail

Given (G and id assignment, design a consensus algorithm </ G.id.t

How many rounds are necessary to solve ¢ resilient consensus ?



Synchronous Consensus In
Complete Graphs
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Synchronous Consensus In
Arbitrary Graphs

Solvability

t-resilient consensus solvable '
ﬂ iff |
' Gis (f + 1)-vertex connected |
[Folklore]




Our Results

Definition

Upperbound

Consensus is solvable in Radlus(G t) rounds ;

Lower bound

i For symmetrlc graph consensus cannot be solved in Radlus(G t) — 1 rounds ‘



Roadmap

. Failure-sensitive eccentricity and radius
. A naive algorithm
. An adaptive algorithm

. Optimality for symmetric graphs
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Failure Sensitive
Eccentricity

ecc(y, p,) = 1
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Radius

? Radlus(G CID) = min eccG(v (ID) :

LYev

max{eccs(v, @) : eccq(v, @) is finite }
set of failure patterns ped

ecc(y, (Dfl”) =6

Radius(G, @2,) = 6




A Naive Algorithm

1. Order node according to their eccentricity

eccg(v), @) < eccg(vy, @) < -+ < eccg(Vyy, D)

2. Perform flooding for eccq(v,, |, @' ) rounds

3. Decide input of node with smallestIDinv,,...,v,
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Example

ecc(xy, CI);”) =3<

Given ¢ € (I)clzll’ after
- X, Input received by every correct, or by none
. received by every correct or by none
- Every correct has received the input of x, or -, or both
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Non-optimality

ecc(x, @) =3 < <ecc(y, @ ) =7
let®, = {@ : x, fails }
ecc(y, CI)x4) ) » |

| Given @ € (I)clzll’ after 3 rounds:
o X, input received by every correct, or by none

, - if no correct has rcved X, input, every correct has received y input :,
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Consensus in
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Consensus in
Radius(G, @’ ) Rounds

CDVN = {p € CIDiZ ;- €ccg(v, ) < + oo} Every correct gets v input
OX = {p €D :eccs(v,p) =+ 0} No correct gets v input

Consensus in max{R;, R,, R;} rounds



Consensus in
Radius(G, @’ ) Rounds

Core sequence of  + 1 nodes v, v,, ..., V,,

[ N p— .
vy s eccg(v, @) = Radius(G, @) Q,_ =0F N--NOF

v; reccg(v;, CDE N®, ) <eccgv,®YN®,_HVv#v,,...,v_,

™~

Every correct gets v, input  No correct gets v, ..., v;_; input

Key Lemma

| "’N'm"" T WEN S

— . _ . ; _

Algorithm
Perform flooding for Radius(G, @' ) rounds

Decide input of the core node with smallest index
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Proof of Lemma

. NY - — A
v) s eccg(vy, @) = Radius(G, @) O, = O

v, eccg(vy, @) N @) < eccq(v, @) N DDV # v D, = OP N O

» NGBy SR T ISP AP AN BN R Sy T e

EIE" V1, v, o eccg(u, @Y N ®,) < ecc(vs, CI)§2 N (Dl)l

p € DNND,

p'e O ND,

Leccq(u, @) + 1 < ecc(vy, @)

@ € correct(p)

€ correct(p’)



Lower Bound

e Symmetric graphs

POV

e QOblivious algorithms

Perform R rounds of flooding
Decide: {(id,, val,), ..., (idy, val,)} — val




Lower Bound

Theorem

For any symmetric graph G, there is no oblivious algorithm
that solves consensus in less than Radius(G, (D; ;) rounds




Information Flow Graph

(Ua {vvw}) (’LU, {v,w}ﬁ\



Consensus and Domination

Definition

Node v € V((G) dominates a connected component C of IF;(®D, r)
iIff

dp € ® s.t. (v, views(v, @, r)) dominates C

Theorem

There is an oblivious consensus algorithm In 7 rounds
in G under failure patterns O iff
each connected component of IF;(®, ) is dominated




Consensus and Domination

Suppose consensus solvable in 7 rounds
and there is a non-dominated CC in [[F;(D, r)

decide val(u)

(u, {u, w}) (u, {u,v})
(wv {uavvw}) (v,{u,v,w})
o EXECK 3 (Spu dirt
decide # val(u) s o {0}

EXECK,4 (Spu cle



Consensus and Domination

Suppose consensus solvable in 7 rounds
and there is a non-dominated CC in [[F;(D, r)

decide val(u) (vt eh
(o, (s w}) gy, (u, {u, 0})
(v, {w, v, w})
\
exeCxy (Pu dirt

o
(w,{v,w})—

EXECK,4 (Spu cle

decide # Val(y) mmmmemmetly



Application: Symmetric
Graphs

Theorem

If G is symmetric, there is no oblivious algorithm that solves
consensus in Radius(G, ®! ) — 1 rounds

exeCrs (Puw dirty, 1)

IHC;,1,®) is not dominated

Q\ EXECK 3 (90(/)7 1)

exeCri s (Yo dirty, 1) — execk; (Pu dirty, 1)




Conclusion and Future
Work

Tight complexity bound for oblivious, crash-tolerant
consensus in symmetric graph

The information flow (a.k.a protocol complex) for study
computability/complexity in network

Are there faster non-oblivious algorithms ?
What is the lower bound for non-symmetric graphs ?

What are the round complexity of other classical
agreement tasks in arbitrary graphs ?









Information Flow Graph

1 round information flow [ G,1) G

(w, (v, w})

execG(®, ciean>1)

v, v, w})



Volvo vs Nascar

[Fraigniaud]

Unknown communication graph All-to-all communication

Synchronous, no failure Asynchronous, failure prone

Construction tasks Decision tasks



Related Work: Connectivity

? r-resilient consensus solvable _'
fL iff f‘
i G is (¢t + 1)-vertex connected |

._ I-resilient consensus in the clique: |
i (t + 1) rounds necessary and sufficient |
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