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In decision theory, uncertainty is generally modeled through probabilities or prob-
ability intervals. Data however, when collected by sampling, do not provide prob-
abilities (resp. lower/upper probabilities) but frequencies (resp. lower/upper fre-
quencies). Discrepancies between the former and the latter are taken into account
by the model presented: axiomatic requirements are shown to imply that the or-
dering of the decisions must only depend on quadruple (GEU,u,U, N), where
GEU is the generalized expected utility evaluation of the decision that would re-
sult from the assimilation of frequencies to lower/upper probabilities; v and U are
the utility levels of, respectively, the worst and best reachable outcomes; and NV
is the size of the sample. Additional axioms are given that ensure the existence
of an additive utility representing the ordering.

Keywords: direct decision making, imprecise sampling, upper/lower probabili-
ties, belief functions.

1 Introduction

Expected Utility (EU) theory applies to situations of risk: events A have proba-
bilities II(A) which are known to the decision Maker (DM), and each decision d
generates a probability distribution P = od ™! (i.e., P(G) = II(d " *(G)) for all
G) on the outcome set, which is the determining factor for preference:

dl i dg = Epl’u Z EP2U,

where - reads “is preferred or indifferent to” and Epu denotes the expectation of
the DM’s von Neumann-Morgenstern (vINM) utility v with respect to probability
P (see [18]). The compliance of EU theory with rationality requirements as well
as its computational tractability have ensured to it a dominant (although not
unchallenged) position in decision making under risk.

However, in real life decision problems the relevant events are seldom naturally
endowed with probabilities, which makes it necessary, in a decision aiding perspec-
tive, either to adapt the data to the model, which leads to Subjective Expected
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Utility (SEU) theory, or to adapt the model to the data, which is the solution
we will favor here. Our motivation is that we want choices not to depend on
some more or less arbitrary parameters and to be jointly determined by: (i) the
objective description of the decision set and of the available data; and (ii) the
psychological traits of the DM. Pros and contras of this attitude are discussed in
section 5.2.

Real situations of uncertainty may differ from risk in many ways and require
diverse specific adaptations of EU theory. In this paper the attention is focussed
on the situations where data are obtained by sampling and the collecting process
involves some imprecision. Such situations depart from the situation of risk in two
ways: (i) data provide frequencies, not probabilities; and (ii) these frequencies are
partially undetermined. Therefore, a double adaptation of the EU model will be
needed.

The paper is organized as follows: in section 2, we define imprecise sampling
and analyze decision making in this situation; in section 3, we recall the main
features of some decision models adapted to particular situations of uncertainty;
in section 4, we present an axiom system for decision making with imprecise
sampling and derive representation theorems; finally, section 5 concludes with a
discussion. The proofs are presented in an Appendix (section 6).

2 Imprecise sampling and decision making

2.1 Imprecise sampling

Real decision situations are likely to involve both imprecision about the observa-
tions and discrepancies between true and observed frequencies, as suggested by
the following generic example:

Example 1

A data bank contains a file for each member of a very large population. Each file
1s supposed to contain certain items of information on the corresponding member;
however, some of the files may have been incompletely filled in, so that they are
not necessarily fully informative.

Suppose the question arises whether or not some statement is valid for a ran-
domly selected member of the population. If an exhaustive reading of the files
s feasible, and, moreover, all the files contain the appropriate information, the
question can be answered in a probabilistic form: the required probability is exactly
the percentage of files that satisfy the statement.

Clearly, if some files are incomplete and such that the validity of the statement
can neither be claimed nor disproved, one can only come up with lower and upper
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bounds for the above percentage, hence, with lower and upper probabilities for the
truth of the statement.

Furthermore, if only a limited sample of the files can be examined, then the
preceding probabilities or lower/upper probabilities are no longer accurately assess-
able and have to be estimated on the basis of the observed frequencies.

We thus describe formally an imprecise sampling situation as follows: €2, the
set of conceivable states of nature, is an infinite set and the existing population
from which the sample is extracted is a subset of it, which can be either finite or
infinite; in both cases, the sample only describes a finite subpopulation of size N.
Moreover, the descriptions are imprecise, and a given observation does not allow
the DM to identify completely the state w but only to determine its belonging to
some subset (event) B of Q (for instance, w is the list of all physical characteristics
of some person, which suffice to identify her, and B is the assertion that she is taller
than 1.65 m and her weight is less than 55 kg). Since two different observations
may bring in the same information B, data consist of a finite collection (m(B),
B € B), Be€ 2% |B| <N, where m(B) = k(B)/N and k(B) € N* is the number
of observations which carry exactly the information “B is true”.

From these data, one can derive the observed lower frequency and upper
frequency mappings @, ¥ : A C 2 — |0, 1] defined respectively by

®(A)= > m(B) and V(A)= > m(B). (1)

BCA BNA#0D

® is interpretable: either (i) as the greatest lower bound (g.l.b.) of the percentage
of the observations in which event A is true; or (ii) as the percentage of the
observations in which the truth of A can be inferred. A similar interpretation
holds for U(A) which satisfies U(A) =1 — &(A°), with A° = Q\A, for all A € A.

2.2 Decision making with imprecise sampling

Given this new form of the data, the EU criterion is clearly no longer applicable
and must be transformed in some ways. The following example illustrates this
necessity.

Ezample 2
The draw of a R(ed), B(lack) or W(hite) ball from an urn and the previous
selection of a decision by the DM determine his/her win according to table 1.
“{$0, $100} 7 indicates ignorance about which of $0 and $100 shall be the actual
pay-off. Table 2 describes four different states of knowledge concerning the com-
position of the urn.

In situation S, the comparison of di, ds, and ds is a case of choice under
risk: dy stochastically dominates d; (greater probability of winning $100) and any
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LA r]| B w_ |
d,(4) || $100 $0 $0
d»(4) || $0 $100 $0
ds(A) || $50 $50 $50
dy(A) || %0 | {0, 8100} | {$0,$100}

Table 1: Events and decisions.

A R B w
s o] 2 % :
S’ I1(A) : m € [0, 2] (1—m) €l0,3]
S| ®(A) || 33.3% 50% 16.7%
s || ®(A) || 33.3% | ¢ € [0%,66.7%] | (1 —¢) € [0%, 66.7%)]

Table 2: Events, probabilities and frequencies.

EU maximizer prefers dy to dy; a risk averse DM prefers ds to dy whereas a risk
prone DM prefers ds to ds.

In situation S', the DM can only ascribe lower and upper bounds to the prob-
abilities of several events, including to the probability of winning with d», as is
shown in table 3.

Remarkably, as shown in table 4, the same imprecision about the probability
of winning is generated, in situation S, for d4, by the existence of indetermi-
nacies about the outcome values (this is in fact a general property: under mild
assumptions, indeterminacies on outcomes and imprecisions on probabilities have
equivalent effects).

In neither case does EU theory apply, by lack of a probabilistic description
of dy’s and dy’s prospects. An evaluation of dy in S" and dy in S is provided by

A O|R|B|W|RUB|RUW|BUW|RUBUW
glb. (A ol tlofo| L 2 1
Lub TiH(A) o[ L2 2] 1 1 2 1

Table 3: Lower and upper bounds for II(-) in S’.
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G || 0] %0} {$100} | {$0, $100}
dy || (G) |0 3 | O 1 £(G) =1 (d;(@))
in §'|| By (@) 1 2 | Fy(G) =11 (d;1(G))
dy || f4(G)]|0| 3 0 1 f1(G) =11 ({w : dy(w) C G})
in S ||Fy(G)||0] 1 2 1 Fi(G) =11 ({w : dy(w) NG # 0})

Prob inf: fa, fa; Prob sup: Fs, Fy.

Table 4: Comparison of dy in S" and dy in S.

Generalized Expected Utility (GEU) theory, an extension of EU theory, described
below in subsection 3.5.

Let us now turn to situation S", where sampling N balls with replacement
from the urn has resulted in relative frequencies of R, B and W, which are the
same as their probabilities in situation S. These frequencies are only estimates of
the true ratios, and the more likely to differ greatly from them when N is smaller.
Therefore, it cannot be excluded that even risk prone DMs may prefer ds, which
guarantees EU = u(50), to d, which offers an undetermined EU, which may be
greater, but may also be smaller than u(50). An evaluation of dy in situation S"
is provided by the criterion proposed by DDM theory [7] (see subsection 3.4).

Finally, we can observe that situation S"' combines the lack of precision of S’
with the frequency/probability discordance of S".

In situation S"', the percentage of the observations for which RU B is true is
unknown but has ¢.1.b. ®(RU B) = 33.3% and lL.u.b. Y(RU B) = 100%.

With 33.3% of observations of event R and 66.7% of observations of event
BUW, ®(RUB) = 33.3% is also the percentage of cases in which RU B can be
inferred (since R C RUB) and W(RUB) = 100% the percentage of cases in which
(RUB) cannot be inferred (since Not|R C (RUB)‘] and Not[(BUW) C (RUB)‘]),
and thus RU B is possibly true.

The aim of this paper is to provide an axiomatic justification for a decision
model which applies to situations such as S where data are provided by impre-
cise sampling. Not surprisingly, this model is related to both GEU theory and
DDM theory. In fact, it can be counsidered either as adapting GEU theory to
frequencies in the same way as DDM theory adapts EU theory, or as extending
DDM theory to imprecise data in the same way as GEU theory extends EU theory.

In particular, as in DDM theory, the decision criterion will depend on some
new characteristics, the sample size N and the decision range d(2). The next
example states the case for this dependence.
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Ezample 3

Consider an urn of the same type as in example 2, and suppose that after N
draws, only white balls have been observed. Suppose the DM is asked to choose
between two decisions, di and d,, described as follows:

LA [ & [B][W]
di(A) ][ —$100 | $10 | $20
dy(A) $0 $0 | $0

S1 = di(2) = {—¥$100, $10, $20} and Sy = dy(2) = {$0}. Now, if N =1, the DM
has drawn only one ball and it turned out to be white. Should she take decision d;
or dy ? With only a 1-size sample, it would not be surprising that do be chosen—
especially if the DM 1is very ambiguity averse. However, for large size samples,
the DM should have more confidence in ®, and, for N large enough, she should
take decision dy, thinking that there is a very low probability to draw a red ball.

This example teaches us that the range of each decision (its potentially observ-
able outcomes), which in general differs (being larger) from the set of its actually
observed outcomes, must also be taken into account when comparing decisions.

3 Some situations of uncertainty and associated decision models

3.1 Definitions and notations

(2, an infinite set, is the set of states of nature and A C 2% the o-algebra of events.
C is the outcome set and G C 2¢ its o-algebra; both A and G contain singletons.
A decision is a measurable mapping d : Q — C, i.e.,, d }(G) € A for all G € G.
S = d(f2) is the range of d. The set of decisions is denoted by D. 7 denotes the
preference or indifference relation on D.

Different assumptions on the DM’s information and behavior lead to different
decision models. Let us recall the main features of the models which will serve as
a basis for our extension.

3.2  Risk and EU theory

Situation: Risk

The probability IT on (€2, .4) is known; it determines probability P = ITod* (i.e.,
P(G) =1II(d™*(G))) generated on (C,G) by decision d € D.

Decision model: EU theory

The DM’s attitude with respect to risk is characterized by its vNM utility u since
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preference relation - in D is representable by utility function d — Epu; when
IT has a finite support (i.e., II(€y) = 1 for some finite Qy C ), so has P, and

Epu =3 ec P({ch)u(o).

3.8 Imprecise risk and GEU theory

Information on probabilities may be vague and only allow the DM to locate them
in probability intervals.

Situation: Imprecise risk

The probability II on (£2,.4) is only known to belong to a set M of probability
measures defined by M = {II : II(A) > g(A) for all A € A}, where g : A+~ [0,1]
is an co-monotone capacity:

(i)  g(0) =0;9(Q) =1; AC B = g(A) < g(B);

(i)  g(Uierdi) > X sergzo(—1) 1 1g(Ne s A;5), for all I such that [I] > 2.

Thus g(A) is the lower probability of A, i.e., the g.Lb. of II(A), and ¢g*(A) =
1 — g(A°) is its upper probability. The probability of A can only be located in a
probability interval [g(A), g*(A)].

The uncertainty about the outcome of a decision d can then be characterized
by the image of g on C generated by d, f; = god™, i.e., f4(G) = g(d~*(@G)) for all
G € G; again, the probability of the outcome of d belonging to G remains unknown
but is located in interval [f;(G), fi(G)]. Note that f; inherits g’s properties and
is itself an oo-monotone capacity. We need only consider finitely generated oo-
monotone capacities fg, i.e., the case where f,; is determined by

fa(G) = > ¢a(B), for all G € G, (2)

BCG

where ¢4 : G — [0, 1] is null except on a finite set; ¢, is the (generalized) Mo6bius
transform of f;. This is in particular the case when C is finite and f; is a belief
function (see [17]).

Decision model: GEU theory

Let F be the set of finitely generated co-monotone capacities on C.

Linear utility theory can be extended to this situation (see [11], [12] and [13])
and leads to Generalized Expected Utility (GEU) theory, in which 77 in D is
representable by the utility function:

d— Efdﬂ = Z gbd(G)ﬁ(mg,Mg), (3)
Geg

where ¢, is the Mobius transform of f; = g o d™', characterizable by (2), mg =
arg min{u(c),c € G}, Mg = argmax{u(c), ¢ € G}, where u defined by ¢ — u(c) =
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u(c, ¢) is interpretable as the vNM utility of the DM, u(m) < @(m, M) < u(M),
and w(m, M) increases with u(m) and u(M). Note that @ depends on wu, i.e., on
the DM’s attitude with respect to risk, and on additional parameters reflecting
his/her degree of ambiguity aversion (pessimism). Extreme cases of pessimism
and optimism correspond respectively to

Egui= ) ¢(G)u(mg) = inf Enuod

Geg
and
u—GZEggbd u(Mg) —gg\)/lEnuocl
(see [11]).

Expression (3) can be interpreted as an expectation, with ¢4(G) the proba-
bility of obtaining an outcome in G when taking decision d, and @(mg, Mg) the
evaluation of the prospect of receiving an outcome which can be any member of
G. In fact, the same criterion is equally applicable in two separate cases (see
example 2):

(i)  imprecise probabilities and precise decision mappings;
(ii) precise probabilities and imprecise decision mappings.

3.4 Sampling and DDM theory

When feasible, sampling (or surveying) is commonly used, for efficiency and reli-
ability reasons.

Situation: Sample data

The probability II on (£2,.4) is unknown to the DM who entirely bases his/her
beliefs concerning (€2,.4) on a (relative) frequency distribution ® resulting from
N observations (N € N*). The relevant information concerning each decision d
can thus be assumed to consist exactly in:

(i) the range S = d(£2), which is the set of potential outcomes of d;

(ii) the measure P = ® o d !, which expresses the frequency distribution of d’s
outcomes, as inferred from the N observations (Note that ® and P have finite
supports).

A justification of this assumption is presented in subsection 4.1.

Decision model: DDM theory: (Direct Decision Making [7])

Further axiomatic requirements (similar to those made in section 4 below)
lead to the following result: for a given sample size N, the preference ordering -
in D is representable by the utility function Hy:

d— HN(d) = hN(EPu7u57 US)?
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where ug and Ug are the worst and the best vNM utility levels in the range S of
d. Thus, Epu, which would be the value of d (in the EU model), if P was the true
probability generated by d, is corrected by MAXMIN and MAXMAX considera-
tions; these corrections can be expected to become less and less important when
N increases, which is allowed by the dependence of Hy on N. The denomination
of DDM theory is a reference to the direct inference model of [2] and [3].

4 Imprecise sampling and direct decision making

4.1 Imprecise sampling and uncertainty about decision outcomes

Consider a situation where data result from imprecise sampling of size N, as
defined in subsection 2.1, characterized by the finite collection (m(B),B € B),
where m/(B) is the proportion of the observations which resulted in the information
“B is true”; let us denote as before by ® and W, respectively, the corresponding
lower frequency and upper frequency mappings.

®(A)= > m(B) and V(A)= >  m(B). (4)

BCA BNA#0D

Property (4) makes ® a finitely generated oo-monotone capacity (a slight
extension, since €2 is not finite, of the concept of belief function ([17])).

For each decision d, the image of ® by d, f; = ® o d™!, inherits its properties
and is also a finitely generated oo-monotone capacity; in fact, ¢g : G — [0,1],
defined by

¢a(G) = > m(B), (5)
is the (generalized) Mobius transform of f;, and determines f; by:

fd(E) = Z ¢d(G)- (6)
GCE

The interpretation of f; follows from that of ®@: let £ € G; if the DM had
previously taken decision d, then the outcome would have belonged to F in at
least 100f,(E)% of the observations (interpretation (i)) or it would have been
possible to infer that it belonged to E in 100f;(E)% of the observations (inter-

pretation (ii)). Let
Fn={fs=®od ':de D} (7)

its members satisfy (6) for ¢, given by (5).
We set

St =|J{G €6 : ¢ua(G) > 0}. (8)
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S;, is called the support of f,. Necessarily Sy, C S, where § = d(2) is the range
of d. Outcomes not in Sy, could not have resulted from decision d in any of the
observations made.

The GEU of f; is

Ep = a(G)u(me, M), 9)
Geg

and would provide the evaluation of decision d in the model if lower frequencies
were assimilated to lower probabilities, which will only be done at the limit when
N — oo.

4.2 Axiom system

Three different orderings appear in the axiom system: the preference ordering
among decisions, -, the asymptotic case GEU ordering ., and the partial (dom-

? ~?

inance) ordering 7~* on the decision set defined by:
dy 7" dy & u(dy(w)) > u(dy(w)) for all w € Q.

In our model, preferences among decisions only depend on triples (f, N,S5),
where f is the outcome frequency generated from the observed state frequency by
decision d, N is the size of the sample and §' is the range of the decision. This
assumption can be justified as follows.

Consider first the no-sample case (N = 0; f undefined), which is a complete
ignorance situation. Rational behavior under complete ignorance has been studied
in [1], [5] and [6]. Arguments of preference invariance with respect to permutations
of the states w of 2 as well as with respect to refinements (generation of a new state
space ' by subdividing singletons {w}) lead to the conclusion that preference
between pairs of decisions d, d’ should only depend on: (i) their images d(2) = S
and d(€Q') = S’ in the outcome set; and (ii) dominance; moreover, it can be shown
that strict dominance (d >* d') can only have a “second order” influence (in the
sense that arbitrary small shifts on the decisions outcomes can annihilate it) when
S = §'. Our model simply neglects this effect, and only requires the respect of
weak dominance (axiom 4).

Consider now the influence of the observations on preference: since preferences
should still be invariant with respect to permutations of states that occurred
(information on each of them is exactly the same: it occurred) additional data
concerning decision d can be summarized by the corresponding observed outcome
frequencies and the sampling size N.

Finally, in situations of imprecisely probabilized uncertainty, i.e., when the
information available to the DM is characterizable by an co-monotone lower prob-
ability, the DM is assumed to act according to the GEU criterion. Hence with
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Fn, Sy, and E;u defined by (7), (8) and (9) respectively, we require the following
axiom:

Axiom 1 Ordering

(i) For N € N* fized, 7 is a weak order on triples (f,N,S), where f € Fy, thus
f = fa for some d, and S O Sy,.

(it) Zoo s a weak order on F, and is representable by a GEU functional f — E;a.

Consider now two decisions d and d' to be compared which have the same
outcome range S. Their ranking can only be based on the sampling data. Suppose
that, on the basis of a first set of data, d is preferred to d'. The next axiom conveys
the very simple idea that, if further sampling exactly confirms the first data, the
DM has no reason to revise his/her judgment. Thus:

Aziom 2 Size independence
(7') (f,N,S)N(g,N,S) = (faZNas)N(972N75)
(i) (f,N,8) = (g9,N,S) = (f,2N,5) ~ (9,2N,S).

For large size samples, the DM should be very confident in the robustness of
the observed frequencies. Hence, for the comparison between decisions (f, N,.5)
and (g, N,S), the relative values of their GEU evaluations with respect to the
observed frequencies, Fyu and E,u, should become determinant eventually, when
N — oo. This idea is conveyed by the following axiom.

Axiom 3 Continuity
Let f,g € Fn be such that S US, C S. Then f =, g < there ewists ky € N
such that, for any k > ko, (f,2*N,S) = (g9,2*N, S).

The following axiom is a standard rationality requirement in any situation of
uncertainty.

Aziom 4 Weak dominance
For any dy,dy € D such that fi = ®odi", fy = ®od;', Sy, C S, € G and
S, C Sy €3G, the following property is true:

dl i* d2 = (fl?NJSl) i (fZJNJSZ)-

Representation theorems derived from these axioms are studied in the next
subsection.
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4.8  Representation theorems

General representations

Let 7 be the preference space, i.e., T = {(f,N,S) such f € Fy, N € N*,
SegGand SO S}

Lemma 5
Suppose that azioms 1 through 3 hold. Then, the DM’s preferences on T depend
only on the triple (E;a, N, S).

All proofs are given in the Appendix (section 6).

In the sequel, for technical reasons, we restrict the preference space to 7° =
{(f,N,S) € T such that S D {mgs, Ms}}, where mg, Mg € C are such that
inf.csu(c) = u(mg) and sup, . u(c) = u(Ms), and u is the vNM utility function.
Thus, S must contain a worst outcome mg and a best outcome Mg.

Theorem 6
Suppose that azioms 1 through 4 hold. Then, the DM’s preferences on T° depend
only on the quadruple (E;u, N,u(mg),u(Msg)).

In other words, the outcome range S influences the preference ordering only
through its worst and best elements, and f is taken into account only through the
corresponding generalized expected utility £;u; moreover the relative importance
of these three factors depends on the sample size .

Additive representations

It has been shown in theorem 6 that the ordering on triples (f, N, S) € TV is
equivalent to the ordering on quadruples (E£;@, N, u(ms),u(Ms)). In this subsec-

tion, additional axioms are given that ensure the existence of real valued functions
hiy, i € {1,2,3}, such that

(f;N,8) Z (f,N,5") &
hiv(Efu) + by (u(ms)) + hix (u(Ms)) =2 hy (Ep@) + hiy (u(ms)) + hiy (u(Ms)).

Note that only triples with the same NV, the sample size at the time of the eval-
uation, have to be compared. Therefore, in the sequel, N € N* is fixed, and the
preference space is Ty = {(E;u,u(ms),u(Ms)) : f € Fy and u(mg) < E;u <
u(Ms)}. A generic element of Ty is denoted by the triple (v, u, U) and its elements
satisfy u < v <U.

Nb: these inequalities are always assumed to hold any time a triple
(v,u,U) appears in an assertion below.

The problem of the existence of an additive utility function on 73 presents
two difficulties: (i) 7y is not a full Cartesian product, but only a subset; (ii) as
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we will see, it may happen that u be neither solvable (see the definition below)
nor connected, so that neither classical nor non-classical existence theorems of
additive conjoint measurement ([16], [20], and [4]) can be applied.

However, as we shall show, additional axioms allow the existence of an addi-
tive utility. Since its existence or its nonexistence does not reflect more or less
rationality in the DM’s behavior, the validation of these axioms has to remain
purely empirical. The following axiom is a necessary condition for the existence
of functions hy:

Azxiom 7 Second order cancellation axziom
Suppose that (v;,u;,U;), (v5,u},Uj), (vf,uj,U), j € {1,2}, are siz elements of
Ta such that (vy,vh,v)), (uy,ub,ul) and (Uy, Uy, Uy) are permutations of respec-

tively (vy,vy,v)), (ur,uj,uy) and (U, U],U]"). Then

v, uy, Ur) 7 (0, uy, UL
e S e }:'(" u U) 3 (0, U,
7 7 ~Y ? ?

In particular, this axiom reflects the following preference consistency:

(v,u,U) 7 (v,u',U") & [(v',u,U) Z(v',u',U"), for all v'],
(v,u,U) = (W,u,U") < [(v,u ,U) = (v',u',U"), for all u],
(0w U) 5 (', U) & (w0, U") S(0/,a,U"), for all U],

More generally, it means that, when comparing alternatives, the DM does not
take into account the components that are the same in both triples. Note that the
equivalence relations above imply the existence of orderings on each component
of the triples, as defined below:

v v & (vu,U) 3 (v,u,U) forall u,U;
u Spu & (v,u,U) 2 (v,u',U) forall v,U;
U330 < (v,u,U) 3 (v,u,U") for all v,u.

As shown by the next lemma, increases in the worst or best possible utility
levels or in the GEU level should always be considered as improvements (in the
broad sense) by the DM.

Lemma 8
Assume that axioms 1 through 4 hold. then:

v <V & v 3
<u = u Zul
U<U = UZ=3U.
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Note that the last two relations enable the following behavior:

u <u and u ~y U,

U<U and U ~3U',

which may happen when the DM does not pay special attention to the best or
the worst possible outcomes when comparing decisions.

The (usual) assumption of restricted solvability with respect to all three com-
ponents of triples (v, u,U) may appear as unrealistic, at least in the case of small
samples, as shown by the following example:

Example j

Consider a DM who is strongly averse to losses, however small, and systematically
discards a decision involving the possibility of losses, unless he firmly believes the
probability of a loss to be extremely small. For a small sample size N, unobserved
events are never guaranteed to be rare events, and, thus, 77 is likely to be such
that:

for all v > u(0) > u" and all o', U, 0", U",
(,Ul7 ,u/7 U/) . (’U”, u//7 U”).

Suppose that v,U, Uy and vy are such that:
(’U, U(O), U) - (,007 U(O), UO) - (Uv u"7 U)7

then, (vo,u(0),Up) > (v,u,U) for all v < u(0), and (v,u,U) > (vo,u(0),Up)
for all uw > w(0); thus, there exists no u such that (v,u,U) ~ (vo,u(0),Uy), and
restricted solvability w.r.t. u does not hold.

Since certainty or security effects appear experimentally to be much stronger
than potential effects, the symmetrical phenomenon should not be expected to
prevent restricted solvability w.r.t. U to hold. As for solvability w.r.t. v and U,
it relies on the idea that «(C) is sufficiently rich, for instance is an interval of R.
It is therefore of interest to consider the case of restricted solvability w.r.t. v and
U but not w.r.t. u.

Axiom 9 restricted solvability w.r.t. v and U
If (v,u,U) 7 (vo,u0,Up) 7o (v',u,U), then there exists v" such that (vo,ug, Up)

~ (" u,U). If (v,u,U) 7 (vo, uo, Uy) 7= (v,u,U"), then there exists U" such that
(vo, to, Up) ~ (v,u, U").

This axiom is illustrated in figure 1.
For a utility function to exist, it is not sufficient that the preference ordering
be a weak order; there should not be “more” indifference classes of >~ than real
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Indifference class of
(7107 Up, Uo)

UII.

Figure 1: Restricted solvability w.r.t. U: B, C are on the same vertical. If B 3 A
and A 3 C, then there exists D such that D ~ A.

numbers. In the additive conjoint measurement framework, this property is en-
sured by the Archimedean axiom below, which is stated in terms of over-standard
sequences (a slight generalization of standard sequences):

Definition 10 over-standard sequence

For any finite or infinite, increasing or decreasing, sequence Z of consecutive
relative integers, (U,,z € Z) is an over-standard sequence iff: either (vy,ug, Uy) <
(v1,u1,Up) and (vg,uo,U.) = (vi,uy,U.41) for all z,z +1 € Z; or (vg, ug, Uy) >
(v1,u1,Up) and (vo,ue,U,) 2 (v1,u1,U,11) forall z,z+1 € Z. Parallel definitions
hold when the role of U is exchanged with that of u and v.

Aziom 11 Archimedean azriom

Every bounded over-standard sequence is finite, i.e., if there exist U, U’ such that,
forall z € Z, U 33 U, 33 U', then Z is finite; and similarly for over-standard
sequences w.r.t. u or v.

By definition, the vNM utility is known to be bounded. The last axiom that
we require states that those bounds cannot be attained.
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Axziom 12
There does not exist c,, € C such that u(cy,) Z2 u(c) for all ¢ € C, nor ¢y € C
such that u(c) 23 u(cpr) for all c € C.

~

Using axioms 1 through 12, the preference ordering on 7y can be shown to be
representable by an additive utility function, as stated by the following theorem.

Theorem 13

Suppose that N, the size of the observed sample, is fized. Assume that azioms 1
through 12 hold. Then, there exist real valued functions, hy, h3, hi, such that,
for any (v,u,U), (v',u',U") € TV,

(0,u,U0) Z (v, 0',U") & hiy(0) + by (u) + Ry (U) 2 by (v) + hiy (w') + by (U").

However, unlike classical representation theorems of additive conjoint mea-
surement, the additive utility representing 7~ on Ty is not an interval scale, i.e.,
is not unique up to scale and location. In fact, one gets something intermediate
between an ordinal and a cardinal representation.

Example 4 (continued)
Suppose that hy + ha + h is an additive utility representing the preferences of
the DM of example 4; his/her aversion for losses implies that

inf {hjy(v) +hi(u) +hx(U)} = sup {hy(v) + hiy(u) + By (U)}

i O
Now, for any (v,u,U), let ky(v) = ahl(v), kX (U) = ah®(U) and ki (u) =
ahy (u) + B(u), where a is an arbitrary positive constant and B : R — R is such

that
1 ifu>wu(0)
Blu) = { 0 ifu < u(0).

It is clear that k\+k%+k3; is an additive utility representing the DM’s preferences.
However, k% is not an affine transform of h3,.

We define below an equivalence relation O such that the utility function h3,
will be cardinal inside each indifference class of @ but not outside. This is in fact
a restriction of i-link relation O; defined in [§].

Definition 14 I-link relation O
For any u,u', uw O u' if and only if either u ~o u' or there exist an integer n and

a sequence (u;)?, with uy = u, u,, = u', such that for any i € {0,...,n—1} there
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exist v;, U, vi 1, Ul such that (vj .y, uip1, Ul ) ~ (vi,u5,U;), and such that either
Uipr 2 w; for any i € {0,...,n — 1}, or uiy1 <2 u; for any i € {0,...,n —1}.

The last condition of the above definition may seem restrictive, but in fact
is not, because, from any sequence (u;)?; satisfying all the conditions above but
the last one, it is always possible by solvability w.r.t. the other components to
extract a sequence satisfying also the last condition.

Under the previous axioms, O is an equivalence relation.

Theorem 15
Assume that axioms 1 through 12 hold. Then, there exists a set Z of consecutive
relative integers—finite or infinite—and a sequence of elements (u.).cz, such that,
for any u, there exists z € Z such that u O u,, and, if Card(Z) > 1, u 1y = u,
and Not(u, O u.1) for any z,z+ 1 in Z.

Assume that hiy +h% +h3, and ky +k3 +k3 are additive utilities representing
= on Ty. Then there exist some constants o > 0, «y, as, and f8,, z € Z, such

~J

that:

(for any v, ky(v) = a-hi(v) +ay

for any U, k3 (U)= a-h3(U)+ as

for any u Qu,, ki(u) = «a-h3(u) + B. where, for any z,z +1 € Z,
{ Boxr 2 B + a- sup {hy(v) +h3(u) + A3 (U)}

JL'gngzU
— - inf {hy(v) + hx(u') + 3 (U)}.
\ uu’(;:;ﬁl

5 Discussion and conclusion

5.1 Some questions raised by the model

In the present paper, we have provided a theoretical basis for the dependence of
preferences on certain characteristics of the decisions, and for their representation
by particular utility functions, when only data from imprecise sampling are known.
However, at this stage of our research, no procedure has been yet implemented to
elicit those functions. Of course, much work has been done on the construction of
utility functions (see e.g. [14]; [15]; [9]; [19]); however, within our framework, some
simplifications should be possible because some information about the behavior
of the DM is available: in particular, the greater N, the closer his/her criterion
is to GEU; moreover, the relative importance of mg and Mg in the quadruples of
subsection 4.3 reflects the degree of pessimism of the DM.

Under uncertainty, a well known pessimism index has been introduced by [10].
The links between the two indices are not obvious, since they address reactions to
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different kinds of uncertainty: the former is related to his/her trust in the observed
sample whereas the latter reflects his/her attitude w.r.t. ambiguity (i.e., situations
where only upper and lower probabilities are known). However, it is reasonable to
think that the same psychological trait is responsible for overweighting the worst
outcomes w.r.t. the best ones in both models, hence establishing a connection
between the two pessimism indices.

Another aspect that was not studied in our paper is the effect of new infor-
mation: how does the attitude of the DM change when the size of the sample
increases? Intuitively, the DM should tend to trust more the observed frequency,
and to take less into account the worst and best outcomes. On the other hand,
the arrival of very vague new data might perhaps decrease the overall trust of the
DM and have the opposite effect.

One last aspect that could be investigated is the possibility of justifying par-
ticular forms of utility functions. In subsubsection 4.3, additive separable utilities
were proved to exist for fixed size samples; in particular, preference orderings
representable by functions like:

H(f,N,S) = AnvE;u+ (1 - Ay)[L(ms) + K(Ms)],

would separate the attitude toward ambiguity (L and K) from the attitude toward
imprecision (E;a).

5.2  Comparisons with other approaches

Classical parametric statistics assume that the sample distribution is known to be-
long to a given parameterized family of probability distributions; Bayesian statis-
tics further introduce a prior distribution on the parameter space. There is no
objection to these approaches as long as the required information is available, and
their well-tried methods are definitely appealing. Moreover, Bayesian statistics
are immune to the dynamic inconsistency problems which all other models, in-
cluding the present one, have much trouble circumventing. On the other hand,
when there exists little or no prior information and the likelihood function and the
parameter prior are to a large extent arbitrary, so that their choices are guided
mostly by technical reasons (normality assumptions; conjugate prior; etc), one
can wonder whether these arbitrary elements do not play a decisive role in the
selection of the “optimal” decision.

For this reason, decisions models which stick to the data may be worth con-
sidering. This preoccupation is of course not new: nonparametric statistics avoid
unjustifiable assumptions on distributions; and empirical Bayes methods use pri-
ors directly based on the data. Our decision model has been elaborated in the
same spirit.
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6 Appendix: proofs

Proof of lemma 5

When (f,N,S) = (g,N,S), repeated use of axiom 2 shows that (f,2*N,S) =
(g,2FN, S) for all k € N*, hence, by axiom 3, that f >, g and E;u > E,u. Thus,
E;u = E,u implies that (f,N,S) ~ (g, N, S): preference on T only depends on f
through Ea. ([l

Proof of theorem 6

Theorem 6 states that there exists an ordering on quadruples (E;@, N, u(ms),
u(Ms)) that preserves the preference ordering on triples (f, NV,.S). By lemma 5,
the ordering on (f, N, S) can be transformed into an ordering on (E;u, N, S). Let
us show that this ordering is representable by an ordering on (E;@, N, u(ms),
u(Ms)). In other words, if £ = {(f,N,S) € T° such that E;u = v, u(ms) = u,
u(Mgs) = U}, where u, v and U are some arbitrary real constants, then all the
elements of ¢ belong to the same indifference class of 7-.

Consider a decision d, associated with the triple (f, N,S) € & Since S D
{ms, Ms}, there exist w,,,wy €  such that d(w,,) = mgs and d(wy;) = Ms. Let
Qn be the set of the observed states of nature. Let Q% = Q\Qx be the set of
unobserved states of nature. Note that 2 is an infinite set because {2 = Q5 UQ,,
Card(Qy) is finite and Card(2) is infinite. Let d* be the decision defined by:

for any w € Qy N{wy,}¢, dH (w) = d(w),
for any w € Q5 N{w,,}°, d"(w) = Mg,
for w = w,, d*(w) = mg.

By its definition, d* is associated with the triple (f, N, S;U{mg, Ms}). Moreover,
dt 7* d, hence, by axiom 4, d* = d, ie., (f,N,S; U{mgs,Ms}) == (f,N,S5).
Similarly, if d~ is defined by:

for any w € Qy N{wy }¢, d (w) = d(w),
for any w € Q N{wn}¢, d (w) = msg,
for w=wy d~ (w) = Mg,

then d~ is associated with (f, N, S; U {mg, Ms}), and d 77 d~. Hence (f, N, S) ~
(f7N7 Sf U {mSJMS})'

Similarly, for any (f',N,S’) € &, (f',N,S") ~ (f',N, Sy U{mg, Mg }). With
u(mg ) = u(mg) and u(Ms) = u(Mg), since Sy and Sy are finite sets, the values
of d*(w) and d~(w) can be modified on a subset of Q% N {w, Wy, War, War }¢, S0
that the new decisions d” and di generate (f, N, S; US; U{ms,mg, Mg, Mg });
since d* =* df =* d~ and dt =* d] =* d~, we get, by axiom 4, d ~ df ~ d,
hence (fa Na Sf) ~ (faNa Sf U Sf’ U {m57m5’7MSaMS’})-
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By the same reasoning, (f',N,S’) ~ (f',N,S; U Sy U{mg,ms, Mg, Mg }).
Now, by axioms 2 and 3, since E;u = Epu = v,

(flva Sf USf’ U {m57m5’7M57MS’}) ~ (f7N7 Sf U Sf’ U {mSamS’aMSaMS’});

hence, (f,N,S) ~ (f',N,S"). So, all the elements of ¢ belong to the same indif-
ference class. d

Proof of lemma 8

Consider quadruples (v, N, u,U) and (v',N,u,U). Let S € G be such that
inf.esu(c) = w and sup..g u(c) = U. By theorem 6 and axiom 2, (v, N,u,U)
and (v', N,u,U) are ordered as (v, N,S) and (v', N, S) and, for every k € N*, as
(v,2KN,S) and (v',2FN, S), hence, by axiom 3, as v and v'. So (v,N,u,U) =
(v, N,u,U) v <.

Suppose that v < u'. Let Qx be the set of the observed states of nature,
and Q% = Q\Qy. Consider a decision d generating quadruple (v, N,u',U) and
such that for wy,ws € Q%, w1 # wq, d(w;) = d(ws) = U. Let d' be defined as:
d'(w) = d(w) for w # wy, and d'(w,) = u. Obviously, d' generates (v, N,u,U), and
since d' 2* d, by axiom 4, (v, N,u,U) = (v, N,u',U).

A similar proof holds for the third statement of the lemma. d

For convenience, we will prove theorem 13 and theorem 15 jointly. But before
proceeding to the proof, we need define a property that is usually associated with
restricted solvability:

Definition 16 FEssentialness
The first component of Ty is said to be essential if and only if there exist v,v’
such that v =, v'. Parallel definitions hold for the other components of Tx.

Proof of theorem 13 and theorem 15

The principle of the proof is to construct an additive utility on each equivalence
class of O, and to “fit” together these functions to form a global additive utility
on Ty. Although, as pointed out in [21, section 2], this principle of proof is bound
to fail in general, we will show that it works in our case.

Consider an arbitrary real number u, such that there exists a decision d with
inf,cqu(d(w)) = uy. Let us show that there exists an additive utility (unique up
to scale and location) hjy + h3 + b, representing = on the subset {(v,uy,U)} of
T~. Note that this set is not a full Cartesian product since the constraints are
up < v < U, and therefore the existence of an additive utility does not follow
from the classical existence theorems of additive conjoint measurement (see [16]
and [20]).
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First step : existence of an additive utility on {(v,up,U) : ug < U}

For all vy =1 uy, i.e., for all vy > wug, the set {(v,up,U) :v < vy < U} is a full
Cartesian product satisfying:

e restricted solvability w.r.t. all the components;

e essentialness w.r.t. components v and U: indeed, since vy > ug, {v : ug <
v<w} ={v:uy 31 v 31 v} is obviously essential. By definition of 7,
vo = E;u, for a frequency f generated on the outcome set from the observed
sample of size N; therefore, the support of f is finite and there exists ¢ € C
such that vy < u(c); by axiom 12, there exists ¢’ such that u(c’) >3 u(c),

and, by lemma 2, u(c') > u(c); hence, {U : vy < U} is also essential;
e the second order cancellation axiom;

e an Archimedean axiom that implies the classical one.

Therefore, by a result of [16, theorem 13, page 302], there exists an additive utility
hi + h% + h3,, unique up to scale and location, representing - on {(v,ug,U) :
v<wy <U}

For v, > ug, v; # vy (v; > vy for instance), a similar reasoning proves that
there exist additive utility functions, unique up to scale and location, representing
> on the following Cartesian products:

{(v,up,U) :v <w; <U},
{(v,up,U) :v <wy <wvy <U}.

Since the last set is actually the intersection of the two preceding ones, i.e.,
{(v,up,U) : v < vy U} N{(v,up,U) : v < vy <UY,

and since all the functions are unique up to scale and location on their respective
sets, they can be rescaled so that they coincide on the last set. More precisely,
the additive utility on the first set can be extended to a function which is also
an additive utility on the second set. Note that, up to this point, we are not yet
sure that this function is actually a utility function on the union of the two sets
(see [21, section 2]), which remains to be proved. For this purpose, consider two
elements:

(v',u0, U") € {(v,up,U) : v <wy < U},
(0", u0,U") € {(v,u0,U) : v < vy < U}

If U' > vy, then, since by construction hy + h3% + h% is a utility function on
{(v,up,U) : v <w; < U}, the following equivalence is true:
{ (v, up, U") = (V" up, U") &

By () + 12 (o) + B4 (U7) > B (o) + B3 (o) + By (7). (1O
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If, on the contrary, U’ < v,, then

e cither there exists (v, uo,U"") € {(v,up,U) : v < vy < v; < U} such that
(0" up, U") ~ (v',up,U"). Then, (v",uy,U") also belongs to {(v,u,,U) :
v <wy < U}, and, since by construction hj, + k3 + Ay is a utility function
on {(v,up,U) : v <wy < U}, the following equality holds:

Iy (') + hiy (o) + Wiy (U') = hiy (0") + By (uo) + by (U™).

But (v, uy,U"") also belongs to {(v,u,U) : v < v; < U}, which implies
that

{ (0" ug, U") 2
)

'U”I, uO, UIII) =N

(
hiv(v") + By (uo) + hix (U") 2 hiy(v") + hiy (uo) + hiy (U™).

By transitivity of > on R, (10) holds;

e or there exists no element (v, uo, U"") € {(v,u,U) : v < vy < vy < U} such
that (v, ug,U") ~ (v',up,U"). Then (v',up,U") < (ug,up,v;); otherwise,
by lemma 8, and since U’ < v; and v' < vy, the following relation would
hold:

(u07u07vl) r—j (’U,,UO,U,) :j (v,7u07vl) :j (007u07vl)7

which would imply, by restricted solvability w.r.t. the first component, that
there exists v’ € [ug, vo] such that (v", ug,v1) ~ (v, ug,U’), and contradict
our hypothesis that no such element exists. Again by lemma 8, (ug, ug, v;) 3
(v",ug,U"). Therefore,

(vlau07Ul) < (Uo,UO,Ul) ;5, (UuaumU”)a

and since hY + h% + A% is a utility function on {(v,ue,U) : v < vy < U}
and on {(v,up,U) : v <wv; < U}, one gets

hi (v') + B3 (uo) + b (U') < iy (0") + b (wo) + hix (U").

So, to conclude, hk + h% + h} represents - on
{(’U,U(),U) SIS U} U{('U,Uo,U) o< v < U}

Let us extend this representation to {(v,uo,U) : uy < U}. Note first that,
for vy & {vg,v1}, v2 =1 ug, the extensions of hy + h3 + k3, to {(v,up,U) : v <
vo KUY U{(v,up,U) :v <wv, < U} and {(v,u,U) : v < vy < U} U{(v,up,U) :
v < vy < U} must coincide (by uniqueness up to scale and location) on the
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intersection of these sets, so that the value of h} + h% + h% on any (v,up,U) is
uniquely determined. Second, 7 is representable by h) + h3, + k% on

{(v,up,U) :v < vy <U} U {(v,up,U) :v <wv, <U}
U {(v,up,U) : v <wvy < U}

Since two arbitrary elements of this set necessarily belong to the union of two of
them, the preceding result applies. Now, since v; and v, are arbitrary, although
satisfying v, vs > ug, any two elements (v', ug,v;) and (v", ug,vs) of {(v,ue,U) :
up < U} can be compared through h) +h3 +h%;, so that this function represents 7
on the whole set {(v,uo,U) : uy < U}. Moreover, by the process of construction,
this function is clearly unique up to scale and location on this set.

Second step : existence of an additive utility on {(v,u,U) : u € {ug,u}, uy O uy,
Ug < Uy, Ug < U}

By definition 14, either (i) u; ~» ug, in which case (v,u,,U) ~ (v,uy,U) for
all v, U; therefore, if h}, + h3 + h% is an additive utility function on {(v,ug,U) :
up < U}, it is also an additive utility on {(v,u,U) : u € {ug,u1}, up < U}; or (ii)
there exist p € N and a sequence (u')?_, such that:

o u® =y, uP = uy,

e forallie {0,...,p— 1}, u' <y ',

e for all i € {0,...,p — 1}, there exist v;, U, v}, ,,U/,, such that
(vi,u', Us) ~ (7)24—17“@“7 Uil+1)'

According to the first step, there exists an additive utility hY + h% + b3,
unique up to scale and location, representing = on {(v,u",U) : v’ < U}. Note
also that by axiom 7, for any ¢ € {1,...,p} and for all v,v",U,U’,

(,U7 ut? U) i (,U,7ui7 U,) @ (,U7 uO? U) i (,U,7u07 U’)?

so that, for any value of h% (u?), the restriction of hl, + h% + h% to {(v,u’,U) :
u® < U} also represents 7.

To summarize, there exists a sequence (h% (u'))?_, such that hk + h% + h3
represents 2~ on all the sets {(v,u’,U) : u® < U}. There remains now to define a
value for each h3 (u’) such that h) +h3, + h3, is also representing 7~ on {(v,u,U) :
we{u,i=0,...,p}, u’ <U}.

By definition of relation O, for all i € {0,...,p — 1}, there exist v;, U;, v},
U, such that

(v, u', U;) ~ (viy,w'™ UL ).
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Thus, the following equality is a necessary condition for kY +h% + h3, to represent
= on {(v,u,U) :u € {u',i=0,...,p}H, v’ <U}:

hiy (W) = by (u') + [hy (vi) + Wiy (U] = [h (vig) + B (U7)] - (11)

The question is whether or not this condition is also sufficient. All the Cartesian
products

{(v,u,U) 1w € {u',u"} and v < v <o’ < U}, for all fixed v’ > u't,
satisfy the following properties:

e restricted solvability w.r.t. 2 components, and essentialness w.r.t. all the
components,

e the second order cancellation axiom,
e an Archimedean axiom (axiom 11),
o v Outl;

therefore, according to [8], there exist additive utilities, unique up to scale and
location, representing 7~ on the following Cartesian products:

{(v,u,U) :u € {u',u"™} and v < v <o < U}, for all fixed v’ > u't,

and these functions must be equal to hy + h3 + h%. A proof similar to that of
the first step shows that hy + A% + h% does in fact represent - on

{(v,u,U) :u € {u',u"} and vt < v < U}.

So, to summarize, hy + h% + h3 represents 7, on the set above and on
{(v,u*,U) : u® < U}. Now, let us show that it actually represents =~ on

{(v,u',U) : v’ < U} U{(v,u"" U)}.

0

(Note that for the second set, it is useless to presume that U > u’ since we

already know that U > u'™!). Consider any couple of elements, say (v',u’,U’)
and (v",u'™,U"), of the last set. Note that

{(0,4"*,0)} € {(0,0,0) s w € {u,u}, o <o < U},

Two cases must be examined:
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e If there exists (v, u’,U") € {(v,u,U) : u € {u",u't}, vt < v < U}
indifferent to (v',u’,U’), then, since hi + h% + h% is representing >~ on
{(v,u*,U) : u® < U}, the following equality holds:

hiy (v') + hiy (u') + hiy (U') = hiy (v™) + hiy (u') + by (U™),

and since (v",u’,U") and (v"”,u'™',U") belong to {(v,u,U) : u € {u,
Ui+1}, ui+1 S v S U},

(,Ul/l7 ,ui7 UIII) i (,U/l7 ,ui—i-l7 UII) o
B (0") + B () + B3 (U") 2 Ry (0") + B, (™) + B ().

So, by transitivity,

(,Ul7 ,ui7 UI) i (,U/l7 ,ui—i-l7 UII) =
hi(v') + hiy (w') + 1y (U') = hiy(v") + B3 (u'™) + B3 (U").

e If, on the other hand, there exists no (v, u',U") € {(v,u,U) : u €
{u', ™}, u < v < U} indifferent to (v',u’,U’), then (v',u’,U’') <
(ut ul, uttt); otherwise, either v’ > ™' in which case U’ > u't' and
(v, u',U") € {(v,u,U) : u € {u',u"}, v < v < U}, which contradicts
our hypothesis; or v' < «'™') which implies, by lemma 8, that (v, u’, u**) <
(u Tt ut ut) X (v, u',U'); but then, by definition of =3, u™t <3 U’
Again by lemma 8, (u't' v, u'™) 2 (v, u’,U") < (u't',u',U’) and, by re-
stricted solvability w.r.t. the third component, there exists U"' such that
u'tt 23 U" 33 U' and such that (v',u’,U’) ~ (u't,u’,U"), which also
contradicts our hypothesis.

So, still by lemma, 8, one gets
(/UI’ ’U,i, UI) < (’LLH_l, ’LLi, ui+1) j (UII, ’LLH_l, U//)
and, since hk + h% + h%, represents = on {(v,u’,U) : u* < U} and on
{(0,,U) s w € {u, w1}, wtt < v < U},
hiy(0) + hiy(u) + Ay (U') < hyy(u™) + Ry (') + By (u'™)
< RNO) + R ) R )

Thus, for all i € {0,...,p — 1}, hiy + h% + h% represents 7 on
{(v,u,U) :u € {u',u"'} and v’ < U}.

By induction, using the same principle, it is easy to show that hy + h% + h3,
represents 7~ on {(v,u,U) : v € {u',i = 0,...,p}, u® < U}. Moreover, by (11),
this utility function is unique up to scale and location.



C. Gonzales and J.-Y. Jaffray / Imprecise Sampling 26

Third step : ezistence of an additive utility on {(v,u,U) : v O uy and U >
infur O g U’}.

With h} + h% + h% already defined on {(v,u’,U) : U > u°}, let u; and
uy be two real numbers such that uy O uy, uy O uy. According to the defini-
tion of O, there exists a sequence (u')?_, i-linking uy and u;. According to the
preceding step, hy + h% + h can be extended and represent - on {(v,u,U) :
u € {u'yi =0,...,p} and U > inf{ug,u,}}; moreover, this function is unique
up to scale and location. Similarly, there exists a sequence (w')’, i-linking
up and uy, and hk + h% + h3 can be extended in order to represent - on
{(v,u,U) :u € {w',i=0,...,q} and U > inf{ug, us}}; and this function is also
unique up to scale and location. Let us show that both extensions are com-
patible and that they define an additive utility, unique up to scale and location,
on{(v,u,U) :ue{u,i=0,....,ptU{w’, i=0,...,q} and U > inf{ug, uy,us}}.
Without loss of generality, we can suppose that us > u; and Not(uy ~o ).

Suppose that u; < ug < uy. Then uy Xy ug Zo uy and, consequently, u' 3y ug
for all ¢ € {0,...,p}, and, w’ =, uy for all j € {1,...,q}. Thus h% is unam-
biguously defined on {u’,i = 0,...,p} U{w’,i = 1,...,q}. h} and h% are also
well defined since, by lemma 8, preference at fixed u does not depend on w, and
additive utilities are unique up to scale and location. But is hy, + h% + h3, a utility

function? Sequence (z%)7%¢ = (uP,uP~*, ..., u® w',... w?) is such that

o 20 =y, 2 = uy,

o zi <,z foralli e {0,...,p+q—1},

o foralli € {0,...,p+g—1}, there exist v;, U;, v}, U/, such that (v;, z*,U;) ~
(Vit1s EASEN Uitr)-

Therefore, (z') i-links u; and wu,, and, according to the preceding step, there
exists an additive utility k% + k% + k3, unique up to scale and location, rep-
resenting = on {(v,u,U) : v € {2',i = 0,...,p + q}, 2° < U}. Since the
last set contains the union of {(v,u,U) :u € {u',i=0,...,p} and U > u;} and
{(v,u,U) :ue{w'i=0,...,q} and U > uo}, by + h% + h3 and ky + k% + k%
must coincide. Therefore, hk + h3 + h% is an additive utility function, and is,
moreover, unique up to scale and location.

Suppose now that uy < u; < uy. Let (z%)7_, be the maximal subsequence
constituted by the elements of sequences (u')?_, and (w?)?_,, and such that z* <,
z"t! for all i € {0,...,7 — 1}. Then this sequence i-links uy, u; and u,. Indeed,
when two consecutive elements of (z') previously belonged to (u), ¢ < p or to
(w'), i < g, then, by definition of (u’) and (w’), there exist v;, U;, v}, ,,U/,, such
that

(03, 2", U3) ~ (v, 2 ULL)
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Otherwise, consider the case in which z¥ = uf, z"*! = w and 2* = w**!, k' > k+1.
By definition of sequence (u'), there exist v;, U, v}, ,, U/, such that

i , i1
(Uiau 7Uz) ~ (Uz’+17u 7Ui+1)'
Therefore, and since, by definition, z* <, 2¥*1 <, 2,

(Vi1 21 ULy < (vg, 25, U5) ~ (U£+1vzkl’ Uis1)
< (max{v;, 271}, 2 max{U;, 2F*1}).

. ’
Since z¥ =, 2¥,

e cither v; > vl . Thus (v, 2" U/ ) < (v;,2"U;) < (v;, 2", 07).
But then, either (vi ,,z**",U;) < (v;,2*,U;) < (v;,2"",U;), in which
case, by restricted solvability w.r.t. the first component, there exists vj

such that (v}, ,,2",U;) ~ (v;,2%,U;), or (vl ,, 2" UL ) < (v,2%,0;) 3

(v}, 2", U;), in which case, by restricted solvability w.r.t. the third com-

ponent, there exists U/,, such that (v}, ,, 2", U/, ) ~ (v;, 2%, U;).

o or U; =3 Ul,,. Thus (vj,z"" UL ,) < (v;,2"U;) < (U;, 2", U;). But
then, either (vl ,,z*" Ul ) < (v;,2",U;) < (viy,2"",U;), and by re-
stricted solvability w.r.t. the third component, there exists U}, such that
(Ué+17zk+17Ui”+1) ~ (Uiazkai)v or (U;+1azk+17Ui) = (Uivzkai) ,_5 (Uiazk+17
U;) and, by restricted solvability w.r.t. the first component there exists v}
such that (v/, 2", U;) ~ (vy, 25, T;).

Therefore, when zF = u’, 2" = w/ and 2" = ui*!, k' > k+ 1, 2* and 2" are
elements of an i-linking sequence. A similar proof holds when 2% = w?, zFt! =/
and z* = w™t', k' > k + 1. Consequently, (z*) is a sequence i-linking uo, u, and
Usy.

Thus, according to the preceding step, there exists an additive utility ki +
k3 + k3, unique up to scale and location, representing =~ on {(v,u,U) : u €
{z%,i = 0,...,r} and U > z,}. But this utility function also represents - on
{(v,u,U) : w € {u',i =0,...,p} and U > 25} and on {(v,u,U) : u € {w',i =
0,...,q} and U > z;}. Therefore, it must coincide with h) + k3 + h%. So
hi + h% + k3 is an additive utility, and is unique up to scale and location.

This is sufficient to conclude that hjy + k% + h3 is an additive utility on
{(v,u,U) : uOug and inf, o, u < U}; it is in fact remarkable that the principle of
construction never questions what was previously constructed, but instead extends
the domain of definition of the utility function.

Fourth step : ezistence of an additive utility on {(v,u,U) : u O uy or u O uy, and
U >inf, 04, u'} (U > ug and Not(u; O uy)).
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Suppose that O has only one equivalence class. Then, by axiom 12, there
exists no ¢,, € C such that u(c,,) 32 u(c) for all ¢ € C. So, for any ¢,, € C,
there exists ¢ € C such that u(c) <5 u(c,,). Therefore, by lemma 8, u(c) < u(c,,).
Consequently,

{(v,u,U) :infu < U} ={(v,u,U)},

and theorems 13 and 15 are proved.

If, on the contrary, there exists more than one class, then consider two real
numbers 4y and wu; such that Not(u; O ug) and u; = uy. By the previous steps,
it is known that there exists an additive utility hk + h3 + h’;, unique up to scale
and location, on

{(v,u,U) : u O uy and Ii(IQlf u < U},

and another additive utility ky + k% + k%, also unique up to scale and location,
on

{(v,u,U) : w O uy and Iigf u < U}.

u

Note that, by axiom 7,
(v,u0,U) = (v, ug, U") & (v,u,U) 7 (v, uy,U"),

so that the restrictions of hyy +h3, and kx +k% to {(v,U) : ug, u; < v and ug,u; <
U} must coincide. Therefore, there exist some constants o > 0 and f;,03; € R
such that

k?]lv = « h:JLV + ,31
By subtracting f; to k% and dividing by «, the ordering represented by the func-
tions is not changed. Consequently, one can suppose that k} = hy and k3 = h3.
Let us show that hl, A% on {u O ue}, k3 on {u O u,}, and h3; are bounded.

By axiom 12, there exists vy such that u; <; vg. Consequently, [u;,vo] X
[ug,ur] X {U : U > vy} is a full Cartesian product satisfying:

e restricted solvability w.r.t. 2 components and essentialness w.r.t. all the
components,

e the second order cancellation axiom,
e an Archimedean property (axiom 11),

e Not(ug O uy).
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So, by [8], = is representable by an additive utility fx + f3 + fy on [uy,vy] X
[ug,us] X {U : U > vy}, and the functions corresponding to the first and third
components are bounded and are unique up to scale and location. But since
[ur,v0] X {uo} X {U : U > vo} C [ug,vo] X [ug,us] x {U : U > v}, fir+ fo+ f5
and hy + h3 + h3 must coincide (up to scale and location). Therefore, h; has a
l.u.b.

By axiom 12, there exists uy <5 ug. If b}, had no g.L.b. on {u: u O w,}, there
would exist an infinite strictly decreasing over-standard sequence w.r.t. the third
component, (U"), of mesh {(ug, us), (ug,up)} starting at (ug, ug, U°) and bounded
by (ug, o, up), which contradicts the Archimedean axiom.

h% has also a L.u.b. on {u : uOug} else there would exist an infinite increasing
over-standard sequence (uf), of mesh {(uy,u,), (u1,v0)}, such that u* O g, and
bounded by (u;,u;,u;), which contradicts the Archimedean axiom. Similarly, h%
has a g.L.b. on {u: uw O u,}.

hy has a Lub. on {u : u O uy} else there exists an infinite strictly increasing
over-standard sequence w.r.t. the first component, (w*), of mesh {(ug, u;), (ug,vo)}
starting at (ug, uo, up) and bounded by (uy, uy,u, ), which contradicts the Archime-
dean axiom. Similarly, if A}, had no g.l.b. on {u : u O u, }, then there would exist
an infinite strictly decreasing over-standard sequence w.r.t. the first component,
(w?), of mesh {(ug,vy), (wo,u;)} starting at (u1,u;,v) and bounded by (ug, o, uo),
which contradicts the Archimedean axiom.

Therefore, since hk, h% and h% are bounded, a necessary and sufficient con-
dition for hy to represent 27 on {(v,u,U) : uOug or uOuy, and inf,, o, v’ < U}
is that

i (R(0) + () IO} 2 sup k(o) + ) +IA(O)). (12

(@]
u<v<U 7.7<vggf

Fifth step : existence of an additive utility on Ty.

Equivalence classes of O are naturally ordered by >. Indeed, if Not(uy O u,),
then either ug <5 u; or u; <3 ug; in both cases, lemma 8 ensures that ug < u; or
u; < ug. Moreover, as just proved above, given u°, there is only a finite number
of these classes between those containing u’ and any u. Thus, all classes can be
enumerated as a double sequence with representative elements u®, z € Z C Z,
such that the elements of Z are consecutive and u* < u**!. The additive utility
can then be successively extended to

{(v,u,U) :u O u® or uQu', and inf, o o0u <U},
{(v,u,U) :uOu™" or uOu’ or uOu', and inf, ¢, u' <U},etc...

At each step, for instance the extension from {(v,u,U) : v O u,,z € {z',2' +
L...,2"} to {(v,u,U) :uQu,,z € {z'—1,2',...,2"}, the proof is similar to that
in in part 4 and relies on the fact that
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e hj}, is bounded below and above on {v : v > inf, o ,..-1 u},
e hZ is bounded below on {u: u O u*'}, and above on {u:u O u* '},
e h3; is bounded below and above on {U : U > inf, o ,-/-1 u}.

And thus the inequality corresponding to (12) can always be satisfied. (The
extension on the other side can be justified in a similar way). So, by induction
on z, the additive utility function can be extended on each {(v,u,U) : u O u*
and U > inf,, o - u'}. This process of construction ensures that the function thus
created represents 7 over {(v,u,U) : U > inf, «'}. Indeed, this is obvious when
Z is a finite set; if, on the contrary, Z is infinite, then hk + h% + h3 does not
represent - on {(v,u,U) : U > inf, u'} only if one the following two cases occur:

e there exists (v,u,U) such that (v,u,U) 2 (v',u*,U’) for all z € Z, v', U’,
and
lim hy(v) + hiy(u?) + 3 (U) = —oo.

2——00
w,v,U—inf 1 o = v

e there exists (v,u,U) such that (v,u,U) = (v',u*,U") for all z € Z, v', U’,
and
lim by (v) + hiy (u?) + b3 (U) = +o0.

z—+00
u—inf /1 o 4z U
v,U—sup{u(c):ceC}

But both cases are impossible because u* is an over-standard sequence, and, by
axiom 11, when bounded, must be finite.

Consequently, hy + h3, + b3, represents - on {(v,u,U) : U > inf, u'}. But
since, by axiom 12, inf, is not reached, h +h3% +h3% can be extended to represent
= on {(v,u,U)} = T¥. The uniqueness property is derived directly from (12) and
the uniqueness up to scale and location inside equivalence classes of O. ([l
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